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Abstract: This paper proposes a method for detecting a change in nonlinear dynamics behind periodic time series. In order to develop this method,
we define the smoothed pseudo determinacy function (SPDF) based on the
theory of KM2 O-Langevin equations. Because SPDF has information about
non-linear dynamics, the proposed method detects a change in non-linear dynamics in comparison to previous methods such as Time-Frequency Analysis
and Wavelet Analysis. We confirmed its practicality by applying the method
to monthly sunspot number. The result shows that one of the changes in nonlinear dynamics at year 2004 is detected and the dynamics is changing into
the same as “Dalton Minimum” from year 1790 to 1820. From this result, we
suggest that maximum of the next cycle will be as same as “Dalton Minimum”.
This result supports some previous works.
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1. Introduction
For all those who are engaged in time series analysis, periodicity is indispensable
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property. For example, econometricians treat seasonality of economical data
like Gross Domestic Points, seismologists treat waveform of earthquake data,
acousticians treat formant of vocal data. There are two types of approach
to handle this problem, one is “Time-Frequency Representation” (TFR) and
another is “Periodic Patterns Mining” (PTM).
TFR has been often used for the time series which contain several types
of fluctuation components. One of the most popular method for the frequency
analysis is Fast Fourier Transformation (FFT) (see [9]). FFT is extended into
Short Time Fourier Transform (STFT) (see [2], [19]) by using the sliding window function. STFT has been applied during many years to speech analysis and
electromagnetic analysis. The drawback of the STFT is that the method depends on the sliding window size. This drawback has been overcome by Wavelet
Transform (WT) (see [25], [24], [10], [11] ) and Time-Frequency Analysis (TFA)
(see [7], [8], [4]).
On the other hand, research in PTM has concentrated on discovering different types of patterns: sequential patterns, temporal patterns, periodic association rules, partial periodic patterns and surprising patterns (see [13]). Previous
works are described by Elfeky et al [13] and Fu [14].
Both TFR and PTM detect time-varying frequency but they can not detect
a change in non-linear dynamics. Furthermore, previous studies like STFT,
CWT and TFA can not detect a latent and long periodicity. For example, if
the length of a time series data is equal to 1000 and the cycle length of the data
is also equal to 1000 (frequency is equal to 1000), it is difficult to detect the
periodicity by using STFT, CWT and TFA.
In this paper, we propose a method for detecting both periodicity and
change in non-linear dynamics based on the theory of KM2 O-Langevin equations (see [22], [28], [29], [33], [30], [31], [34]). The theory of KM2 O-Langevin
equations originates from the investigation of the mathematical and technological structure of the fluctuation-dissipation theorem, which is thought to be
one of the principles of non-equilibrium statistical physics. We developed our
time series analysis so as to carry out data analysis “from data to model”.
Our analysis requires no prior information about the data and does not define
any parametric models before data analysis, but extracts explanatory models
in the stochastic difference equations directly from the data by checking the
stationarity of the time series (see [38]).
In order to examine periodic time series, we propose a smoothed pseudo
determinacy function of L-windowed q-th difference at time t of time series
(SPDF(q,L,t)). The proposed method utilizes these character for detecting
periodicity. If the cycle length of the time series is shorter than the sliding
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window for the calculation of SPDF, some components of the SPDF of difference
of the time series becomes very high. On the other hand, if the cycle length
of the time series is longer than the sliding window for the calculation of the
SPDF, all of components of the SPDF of difference of the time series becomes
very low and the sequences of the SPDF has a typical character.
We demonstrate the proposed method by using the sunspot number. Solar
cycle prediction is a long-lasting interesting activity in the field of solar physics
(see [37]) because solar activity affects our space environment, thereby influencing various aspects of human life (see [6]). Some researchers have studied
by using the statistical method (see [3], [40]), others have studied by using the
methods based on various dynamo models (see [12], [5]). But there are not
consensus among these researches because the detail of the dynamics of solar
cycle is not fully understood. For example, both Dikpati, Toma and Gilman
[12] and Choudhuri, Chatterjee and Jiang [5] used the same dynamo model but
the result was opposite each other.
This paper is organized as follows.
In Section 2, we introduce a method for detecting a change in non-linear
for periodic time series.
In Section 3, we confirm the performance of the proposed method by using
some artificial data.
In Section 4, we demonstrate its practicality by using the sunspot number.
In Section 5, we discuss about the result by the proposed method.

2. Method
In this section, we propose a method for detecting periodicity based on the
theory of KM2 O-Langevin equations. First, we propose SPDF. Next, we recall
Self-Organizing Map (SOM) to visualize the distance of each time t by using
SPDF. Finally, we propose a method for detecting periodicity by using SPDF.
2.1. Definition of the Smoothed Pseudo Determinacy Function
We define SPDF by using pDF (see [18], A). By using SPDF instead of pDF, we
can derive a character of time series because some seemingly complex structure
can disappear. SPDF(L,t) for L (1 ≤ L ≤ r − ℓ + 1) and t (ℓ ≤ t ≤ r) is defined
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(1)

Next, we define a q-th difference of time series Z = (Z(n); ℓ ≤ n ≤ r) by
Z(1, n) ≡ Z(n) − Z(n − 1),

(2)
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···
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Then, we define a q-th smoothed pseudo determinacy function SPDF(q,L,t)
for q (q = 1, 2, · · · ), L(1 ≤ L ≤ r − ℓ + 1) and t (ℓ ≤ t ≤ r) by
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(8)
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2.2. Distance Between Each Non-Linear Dynamics
We define the degree of difference in non-linear dynamics by the distance of the
pseudo determinacy function associated with the each time series data Z (t) by
d(t, t − 1) ≡ kSD(Z)(q, L, t) − SD(Z)(q, L, t − 1)k,

(9)

where k · k is an Euclidian norm on [0, 1]171 . This distance measure represents
the similarity between two time at t − 1 and t. For example, if d(t, t − 1) equals
zero, we can regard that the non-linear dynamics at time t and t − 1 are the
same.
2.3. Visualization with SOM
Applying the pseudo determinacy function to SOM, we can visualize the distance of the pseudo determinacy function in order to find the change in nonlinear dynamics.
Associated with each component in the SOM array, we define a node’s
vector mi (τ ) = t (µi1 (τ ), µi2 (τ ), . . . , µid (τ )) ∈ Rd (1 ≤ i ≤ N, 0 ≤ τ ≤ T ). The
image of an input vector SD(Z)(q, L, t) on the SOM array is defined as the
array component mi (τ ) that matches best with SD(Z)(q, L, t), i.e., that has
the index
c = arg min {d(SD(Z)(q, L, t), mi (τ ))},

(10)

i

where c is the index of closest reference vector to SD(Z)(q, L, t) in the space
of input signals. The algorithm of SOM is shown in B
By using SOM, we can obtain the map which describes the distance of each
time t of time series Z. The nodes of map are classified into some groups by the
distance of node. For example, if Z(t1 ) and Z(t2 ) belong to the same group,
we can regard that Z(t)(t1 ≤ t ≤ t2 ) has the same dynamics property.
2.4. Detection of Periodicity and a Change in Non-Linear Dynamics
for Periodic Time Series
In order to detect a change in dynamics behind periodic time series, we utilize
the relation between periodicity and L. We define each component of SPDF
by
(t)

SDodd (Z)(q, L, t) ≡ (SD(Z)(q, L, t) where both Xjk
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are transformed by odd function),
SDeven (Z)(q, L, t) ≡ (SD(Z)(q, L, t) where either

(t)
Xjk

are transformed by even function).

(11)
(12)

If the time series has a periodicity property and the cycle length is much smaller
than cut length L, in other words, if we use L for the time series which has a
periodicity property with cycle length T , all of SDeven (Z) are assumed to be
small and all of SDodd (Z) are assumed to be large. On the other hand, if the
time series has a periodicity property and the cycle length is larger than cut
length L, obviously all of SDeven (Z) have a periodicity property as same as
that of the time series.
Using this property of SPDF, we illustrate the procedure for detecting a
change in non-linear dynamics as follows. Example of the procedure is shown
in Section 4.
No.
1
2
3
4
5
6

0
A
A
A
B
C
D

q
1
A
A
D
D
D
D

2
A
D
D
D
D
D

Interpretation
T ≪L
T <L
T ≤L
T =L
T >L
no periodicity

Table 1: Interpretation of SPDF

1. Find suitable L for SPDF using Table 1.
(a) Calculate SPDF(q, 100) for each q = 0, 1, 2, 3.
(b) If the results is “1” in Table 1, we regard the cycle length is much
shorter than 100. Then we can use SPDF(0, 100) as the detecter
function.
(c) If the results is “2-4” in Table 1, we regard the cycle length is
a little shorter than 100. Calculate SPDF(0, 200), SPDF(0, 300),
SPDF(1, 200) and SPDF(1, 300), then choose L by the results.
(d) If the results is “5” in Table 1, we regard the cycle length is bigger
than 100. Find L∗ until the results become “1-4” in Table 1.

DETECTION OF CHANGE IN NON-LINEAR DYNAMICS...

315

2. Visualize the characteristics of SPDF obtained by Procedure 1 using SOM
with the following conditions.
• topology for SOM : torus type and hexagonal

• the number of nodes for SOM: N = R × C = 30 × 24 = 720

• SOM is executed by “Mr.Torus Ver.1.0” (see [39]) based on SOM PAK
(see [21])
• SOM parameter α = 0.01

• SOM parameter T = 100, 000

• SOM parameter r0 = 30

• SOM parameter random seed = 40

• The darkness of the nodes shows the average distance between the
nodes and nearest neighbors . The light color shows that the distance
is very short, so the white nodes are recognized as the cluster and
the black nodes are recognized as the boundary of each cluster.
• The numbers on each node shows the time t.
3. Detect some clusters and change points from SOM.

3. Numerical Simulation
In this section, we execute two types of experiments to confirm the advantage
of the proposed method by using some artificial periodic time series. First, we
investigate the relation between periodicity of time series and the SPDF by
using some artificial periodic time series. Second, we confirm the advantage of
the proposed method comparing to the time-frequency representation method,
the smoothed pseudo Wigner-Ville distribution (SPWV).
3.1. Relation between Frequency and Cut Length L
In this section, we investigate the relation between periodicity of time series and
cut length L by using some artificial data. We use Z(t) for (t = 1, 2, · · · , 1000)
defined by
Z(t) ≡ sin 2πf t + wξ(t)
(13)
where f , w are constant and ξ(t) are independent, identically distributed random variables (i.i.d.r.v.) having uniform distribution over [0, 1] (e(t) ∼ U (0, 1)).
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We execute two types of numerical simulation, one is executed by using the
data with fixed cut length L = 100, the other is executed by using the data
with fixed frequency f ≈ 0.67 (T = 150). The detail of the design of numerical
simulation is as follows.
• Simulation A
– Frequency (f ) (Period (T )): 0.1(10), 0.04(25), 0.02(50), 0.01(100),
0.005(200), 0.002(500), 0.001(1000), 0.0005(2000)
– Parameter of noise (w): 0.1, 0.9
– Cut length (L): 100
– Degree of difference (q): 0, 1, 2, 3
• Simulation B
– Frequency (f ) (Period (T )): 0.67(150)
– Parameter of noise (w): 0.1, 2.0
– Cut length (L): 100, 200, 300, 400
– Degree of difference (q): 0, 1
The examples of SPDF is shown in Figure 1. From Figure 1 (a), we can
see that the degree of each component of SPDF are clearly grouped into two
clusters, one is near 1.0, the other is 0.2 to 0.4. We call this SPDF characteristics “A”. From Figure 1 (b), we can see that each component of SPDF is
partially grouped into two clusters, one is near 1.0, the other is 0.2 to 0.4. We
call this SPDF characteristics “B”. From Figure 1 (c), we can see that each
component of SPDF has periodic characteristics and is periodically grouped
into two clusters. We call this SPDF characteristics “C”. From Figure 1 (d),
we can see that all component of SPDF are from 0.2 to 0.7. We call this SPDF
characteristics “D”. The results of the simulation is shown in Table 2 and 3.

4. Empirical Analysis using Sunspot Number
In this section, we examine the periodicity and the dynamics of sunspot number
using the proposed method. Solar cycle prediction is a long-lasting interesting
activity in the field of solar physics (see [37]) because solar activity affects our
space environment, thereby influencing various aspects of human life (see [6]).
We investigate the sunspot number in several steps. First, we confirm that the
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degree of each component of SPDF

(a)

(b)

(c)

(d)
time (n)

Figure 1: (a): Expample of A in Table 2 and 3. The degree of each
component of SPDF are clearly grouped into two clusters, one is near
1.0, other is 0.2 to 0.4. (b): Expample of B in Table 2 and 3. Each
component of SPDF are partially grouped into two clusters, one is near
1.0, other is 0.2 to 0.4. (c): Expample of C in Table 2 and 3. Each component of SPDF has periodic characteristics and is periodically grouped
into two clusters. (d): Expample of D in Table 2 and 3. All component
of SPDF are from 0.2 to 0.7.
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w = 0.1

w = 0.9
q

No.
1
2
3
4
5
6
7
8

f
0.1
0.04
0.02
0.01
0.005
0.002
0.001
0.0005

(T )
(10)
(25)
(50)
(100)
(200)
(500)
(1000)
(2000)

0
A
A
A
A
B
C
C
C

1
A
A
A
B
D
D
D
D

2
A
D
D
D
D
D
D
D

3
B
D
D
D
D
D
D
D

0
A
A
A
A
B
C
D
D

1
B
D
D
D
D
D
D
D

2
D
D
D
D
D
D
D
D

Table 2: Summary of results of Simulation A.

w = 0.1

w = 2.0
q

No.
1
2
3
4

L
100
200
300
400

0
B
A
A
A

1
D
D
B
B

0
B
A
A
A

1
D
D
D
D

Table 3: Summary of results of Simulation B.

3
D
D
D
D
D
D
D
D
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Figure 2: Sunspot Monthly Data. This data is collected from January
1749 to January 2011.

sunspot number has periodic property which is called “Schwabe cycle” by using
SPDF. Second, we examine the change in non-linear dynamics for the sunspot
number. Finally, we try to predict the maximum number of the next 12 years
cycle (Cycle 24) by comparing to the dynamics of each cycle.

4.1. About Data

Sunspots are relatively dark areas of the Sun which was first observed by Galilei
[15]. Many periodicity of the sunspot number have been detected, for example,
9 to 12 years called the “Schwabe cycle” which was first reported by Wolf [41].
On the other hand, some solar activity have been detected, for example, the
Maunder Minimum (1645 to 1715), the Dalton Minimum (1790 to 1820) and
the Modern Maximum (1900 to present).
For the analysis, we use the monthly sunspot number data from “SIDC Solar Influences Data Analysis Center” (see [1]) from January 1749 to January
2011, and data length is 3145. The data is shown in Figure 2.
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Figure 3: Time-Frequency Analysis (Smoothed pseudo Wigner Distribution). Only the arrowed area indicates around 9.6 ×106 among the
shadowd area.
4.2. Analysis of Periodicity
First, we execute TFR to measure the periodicity of the sunspot number. Figure 3 shows the result of TFR (We executed “Smoothed pseudo Wigner Distribution”). Figure 3 shows that the sunspot number has periodicity and the
frequency (cycle length) of the data is from 0.09/year to 0.11/year (from 9.1 to
11.1 years).
Second, we compare the result of the proposed method and the previous
method. The summary of result of the proposed method is shown in Table 4.
Table 4 shows that the sunspot number has not “A” property. We will discuss
about this in Section 5. From Table 4, we detect the data has periodicity
between T = 100 and T = 200 (from 8.3 to 16.7 years). This result is consistent
with the results of the previous methods. This result suggests that the proposed
method detect the existence of the periodicity and detect the range of frequency
successfully.
4.3. Detection of Non-Linear Change
From Figure 3, we can see that the previous method, smoothed pseudo Wigner
distribution, clearly detects a periodicity from sunspot number data. But it is
not clear whether there is any change point in non-linear dynamics. Then, we
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q
No.
1
2
3
4
4
4

L
80
100
200
300
500
800

0
C
C
B
B
B
B

1
D
D
D
D
D
D

Table 4: Summary of results of sunspot number data.
examine whether the proposed method detects a change in non-linear dynamics
from sunspot number data.
The appropriate cut length seems to be 200 because it is the minimum
length among the “B” group. But the examination is executed by L = 300
because L = 200 is too close to the cycle length.
The SPDF is shown in Figure 4. We can see from Figure 4 that the SPDF is
slowly changing but we can not find any clear change point. Then we executed
SOM of the SPDF to investigate the change in non-linear dynamics. The result
of SOM is shown in Figure 5.
From Figure 5, we find that the year 2006 to year 2011 are placed near the
cluster B which is right before “Dalton Minimum”. We regard that the change
point is the year 2004.

5. Discussion and Future Research
We confirmed the advantage of the proposed method comparing to previous
methods. The most important advantage is that the proposed method detects
not only the periodicity but also change in non-linear dynamics. It is obvious
that time-frequency representation (TFR) clearly detect periodicity property
comparing to the proposed method. So, it is reasonable to combine the proposed method and such TFR methods. Once we detect some periodicity characteristics by using TFR, we can execute less variation of cut length L than
without TFR.
We investigated the sunspot number using the SPDF and found that the
dynamics at present is similar to the dynamics right before “Dalton Minimum”.
For this reason, we predict the maximum number of solar cycle 24 is about 50.

(a)

0.0
0.8
1.0
0.0 0.2
0.2 0.4
0.4 0.6
0.6
0.8
1.0

degree of each
component of SPDF

0
0

sunspot number
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50 100
100 150
150 200
200 250
250
50
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(b)

0
1749

A

500
1790

B

1000
1832

C

1500
1873

D

2000
1915

2500
1957

E

3000
1998

F

B?

Figure 4: SPDF of sunspot numbers. The arrows and alphabets bellow
the SPDF corresponds to the cluster from results of SOM. (a): monthly
sunspot numbers; (b): SPDF(0,300,t).

Figure 5: SOM of SPDF(0,300,t) for Sunspot Number. The number
on SOM shows the year. The arrows corresponds to the time direction.
From A to F on SOM corresponds to the cluster of SOM.
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This result supports the prediction calculated by Hathaway [16]. It seems that
there are numerous studies for prediction of Cycle 24 and that there are not
consensus among these researches because the detail of the dynamics of solar
cycle is not fully understood. For example, both Dikpati, Toma and Gilman
[12] and Choudhuri, Chatterjee and Jiang [5] used the same dynamo model but
the result was opposite each other. But predicting the behavior of a sunspot
cycle is fairly reliable once the cycle is well underway (about 3 years after the
minimum in sunspot number occurs) [17]. For this reason, we regard that the
result by Hathaway [16] is reliable. Moreover, our result suggests that the
change of dynamics started at year 2006. This means that our method detect
the change point earlier than the result by Hathaway [16].
The SPDF of sunspot number has not “A” property like the numerical
simulation in Section 3. We think this is because the sunspot number has some
complex dynamics property behind the periodic property, for example, chaotic
property. From now on, a more prescriptive approach will be needed to solve
this issue.
In this paper, we estimated SPDF without checking the stationarity which
is given based on the theory of KM2 O-Langevin equations. Since the sample
covariance function satisfies the non-negative definite condition, we calculated
the KM2 O-Langevin matrix functions according to the Fluctuation-Dissipation
algorithm. On the other hand, if the SPDF is stable, in other words, the
sequence is in the same cluster, we can see that the sequence satisfies a necessary
condition of the Fluctuation-Dissipation theorem which is sufficient condition
for stationarity. But there is the room of examination whether the detected time
series clusters have stationarity condition. Once the data passes the stationarity
test (Test(S)) (see [35], [23]), we can investigate details of non-linear dynamics
behind each sliding window by using the causal analysis (see [27], [32]).

A. The Sample Determinacy Function
Based on the Theory of KM2 O-Langevin equations
We recall the determinacy function proposed by Nakano and Okabe [26] and
the pseudo determinacy function (see [18]) according to the following steps.
A.1. The Determinacy Function
Let Z = (Z(n); ℓ ≤ n ≤ r) be any one-dimensional time series. Here, we make
Test(D) proposed up to now (see [30], [31], [36]) localize to define a determinacy
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function of type (6,2) which draws the behavior of non-linear determinacy values
associated with the time series Z.
Step 1 (cut length and shift time series)
Fix any three natural numbers L, t (ℓ + L + 1 ≤ t ≤ r) and q = 0, 1, 2, · · · . We
define a time series Z (t) = (Z (t) (n); t − L ≤ n ≤ t) with the cut length L + 1 by
Z (t) (n) ≡ Z(n). By shifting the time series Z (t) , we define two kinds of time
series Z (t),sh:0 = (Z (t),sh:0 (n); t−L ≤ n ≤ t) and Z (t),sh+q = (Z (t),sh:sh+q (n); t−
L ≤ n ≤ t) by Z (t),sh:0 (n) ≡ Z (t) (n − 1) and Z (t),sh+q (n) ≡ Z (t) (n).
Step 2 (standardization)
We define a standardized time series Z̃ = (Z̃(n); ℓ ≤ n ≤ r) of the time series
Z by
Zi (n) − µi (Z)
p
(1 ≤ i ≤ d),
(14)
Z̃i (n) ≡
υii (Z)
where µi (Z) and υii (Z) stand for the i-th-component and (i, i)-component
of the sample mean vector µ(Z) and the sample variance matrix υ(Z) of Z,
respectively, defined by
r

µ(Z) ≡
υ(Z) ≡

X
1
Z(n),
r−ℓ+1

(15)

1
r−ℓ+1

(16)

n=ℓ

r
X
(Z(n) − µ(Z)) t (Z(n) − µ(Z)).
n=ℓ

We assume that υii (Z) > 0 (1 ≤ i ≤ d). It is to be noted that µi (Z̃) = 0 and
υii (Z̃) = 1.
By applying this, we obtain Z̃ (t),sh:0 = (Z̃ (t),sh:0 (n); t − L ≤ n ≤ t) and
(t),sh+q
Z̃
= (Z̃ (t),sh:sh+q (n); t − L ≤ n ≤ t).
Step 3 (non-linear transformations up to rank 6)
By applying the non-linear 19 numbers transformations up to rank 6 to the time
(t),sh:0
series Z̃ (t),sh:0 , we construct 19 one-dimensional time series Z̃i
(0 ≤ i ≤ 18)
as follows:
(t),sh:0

Z̃i

(t),sh:0

= (Z̃i

(n); t − L + σ(i) ≤ n ≤ t)

(17)
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and Z̃i

(n) = ϕi (Z̃ (t),sh:0 )(n),
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where ϕi (x)(n) are polynomials of variables x = (x(n); t − L + σ(i) ≤ n ≤ t)(∈
RL+1−σ(i) ) with degree pi defined by






































































ϕ0 (x)(n) = x(n),
ϕ1 (x)(n) = x(n)2 ,
ϕ2 (x)(n) = x(n)3 ,
ϕ3 (x)(n) = x(n)x(n − 1),
ϕ4 (x)(n) = x(n)4 ,
ϕ5 (x)(n) = x(n)2 x(n − 1),
ϕ6 (x)(n) = x(n)x(n − 2),
ϕ7 (x)(n) = x(n)5 ,
ϕ8 (x)(n) = x(n)3 x(n − 1),
ϕ9 (x)(n) = x(n)2 x(n − 2),
ϕ10 (x)(n) = x(n)x(n − 1)2 ,
ϕ11 (x)(n) = x(n)x(n − 3),
ϕ12 (x)(n) = x(n)6 ,
ϕ13 (x)(n) = x(n)4 x(n − 1),
ϕ14 (x)(n) = x(n)3 x(n − 2),
ϕ15 (x)(n) = x(n)2 x(n − 1)2 ,
ϕ16 (x)(n) = x(n)2 x(n − 3),
ϕ17 (x)(n) = x(n)x(n − 1)x(n − 2),
ϕ18 (x)(n) = x(n)x(n − 4)

(19)

and σ(i), pi are given by

σ(0) = σ(1) = σ(2) = σ(4) = σ(7) = σ(12) = 0,




 σ(3) = σ(5) = σ(8) = σ(10) = σ(13) = σ(15) = 1,
σ(6) = σ(9) = σ(14) = σ(17) = 2,



σ(11) = σ(16) = 3,


σ(18) = 4,

p0 = 1,


 p = p = p = p = p = 2,


1
3
6
11
18


p2 = p5 = p9 = p10 = p16 = p17 = 3,
p4 = p8 = p14 = p15 = 4,





p
= p13 = 5,

 7
p12 = 6.

(20)

(21)
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For any fixed integers j, k (0 ≤ j < k ≤ 18), we define a two-dimensional time
(t),sh:0
(t),sh:0
(n); max{t − L + σ(j), t − L + σ(k)} ≤ n ≤ t) by
series Z̃jk
= (Z̃jk
(t),sh:0

Z̃jk

(t),sh:0

(n) ≡ t (Z̃j

(t),sh:0

(n), Z̃k

(n)).

(22)
(t),sh:0

(t)

Moreover, we denote the standardized time series Xjk (n) ≡ Z̃jk
(t),sh+q
Y0
(n)

≡

(n) and

Z̃ (t),sh+q (n).

Step 4 (sample covariance matrix function)
We define a sample covariance matrix function R(Z̃) = (R(Z̃)(n); |n| ≤ Md (r −
ℓ)) of the time series Z̃ by

r−ℓ−n
X

1

R(Z̃)(n) ≡
Z̃(n + ℓ + k)t Z̃(ℓ + k)
(0 ≤ n ≤ Md (r − ℓ)),
r−ℓ+1
k=0


R(Z̃)(−n) ≡ t R(Z̃)(n)
(0 ≤ n ≤ Md (r − ℓ)),
(23)
√
where Md (r − ℓ) ≡ 3[ r − ℓ + 1/d] − 1. We note from certain experience rule
in time series analysis that the number Md (r − ℓ) + 1 is equal to the number of
n (0 ≤ n ≤ r − ℓ) such that the value R(Z̃)(n) is reliable.
(t),sh+q t (t)
By applying this definition to the time series t (Y0
, Xjk ), we calcu(t),sh+q

)(n), R(Xjk )(n) and

(t),sh+q

)(n), R(Xjk )(n) and

late the sample covariance matrix functions R(Y0
(t),sh+q

R(Y0

(t),sh+q

R(Y0

(t)

, Xjk )(n). Note that the sample R(Y0

(t)

(t)

(t)

, Xjk )(n) are non-negative definite.

Step 5 (minimum KM2 O-Langevin system with Fluctuation
Dissipation Algorithm)
Using the fluctuation-dissipation algorithm (see [22], [28], [29], [33], [30], [31],
(t)
[34]), we construct the minimum KM2 O-Langevin system LM(R(Xjk )) asso(t)

ciated with the matrix function R(Xjk ):
(t)

(t)

(t)

0
LM(R(Xjk )) ≡ {γ±
(Xjk )(n, k), V± (Xjk )(m);

0 ≤ k < n ≤ Md (r − ℓ), 0 ≤ m ≤ Md (r − ℓ)}.

(24)

(t)

It is to be noted that all components of the system LM(R(Xjk )) are d × d
(t)

matrices. Since the sample covariance matrix function R(Xjk ) is non-negative
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(t)

definite, we can obtain the system LM(R(Xjk )) more efectively according to
the following algorithm.
[FDA Step 0]
(t)

(t)

V± (Xjk )(0) ≡ R(Xjk )(0)

(25)

[FDA Step 1]

(t)
(t)
(t)

δ+ (Xjk )(1) ≡ −R(Xjk )(1)V− (Xjk )(0)−1 ,



(t)
(t)
(t)

−1
t

 δ− (Xjk )(1) ≡ − R(Xjk )(1)V+ (Xjk )(0) ,


 γ (X (t) )(1, 0) ≡ δ (X (t) )(1),
+
+
jk
jk
(t)
(t)

)(1,
0)
≡
δ
(X
γ
(X

−
−
jk )(1),
jk


(t)
(t)
(t)
(t)


V+ (Xjk )(1) ≡ (I − δ+ (Xjk )(1)δ− (Xjk )(1))V+ (Xjk )(0),




(t)
(t)
(t)
(t)
V− (Xjk )(1) ≡ (I − δ− (Xjk )(1)δ+ (Xjk )(1))V− (Xjk )(0)
[FDA






















































(26)

Step m]
(t)

(t)

δ+ (Xjk )(m) ≡ −{R(Xjk )(m)
P
(t)
(t)
(t)
−1
+ m−2
k=0 γ+ (Xjk )(m − 1, k)R(Xjk )(k + 1)}V− (Xjk )(m − 1) ,
(t)

(t)

(t)

(t)

δ− (Xjk )(m) ≡ −{t R(Xjk )(m)
P
(t)
(t)
(t)
−1
t
+ m−2
k=0 γ− (Xjk )(m − 1, k) R(Xjk )(k + 1)}V+ (Xjk )(m − 1) ,
γ+ (Xjk )(m, k) ≡ γ+ (Xjk )(m − 1, k − 1)
(t)

(t)

+δ+ (Xjk )(m)γ− (Xjk )(m − 1, m − k − 1) (1 ≤ k ≤ m − 1),
(t)

(t)

γ− (Xjk )(m, k) ≡ γ− (Xjk )(m − 1, k − 1)
(t)

(27)

(t)

+δ− (Xjk )(m)γ+ (Xjk )(m − 1, m − k − 1) (1 ≤ k ≤ m − 1),
(t)

(t)

(t)

(t)

γ+ (Xjk )(m, 0) ≡ δ+ (Xjk )(m),

γ− (Xjk )(m, 0) ≡ δ− (Xjk )(m),
(t)

(t)

(t)

(t)

(t)

(t)

(t)

(t)

V+ (Xjk )(m) ≡ (I − δ+ (Xjk )(m)δ− (Xjk )(m))V+ (Xjk )(m − 1),

V− (Xjk )(m) ≡ (I − δ− (Xjk )(m)δ+ (Xjk )(m))V− (Xjk )(m − 1).
A.2. the Pseudo Determinacy Function of type (6,2;j, k)
(t)

(t),sh+0

defined by Step 4 in A, we
By applying the results in [26] to Xjk and Y0
p
p
recall a function D (Z)(t; j, k) = Dn (Z)(t; j, k) : {0, 1, . . . , M3 (Njk )} → [0, 1]
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for each t (ℓ + L + 1 ≤ t ≤ r) [18] by
(t),sh+0

Dnp (Z)(t; j, k) ≡ Cn (Y0

(t)

|Xjk )

(28)

and call it a pseudo determinacy function of type (6,2;j, k) at time t associ(t)
(t)
(t)
ated with the time series Z, where Njk ≡ t − max{σj , σk } and M3 (Njk ) =
q
(t)
3[ Njk + 1/3] − 1. According to [27, 30, 31, 32], the pseudo determinacy
function is calculated by
(t),sh+0
(t)
Cn (Y0
|Xjk )

n
X
(t)
C(n, i)V+ (Xjk )(i) t C(n, i)}1/2
={

(29)

i=0

and

(t)
(t),sh+0
(t)

(i = 0),
R(Y0
, Xjk )(n)R((Xjk ))(0)−1




i−1

X
(t),sh+0
(t)
(t),sh+0
(t)
R(Y0
, Xjk )(n − k)
, Xjk )(n − i)
C(n, i) ≡ R(Y0


k=0




0 (X (t) )(i, k)}V (X (t) )(i)−1
 × t γ+
(1 ≤ i ≤ M3 (Njk )).
+
jk
jk

(30)

A.3. the Pseudo Determinacy Function
We recall a pseudo determinacy function D(Z) : {ℓ + L + 1, · · · , r} → [0, 1]171
[18] by
D(Z)(t) ≡

t

p
p
(Z)(t, 0, 18),
(Z)(t, 0, 1), · · · , DM
(DM
3 (N0,18 )
3 (N0,1 )
p
p
(Z)(t, 1, 18),
(Z)(t, 1, 2), · · · , DM
DM
3 (N1,18 )
3 (N1,2 )
p
(Z)(t, 17, 18)).
· · · , DM
3 (N17,18 )

(31)
(32)

This 171-dimensional vector represents a profile of non-linear dynamics for
time series Z at time t.
B. Algorithm of SOM
We recall an algorithm by Kohonen [20] as follows.
1. Define the pseudo determinacy function D(Z) = (D(Z)(t); ℓ + L + 1 ≤
t ≤ r) as input vectors.
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2. Define the map’s rows (R) and columns (C) number where R × C = N .
3. Define the map’s topology. In this paper, we used the torus structure.
4. Randomize the map’s nodes’ weight vectors mi to initialize the all mi (0).
5. Select an input vector x(0).
6. Find mc (0).
7. Update mi (0) to mi (1) by
mi (1) = mi (0) + hci (0)(x(0) − mi (0)).

(33)

Here hci (τ ) is defined by
hci (τ ) = α(τ ) exp(−

(mc (τ ) − mi (τ ))2
)
2r(τ )2

(34)

and r defines the width of the kernel and α is learning rate factor defined
by
τ
)
T
τ
r(τ ) = r0 (1 − )
T
α(τ ) = α(1 −

(35)
(36)

where α and r0 is a learning parameter and a width parameter we decide,
for example, α = 0.9 and r0 = 30.
8. If t < r, grab an input vector x(t + 1).
9. Find mc (τ ).
10. Update mi (τ ) to mi (τ + 1) by
mi (τ + 1) = mi (τ ) + hci (τ )(x(t) − mi (τ )).

(37)

11. If τ < T , repeat (5)-(7).
Then, we can visualize the distance of each pseudo determinacy function
D(Z)(t). For example, if the D(Z)(t) is mapped on node i and D(Z)(t − 1)
is mapped on node i’, the distance of these two vectors are visualized as the
distance of the node i and i′ which is defined by d(mi , mi′ ).
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