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Abstract: Heilpern [9] introduced the concept of fuzzy mappings and proved
a fixed point theorem for fuzzy contraction mappings. Generalizing Heilpern’s
result, Bose and Sahani [5] proved a common fixed point theorem for a pair
of generalized fuzzy contraction mappings and also a fixed point theorem for
nonexpansive fuzzy mappings. Since then, many authors have generalized Bose
and Sahani’s results in different directions. Also Bose and mukherjee (see [2],
[3]) considered common fixed points of a pair of multivalued mappings and
a sequence of single valued mappings. We present several theorems which are
generalized to ordered metric space setting.In Section 3, we present our remarks
concerning some generalizations of the main theorm of Bose and Sahani.Three
such results, of Vijayaraju and Marudai [18], Azam and Arshad [1], and B.S. Lee
et al [13] are discussed and a correct proof of the main theorem of Vijayaraju
and Marudai has ben presented using a tecnique of Bose and Mukherjee [2].
In Section 4, we present several new theorems in ordered metric space setting.
One is a version of the fixed point theorem for a pair of multivalued mappings
of Bose and Mukherjee in ordered metric space setting and the other is a new
version of the main theorem of Bose and Sahani in orderd metric space setting.
Also we present a few results concerning common fixed point of a sequence of
such mappings in ordered metric space setting.
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1. Introduction

Heilpern (1981, see [9]) introduced the concept of fuzzy mappings and proved
a fixed point theorem for fuzzy contraction mappings. Bose and Sahani (1987,
see [5]) proved a common fixed point theorems for a pair of generalized fuzzy
contraction mappings and also for nonexpansive mappings. Since then many
authors have genralized Bose and Sahani’s result in different directions. We
discuss three such results in this paper as a prelude to proving their generaliza-
tions to ordered metric space setting. First one is by Vijayaraju and Marudai
(2003, see [18]).Second one is by Azam and Arshad (2010, see [1]) and third
one is by B.S. Lee, G.M. Lee, S.J. Cho, and D.S. Kim (1998, see [13]). The
proof of the main theorem of Vajayaraju and Marudai is wrong. I obtained a
correct proof by using the technique of Bose and Mukherjee (1977, see [2]) but
did not publish it. Azam and Arshad concluded that the theorem of Vijayra-
jaju and Marudai cannot be proved and proved a diluted version of the same.
This is not correct. I shall present the correct proof of the theorem stated by
Vijayaraju and Marudai using the technique used in Bose and Mukherjee [2].
Lee et al (1998, see [13]) presented a different generalization whose proof was
unfortunately wrong. But from the results obtained by Shi Chuan (1997, see
[6]), we can show that, though their (Lee et al) result is not true for a pair
of fuzzy mappings, the theorem can be proved for an infinite sequenc of such
mappings with specified conditions.

Ran and Reurings [17] first investigated the existence of fixed points in
a partially ordered metric spaces and they were followed by Nieto and Lopez
[16], Hajrani and Sadarangani [8], Kadelberg et al [11] (in a ordered cone metric
space),etc. Also recently L. Ciric et al [7] have considered fuzzy common fixed
theorems in ordered metric spaces and we can modify the last part of their
proof following the proof of Theorem 55 of Bose and Roychowdhury [4] where we
proved two fixed point theorems concerning a pair of fuzzy weakly (generalized)
contractive mappings. We shall consider the ordered metric space version of
these in another paper.

We shall present some new common fixed point theorems for a pair of mul-
tivalued mappings and for a pair of fuzzy mappings in an ordered metric space
setting. These can be considered as generalizations of theorems A, B, and E.
Next we prove some theorems concerning the existence of a common fixed point
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of a sequence of such mappings (multivalued/fuzzy mappings) in ordered metric
spaces. Also we briefly consider the conditions under which the fixed point can
be unique. Many of these results are true for ordered cone metric spaces, but
those results will be presented elsewhere.

2. Preliminaries

Let (X, d) be a metric linear space. A fuzzy set A in is a function from X into
I = [0, 1]. If x ∈ X, the function value A(x) is called the grade of membership
of X in A. The α−level set (α − cut) of A, denoted by Aα, is defined by
Aα = {x : A(x) ≥ α} if α ∈ (0, 1] and A0 = {x : A(x) > 0}, where B denotes
the closure of the set B.

Definition 2.1. A fuzzy set A is said to be an approximate quantity iff
Aα is compact and convex for each α ∈ [0, 1], and supx∈XA(x) = 1. When A

is an approximate quantity and A(x0) = 1 for some x0 ∈ X, A is identified
with an approximation of x0. Let F(X) be the collection of all fuzzy sets in X

and W (X) be a subcollection of all approximate quantities. Then we difine the
distance between two approximate quantities.

Definition 2.2. Let A,B ∈ W (X), α ∈ [0, 1]. Then we define pα(A,B) =
infx∈Aα,y∈Bα

d(x, y), Dα(A,B) = H(Aα, Bα) where H is the Hausdorff dis-
tance. D(A,B) = supαDα(A,B), and p(A,B) = supαpα(A,B). The function
Dα is called an α−distance, and D is a distance between A and B, i.e., D is
a metric on W (X). We note that pαis a nondecreasing function of α. Next
we define an order on the family W (X) which charecterizes the accuracy of a
given quantity.

Definition 2.3. Let A,B ∈ W (X). Then A is said to be more accurate
than B, denoted byA ⊂ B, iff A(x) ≤ B(x) for each x ∈ X. The relation ⊂
induces a partial order on the family W (X).

Definition 2.4. Let X be an arbitrary set and Y be a metric linear space.
F is called a fuzzy mapping if and only if F is a mapping from the set X into
W (Y ).

Definition 2.5. For α ∈ (0, 1], the fuzzy point xα of X is the fuzzy set
defined by xα (y) = α if y = x and xα (y) = 0 if y 6= x. A fuzzy point xα in X

is called a fixed fuzzy point of the fuzzy mapping F if xα ⊂ Fx. If {x} ⊂ Fx ,
then x is a fixed point of the fuzzy mapping F .
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Definition 2.6. Let α ∈ [0, 1]. Then the family Wα (X) is given by the
set {A ∈ F (X) : Aαis nonempty, compact and convex}. We shall consider also
fuzzy mappings F : X → Wα (X), α ∈ [0, 1].

Lemma 2.7. (see Heilpern [9]) Let x,∈ X,A ∈ W (X), and let {x} be a
fuzzy set with membership function equal to a charecteristic function of the set
x. If {x} ⊂ A, then pα (x,A) = 0 for each α ∈ [0, 1] and vice versa.

Lemma 2.8. (see Heilpern [9]) pα (x,A) ≤ d (x, y) + pα (y,A) for any
x, y ∈ X.

Lemma 2.9. (see Heilpern [9]) If {x0} ⊂ A then pα (x0, B) ≤ Dα (A,B)
for each B ∈ W (X).

Let (X, d) be a metric space and let CB (X) be the set of all closed bounded
subsets of X. We denote the closure of a setA ⊆ X as A. The Hausdorff metric
on CB (X) is defined as

H(A,B) = max

{

sup
x∈B

inf
y∈A

d(x, y), sup
x∈A

inf
y∈B

d(x, y)

}

= max
{

supx∈Ad(x, B), supy∈Bd(y, A)
}

where A,B ∈ CB(X ) and

d(x,A) = infy∈Ad(x, y),

H(A,B) = 0 if and only if A = B.

Lemma 2.10. (see Nadler, Jr. [14]) Let A and B be nonempty compact
subsets of a metric space (X, d). If a ∈ A, then there exists b ∈ B such that
d (a, b) ≤ H (A,B) .

Lemma 2.11. (see Nadler, Jr. [14]) If A,B ∈ CB(X) and x ∈ A, then for
each positive number α there exists y ∈ B such that d (x, y) ≤ H (A,B) + α,
i.e.,d (x, y) ≤ qH (A,B) where q > 1.

Lemma 2.12. Let A,B ∈ W (X) . Then for each {x} ⊂ A, there exists
{y} ⊂ B such that D ({x} , {y}) ≤ D (A,B) .

Since D ({x} , {y}) = d (x, y),we have d (x, y) ≤ D (A,B) .

Lemma 2.13. (see Nadler Jr. [14]) The metric space (CB(X ),H) is com-
plete provided X is complete.

Lemma 2.14. (see Lee and Cho [12]). Let (X, d) be a complete metric
linear space. If F is a mapping from X into W (X) and x0 ∈ X, then there
exists x1 ∈ X such that {x1} ⊂ F (x0) .
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Lemma 2.15. (see [15]) Let A be a set in X and let {Aα : α ∈ I} be a
family of subsets of A such that:

(i) A0 = A,

(ii) α ≤ β implies Aβ⊆ Aα,

(iii) α1 ≤ α2 ≤, ...,limn→∞αn = αimplies Aα= ∩∞
k=1Aαk

.

Then the function φ : X → I defined by φ(x) = sup {α ∈ I : x ∈ Aα} has
the property that [φ]α= Aα. Conversely, for any fuzzy set µ in X, the family
{[µ]α}of α-level sets of µ satisfies the above conditions (i)-(iii).

The function φ is actually defined on the set A, but we can extend it to X

by defining φ(x) = 0 for all x ∈ X −A. Lemma 3 is known as Negoita-Ralescu
representation theorem.

Definition 2.16. Let (X, d) be a metric space. A mapping F : X → X is
said to be weakly contractive or a φ−weak contraction if d (Fx, Fy) ≤ d (x, y)−
φ (d (x, y)) for each x, y ∈ X where φ : [0,∞) → [0,∞) is a continuous and
nondecreasing function such that φ is positive on (0,∞), φ (0) = 0.

Definition 2.17. Let X be a nonempty set. Then (X, d,≤) is called an
ordered metric space if and only if

(i) (X, d) is a metric space,

(ii) (X,≤) is a partialy ordered set.

Definition 2.18. Let (X,≤) be a partially ordered set. A pair (F1, F2)of
self maps of X is said to be weakly incresing (decreasing) if F1x ≤ (≥)F2F1x

and F2x ≤ (≥)F1F2x for all x ∈ X.

The following is a sufficient condition for the uniqueness of fixed point in
(X, d,≤) :

For every x, y ∈ X there exists a lower bound or an upper bound. In [16]
it is shown to be equivalent to the following:

For x, y ∈ X there exsts z ∈ X which is comparable to x and y.

3. Common Fixed Point Theorems in Metric Spaces

Bose and Sahani(1987, [5]) proved a common fixed point theorem for a pair of
generalized fuzzy contraction mappings. Since then many authors have gen-
ralized Bose and Sahani’s result in different directions. We discuss three such
results in this paper. First one is by Vijayaraju and Marudai (2003, [18]). Sec-
ond one is by Azam and Arshad (2010,[1]) and third one is by B.S. Lee, G.M.
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Lee, S.J. Cho, and D. S. Kim(1998, [13]). The proof of the main theorem of
Vajayaraju and Marudai was wrong. I obtained a correct proof by using the
technique of Bose and Mukherjee(1977, [2],[10]) but did not publish it. Azam
and Arshad concluded that the theorem of Vijayrajaju and Marudai cannot be
proved and proved a diluted version of the same. This is not correct. I shall
present the correct proof of the theorem stated by Vijayaraju and Marudai using
the technique of Bose and Mukherjee (see [2],[10]). Lee et al (1998, [13])pre-
sented a different generalization whose proof was unfortunately wrong. But
from the results obtained by Shi Chuan (1997, [6]), we can show that, though
their (Lee et al) result is not true for a pair of fuzzy mappings, the theorem can
be proved for an infinite sequenc of such mappings with specified conditions.
Since the proof of this is very similar to the proofs given for a sequence of such
mappings in ordered metric spaces in Section 4, it will not be presented here
separately. Here, first we list the relevant theorems mentioned above and give
the correct proof of the theorem of Vijayaraju and Marudai [18].

Theorem A. (see Bose and Sahani [5]) Let (X, d) be a complete metric
linear space and let F1 and F2 be fuzzy mappings from X into W (X) satisfying
the following condition:

D (F1x, F2y) ≤ a1p(x, F1x) + a2p(y, F2y) + a3p(y, F1x) + a4p(x, F2y)

+ a5d(x, y) for all x, y ∈ X,

where ai, i = 1, 2, 3, 4, 5 are non-negative real numbers and
∑5

0 ai < 1 and
a1 = a2 or a3 = a4.Then F1 and F2 have a common fixed point.

The following theorem, obtainbed as a generalization of Theorem A, is the
main result of Vijayaraju and Marudai [18].

Theorem B. Let (X, d)) be a complete metric space and let F1,F2 be fuzzy
mappings from X into F(X) satisfying the following conditions:

(a) for each x ∈ X, there exists α(x) ∈ (0, 1] such that [F1x]α(x) , [F2x]α(x)are
nonempty closed bounded subsets of X, and

(b) H
(

[F1x]α(x) , [F2x]α(x)

)

≤ a1d(x, [F1x]α(x)) + a2d(y, [F2y]α(y))

+a3d(y, [F1x]α(x)) + a4d(x, [F2y]α(y)) + a5d(x, y),
for all x, y ∈ X, where ai, i = 1, 2, 3, 4, 5are non-negative real numbers and
∑5

0 ai < 1 and a1 = a2 or a3 = a4. Then there exists z ∈ X such that
z ∈ [F1z]α(z) ∩ [F2z]α(z).

Azam and Arshad [1] pointed out various errors in the proof of Theorem B
and claimed that the following theorem is the right version of the generalization
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given by Vijayaraju and Marudai [18]. The proof (of Theorem B) did not use
Lemma 2.5 correctly in the beginning of the proof and it was not a valid proof
due to various other errors.

Theorem C. Let (X, d)) be a complete metric space and let F1,F2 be fuzzy
mappings from X into F(X) satisfying the following conditions:

(a) for each x ∈ X, there exists α(x) ∈ (0, 1] such that [F1x]α(x) , [F2x]α(x)
are nonempty closed bounded subsets of X and

(b) H
(

[F1x]α(x) , [F2x]α(x)

)

≤ a1d(x, [F1x]α(x)) + a2d(y, [F2y]α(y))

+a3[d(y, [F1x]α(x)) + d(x, [F2y]α(y))] + a4d(x, y),

for all x, y ∈ X, where ai, i = 1, 2, 3, 4 are non-negative real numbers with
a1+a2+2a3+a4 < 1.Then there exists z ∈ X such that z ∈ [F1z]α(z)∩[F2z]α(z).

It is noted that one condition has been dropped (instead of a1 = a2or
a3 = a4, only a3 = a4 is assumed). It will shown in the proof of theorem 3.1
that this implies 0 < r, s < 1.

Generalizing the results of Bose and Sahani [5] and Lee and Cho [12], Lee et
al [13] presented the following common fixed point theorem for a pair of fuzzy
mappings:

Theorem D. Let (X, d) be a complete metric linear space and let F1 and
F2 be fuzzy mappings from X into W (X) satisfying the following condition:

For any x ∈ X, {ux} ⊂ F1x and y ∈ X,there exists {vy} ⊂ F2y such that

D ({ux}, {vy}) ≤ a1d(x, ux) + a2d(y, vy) + a3d(y, ux) + a4d(x, vy) + a5d(x, y),

for allx, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are non-negative real numbers,
∑5

0 ai <

1 and a3 ≥ a4.Then F1 and F2 have a common fixed point, that is, there exists
z ∈ X such that z ⊂ F1z and z ⊂ F2z.

Theorem E. (see Bose and Mukherjee [2], [10]) Let (X, d) be a complete
metric space and let F1 and F2 be multivalued mappings from X into CB(X)
satisfying the following condition:

H (F1x, F2y) ≤ a1d(x, F1x) + a2d(y, F2y) + a3d(y, F1x) + a4d(x, F2y)

+ a5d(x, y),

for all x, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are non-negative numbers and
∑5

0 ai <

1 and a1 = a2 or a3 = a4.Then F1 and F2 have a common fixed point.



202 R.K. Bose

Corollary F. (see Bose and Mukherjee [2], [10]) Let (X, d) be a complete
metric space and let Fi : X → X, i = 1, 2 be mappings satisfying the following
condition:

d (F1 (x) , F2 (y))

≤ a1d(x, F1x) + a2d(y, F2y) + a3d(y, F1x) + a4d(x, F2y) + a5d(x, y),

for allx, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are non-negative numbers and
∑5

0 ai <

1 and a1 = a2 or a3 = a4.Then F1 and F2 have a common fixed point.

I noticed the errors in the proof of Theorem B given by Vijayaraju and
Marudai [18] and found a correct proof based on the technique used in Theorem
E of Bose and Mukherjee[2]. In fact, we used the same technique, adapted to
the new setting, in the proof of Theorem A also. Hence the assertion of Azam
and Arshad [1] was not correct.

Also Lee and Cho [12] made a generalization of one theorem of Bose and
Sahani and proved the existence of a common fuzzy fixed point of an infinite
family of fuzzy contractions. Following Lee and Cho [12], Lee et al[13] presented
a generalization of Theorem A (for a pair of fuzzy mappings)with a different
set of conditions on ai.that is,

∑5
0 ai < 1 and a3 ≥ a4. However the proof is

not correct. Shi Chuan [6] proved a similar theorem (genralized in a different
direction) with the same condition on ai but for an infinite sequence of fuzzy
mappings. A perusal of the proof given by Shi Chuan shows that the theorem
of Lee et al [13] for an infinite sequence of fuzzy mappings satisfying the same
inequality for Fi, Fj and with same conditions on ai, goes through. Similar
technique has been employed in Bose and Mukherjee [3] for a sequence of self-
mappings of X and the same technique will be used here when we consider the
common fixed point of a sequence of mappings later satisfying certain condition
in ordered metric space setting (see Section 4).

We now present the correct proof of Theorem B following the techniques
used in Bose and Mukherjee [2]. A variation of the same technique was also
used in Bose and Sahani [5].

Theorem 3.1. Let (X, d)) be a complete metric space and let F1,F2 be
fuzzy mappings from X into F(X) satisfying the following conditions:

(a) for each x ∈ X, there exists α(x) ∈ (0, 1] such that [F1x]α(x) , [F2x]α(x)are
nonempty closed bounded subsets of X and

(b) H
(

[F1x]α(x) , [F2x]α(x)

)

≤ a1d(x, [F1x]α(x)) + a2d(y, [F2y]α(y))

+a3d(y, [F1x]α(x)) + a4d(x, [F2y]α(y)) + a5d(x, y),
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for all x, y ∈ X, where ai, i = 1, 2, 3, 4, 5are non-negative real numbers
and

∑5
0 ai < 1and a1 = a2 or a3 = a4.Then there exists z ∈ X such that

z ∈ [F1z]α(z) ∩ [F2z]α(z).
Proof. Let x0 ∈ X. For this x0, by condition (a), there exists α1 ∈ (0, 1]

such that [F1 (x0)]α1
∈ CB (X). Choose x1 ∈ [F1 (x0)]α1

. For this x1, there
exists α2 ∈ (0, 1] such that [F2 (x1)]α2

∈ CB (X) . By Lemma 2.11, there exists

x2 ∈ [F2 (x1)]α2
such that d (x1, x2) ≤ p−1H

(

[F1 (x0)]α1
, [F2 (x1)]α2

)

where

p = (a1 + a2 + a3 + a4 + a5)
1
2 .

Using condition (b) and simplifying:

d (x1, x2) ≤ p−1H
(

[F1 (x0)]α1
, [F2 (x1)]α2

)

≤
a1 + a4 + a5

p− a2 − a4
d (x0, x1) .

Proceeding in a similar manner, there exists x3 ∈ [F1 (x2)]α3
such that

d (x2, x3) ≤ a2+a3+a5
p−a1−a3

d (x1, x2). Consider the sequence{xn} where x2n+1 ∈
[F1 (x2n)]α2n+1

and x2n+2 ∈ [F2 (x2n+1)]α2n+2
, n = 0, 1, 2, 3, .... We have 0 <

r, s < 1 if a3 = a4 and 0 < rs < 1 when a1 = a2 or a3 = a4 where r = a1+a4+a5
p−a2−a4

and s = a2+a3+a5
p−a1−a3

. Further

d (x2n+1, x2n+2) ≤ r (rs)n d (x0, x1) and d (x2n, x2n+1) ≤ (rs)n d (x0, x1) .

Also

∞
∑

n=0

[d (x2n, x2n+1) + d (x2n+1, x2n+2)] ≤ (1 + r) d (x0, x1)

∞
∑

n+0

(rs)n .

From this, it is easily seen that the sequence {xn}is Cauchy and hence the

sequence converges to some point u ∈ X. Let us consider d
(

u, [F2 (u)]α(u)

)

.

We have

d
(

u, [F2 (u)]α(u)
)

≤ d (u, xn+1) + d
(

xn+1, [F2 (u)]α(u)
)

≤ d (u, xn+1) +H
(

[F1 (xn)]αn+1
, [F2 (u)]α(u)

)

(here n is taken to be even). Using condition (b) and simplifying, we have

d
(

u, [F2 (u)]α(u)
)

≤ d (u, xn+1) + a1d (xn, xn+1) + a2d
(

u, [F2 (u)]α(u)
)

+ a3d (u, xn+1)

+ a4d (xn, u) + a4d
(

u, [F2 (u)]α(u)
)

+ a5d (xn, u) .
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Taking limit n → ∞, we have d
(

u, [F2 (u)]α(u)
)

≤ (a2 + a4) [d (u, F2 (u))]α(u),
i.e.,d

(

u, [F2 (u)]α(u)
)

= 0. Since [F2 (u)]α(u) is closed, we have u ∈ [F2 (u)]α(u)
.

Similarly it can be shown that u ∈ [F1 (u)]α(u).

Remark 3.2. Theorem C of Azam and Arshad [1] follows as a corollary of
Theorem 3.1.

4. Fixed Point Theorems in Ordered Metric Spaces

We now present four new theorems concerning fixed points in ordered metric
space setting. First one extends the theorem of Bose and Mukherjee (see [2],
[10]) and second one extend the theorem of Bose and Sahani [5] to ordered met-
ric space setting. Third and fourth are the sequential versions of the theorems
of Bose and Mukherjee and Bose and Sahani.

Theorem 4.1. Let (X, d,≤)be a complete ordered metric space. Let
CB (X) denote the space of nonempty closed bounded subsets of X equipped
with the Hausdorff metric H. Let F1, F2 be mappings from X into CB (X)
satisfying the following conditions:

(a) H (F1x, F2y) ≤ a1d(x, F1x) + a2d(y, F2y) + a3d(y, F1x) + a4d(x, F2y) +
a5d(x, y) for all comparable elements x, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are
non-negative numbers and

∑5
0 ai < 1 and a1 = a2 or a3 = a4.

(b) Let x0 ∈ X. Suppose if x1 ∈ F1 (x0) then x0 and x1 are comparable.
Suppose, if x, y ∈ X are comparable, then every u ∈ F1 (x) and every v ∈ F2 (y)
are comparable. Also suppose that if a sequence {xn} → x and its consequtive
terms are comparable, then xn, x ∈ X are comparable for all n.

Then there exists a point x such that x ∈ F1 (x) and x ∈ F2 (x), i.e., x is a
common fixed point of F1 and F2.

Proof. Let x0 ∈ X. Choose x1 ∈ F1 (x0). Then x0, x1 are comparable. By
Lemma 2.11, there exists x2 ∈ F2 (x1) such that

d (x1, x2) ≤ p−1H (F1 (x0) , F (x1)) ,

where p = (a1 + a2 + a3 + a4 + a5)
1
2 .

Using condition (a) and simplifying, we have

d (x1, x2) ≤ p−1H (F1 (x0) , F2 (x1))
a1 + a4 + a5

p− a2 − a4
d (x0, x1) .



SOME COMMON FIXED POINT THEOREMS OF... 205

Proceeding in a similar manner, there exists x3 ∈ F1 (x2) such that

d (x2, x3) ≤
a2 + a3 + a5

p− a1 − a3
d (x1, x2) .

Consider the sequence{xn} where x2n+1 ∈ F1 (x2n) and x2n+2 ∈ F2 (x2n+1) ,
n = 0, 1, 2, 3, ....

We have 0 < r, s < 1 if a3 = a4 and 0 < rs < 1 when a1 = a2 or
a3 = a4 where r = a1+a4+a5

p−a2−a4
and s = a2+a3+a5

p−a1−a3
. Further d (x2n+1, x2n+2) ≤

r (rs)n d (x0, x1) and d (x2n, x2n+1) ≤ (rs)n d (x0, x1).

Also

∞
∑

n=0

[d (x2n, x2n+1) + d (x2n+1, x2n+2)] ≤ (1 + r) d (x0, x1)

∞
∑

n+0

(rs)n .

From this, it is easily seen that the sequence {xn} is Cauchy and hence the
sequence converges to some point u ∈ X. Let us consider d (u, F2 (u)). We have
d (u, F2 (u)) ≤ d (u, xn+1) + d (xn+1, F2 (u)) ≤ d (u, xn+1) + H (F1(xn), F2 (u))
(here n is taken to be even and note that xn and u are comparable by condition
(b)). Using conditions (a) and (b) and simplifying, we have d (u, F2 (u)) ≤.

d (u, xn+1) + a1d (xn, xn+1) + a2d (u, F2 (u)) + a3d (u, xn+1) + a4d (xn, u)

+ a4d (u, F2 (u)) + a5d (xn, u) .

Taking limit n → ∞, we have d (u, F2 (u)) ≤ (a2 + a4) d (u, F2 (u)), i.e.,
d (u, F2 (u)) = 0. Since F2 (u) is closed, we have u ∈ F2 (u) . Similarly it can be
shown that u ∈ F1 (u).

Corollary 4.2. Let (X, d,≤) be a complete ordered metric space. Let
f1, f2 be mappings from X into X satisfying the following conditions:

(a) d (f1x, f2y) ≤ a1d(x, f1x) + a2d(y, f2y) + a3d(y, f1x) + a4d(x, f2y) +
a5d(x, y) for all comparable elements x, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are
non-negative numbers and

∑5
0 ai < 1 and a1 = a2 or a3 = a4.

(b) Let x0 ∈ X. Suppose if x1 = f1x0 then x0 and x1 are comparable.
Suppose, if x, y ∈ X are comparable, then u = f1x and v = f2y are compara-
ble. Also suppose that if a sequence {xn} → x and its consequtive terms are
comparable, then xn, x ∈ X are comparable for all n or f1 or f2 is continuous.

Then f1 and f2 have a common fixed point x ∈ X, that is, there exists a
point x ∈ X such that x = f1x and x = f2x.
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Proof. Define a sequence {xn} by x2n+1 = f1x2n and x2n+2 = f2x2n+1. It
can be shown similarly that the defined sequence {xn} converges to say x ∈ X

and x is a common fixed point of f1and f2 when consequtive terms of the
sequence are comparable and xn, x are comparable for all n.

Suppose f1 is continuous (in lieu of :suppose that if a sequence {xn} → x

and its consequtive terms are comparable, then xn, x ∈ X are comparable for
all n). Then x2n+1 = f1x2n implies x = f1x since the sequence {xn} → x and
by continuity of f1. Also it can be shown that d (x, f2x) = d (f1x, f2x) = 0.
Hence x is a common fixed point of f1 and f2.

Remark 4.3. If the pair of mappings (f1, f2) is weakly increasing, it can
be easily shown that the sequence {xn}defined in the above corollary is nonde-
creasing with respect to ≤,i.e., x0 ≤ x1 ≤ ... ≤ xn ≤ ....

Kadelberg et al [11] poroved a similar result in ordered cone metric space
setting where the condition (b) is replaced by the following:(i) f1 or f2 is contin-
uous or(ii) if a nondecreasing sequence {xn} converges to x ∈ X, then xn ≤ x

for all n ∈ N .

We now discuss sufficient condition for the uniqueness of fixed point or
common fixed point of results discussed above. The condition is as follows: For
every x, y ∈ (X,≤) there exists a lower bound or an upper bound or equiva-
lently, for every x, y ∈ (X,≤) there exists z ∈ (X,≤) which is comparable to
x and y. This equivalence was proved in [16]. Also following example of an
ordered metric space was presented in [16], where the above condition (ii) is
satisfied(if a nondecreasing sequence {xn} converges to x ∈ X, then xn ≤ x for
all n ∈ N .):

Let C([0, T ]) denotes the space of continuous functions defined on [0, T ].
This space with the metric defined by d (x, y) = sup {| x(t)− y(t) |: t ∈ [0, T ]},
for x, y ∈ C ([0, T ]), is a complete metric space. A partial order in this space is
given by x, y ∈ C ([0, T ]), x ≤ y ⇔ x(t) ≤ y(t) for t ∈ [0, T ]. Also it was shown
that if {xn} is a nondecreasing sequence in this space such that xn → x, then
xn ≤ x for all n ∈ N .

Corollary 4.4. Let (X, d,≤)be a complete ordered metric space. Let f be
a mapping from X into X satisfying the following conditions:

(a) d (fx, fy) ≤ a1d(x, fx)+a2d(y, fy)+a3d(y, fx)+a4d(x, fy)+a5d(x, y)
for all comparable elements x, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are non-negative
numbers and

∑5
0 ai < 1 and a1 = a2 and a3 = a4.

(b) Let xn ∈ X. Suppose if xn+1 = fxn then xn and xn+1 are compa-
rable, i.e., x and fx are comparable for all x ∈ X. Also suppose that if a
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sequence {xn} → x and its consequtive terms are comparable, then xn, x ∈ X

are comparable for all n or f is continuous.
Then f has a fixed point x ∈ X, that is, there exists a point x ∈ X such

that x = fx.

Further, if the space is totally ordered, the fixed point of f is unique.

Remark 4.5. Kadelberg et al [11] proved such a result in an odered cone
metric space setting where f is a continuous self mapping of X such that x ≤ fx

for all x ∈ X.

The next theorem generalizes Theorem A (Bose and Sahani[5]) dealing with
the existence of a common fixed points of a pair of generalized fuzzy contractions
in ordered metric space setting.

Theorem 4.6. Let (X, d,≤) be complete ordered metric linear space and
let F1 and F2 be fuzzy mappings from X into Wα(X) satisfying the following
conditions:

(a) Dα (F1x, F2y) ≤ a1pα(x, F1x) + a2pα(y, F2y) + a3pα(y, F1x)
+a4pα(x, F2y) + a5d(x, y)

for all comparable x, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are non-negative real
numbers and

∑5
0 ai < 1 and a1 = a2 or a3 = a4.

(b) Let x0 ∈ X. Suppose if x1 ⊂ F1 (x0) then x0 and x1 are comparable.
Suppose, if x, y ∈ X are comparable, then every u ∈ [F1 (x)]α and every v ∈
[F2 (y)]α are comparable. Also suppose that if a sequence {xn} → x and its
consequtive terms are comparable, then xn, x ∈ X are comparable for all n.

Then F1 and F2 have a common fuzzy fixed point., i.e., there exists xα such
that xα ⊂ F1 (x) and xα ⊂ F2 (x).

Proof. Let x0 ∈ X. By Lemma 2.14 x1 ⊂ F1 (x0). Then x0, x1 are
comparable. By Lemma 2.7, pα (x1, F1 (x0)) = 0 for each α ∈ [0, 1] ⇔ x ∈
[F1 (x0)]α .Then there exists x2 ∈ [F2 (x1)]α such that

d (x1, x2) ≤ p−1H ([F1 (x0)]α, [F2 (x1)]α) = p−1Dα (F1(x0), F2(x1))

≤ p−1[a1pα (x0, F1(x0)) + a2pα (x1, F2(x1)) + a3pα (x1, F1(x0))

+ a4pα (x0.F2(x1)) + a5d (x0, x1)],

where p = (a1 + a2 + a3 + a4 + a5)
1
2 (see Lemma 2.11).

≤ p−1 [a1d (x0, x1) + a2d (x1, x2) + a3d (x1, x1) + a4d (x0.x2) + a5d (x0, x1)] ,

by condition (a). Simplifying, we have d (x1, x2) ≤ p−1H (F1 (x0) , F2 (x1)) ≤
a1+a4+a5
p−a2−a4

d (x0, x1) .



208 R.K. Bose

Proceeding in a similar manner, there exists x3 ∈ [F1 (x2)]α such that
d (x2, x3) ≤

a2+a3+a5
p−a1−a3

d (x1, x2).
Consider the sequence {xn}, where

x2n+1 ∈ [F1 (x2n)]α and x2n+2 ∈ [F2 (x2n+1)]α, n = 0, 1, 2, 3, ....

We have 0 < r, s < 1 if a3 = a4 and 0 < rs < 1 when a1 = a2 or a3 = a4 where
r = a1+a4+a5

p−a2−a4
and s = a2+a3+a5

p−a1−a3
. Further d (x2n+1, x2n+2) ≤ r (rs)n d (x0, x1)

and d (x2n, x2n+1) ≤ (rs)n d (x0, x1).
Also

∞
∑

n=0

[d (x2n, x2n+1) + d (x2n+1, x2n+2)] ≤ (1 + r) d (x0, x1)

∞
∑

n+0

(rs)n .

From this, it is easily seen that the sequence {xn} is Cauchy and hence the
sequence converges to some point u ∈ X. Let us consider pα (u, F2 (u)). By
Lemma, we have pα (u, F2 (u)) ≤ d (u, xn+1) + pα (xn+1, F2 (u)) ≤ d (u, xn+1) +
Dα (F1(xn), F2 (u)) (here n is taken to be even). Using conditions (a) and
(b) and simplifying, we have pα (u, F2 (u)) ≤ d (u, xn+1) + a1d (xn, xn+1) +
a2pα (u, F2 (u)) + a3d (u, xn+1) + a4d (xn, u) + a4pα (u, F2 (u)) + a5d (xn, u).

Taking limit n → ∞, we have pα (u, F2 (u)) ≤ (a2 + a4) pα (u, F2 (u)), i.e.,
pα (u, F2 (u)) = 0.
By Lemma 2.7, we have uα ⊂ F2 (u) . Similarly it can be shown that uα ⊂

F1 (u).
Next we consider a sequence of multivalued mappings and a sequence of

fuzzy mappings in ordered metric spaces satisfying similar conditions and prove
some results concerning the existence of common fixed point of such mappings.

Theorem 4.7. Let (X, d,≤) be a complete ordered metric space. Let
CB (X) denote the space of nonempty closed bounded subsets of X equipped
with the Hausdorff metric H. Let {Fn} be a sequence of mappings from X into
CB (X) satisfying the following conditions:

(a) H (Fix, Fjy) ≤ a1d(x, Fix) + a2d(y, Fjy) + a3d(y, Fix) + a4d(x, Fjy) +
a5d(x, y) for all comparable elements x, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are
non-negative numbers and

∑5
0 ai < 1 and a3≥a4.

(b) Let x0 ∈ X. Suppose if x1 ∈ F1 (x0) then x0 and x1 are comparable.
Suppose, if x, y ∈ X are comparable, then every u ∈ Fi (x) and every v ∈ Fj (y)
are comparable. Also suppose that if a sequence {xn} → x and its consequtive
terms are comparable, then xn, x ∈ X are comparable for all n.
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Then there exists a point x such that x ∈ Fn (x)for all n ∈ N .

Proof (brief). Choose xk+1 ∈ Fk+1 (xk) , k = 0, 1, 2, 3... such that

d (xk, xk+1) ≤ p−1H (Fk(xk−1), Fk+1(xk)) .

Then by condition (a) and (b), we have d (xk, xk+1) ≤
a1+a4+a5
p−a2−a4

d (xk−1, xk) =
rd (xk−1, xk), where 0 < r < 1. It can be shown that the sequence {xn} is
Cauchy and it converges to say x ∈ X. We have d (x, Fn(x)) ≤ d (x, xk) +
d (xk, Fn(x)) ≤ d (x, x

k
) + H (Fk(xk−1), Fn(x)). Using condition (a) and (b)

again and taking limita as k → ∞, we get d (x, Fn(x)) = 0. This implies that
x ∈ Fn(x) for all n ∈ N .

When {fn} is a sequence of self mappings of X, we have the following:

Corollary 4.8. Let (X, d,≤) be a complete ordered metric space. Let {fn}
be a sequence of self-mappings of X satisfying the following conditions:

(a) d (fix, fjy) ≤ a1d(x, fix) + a2d(y, fjy) + a3d(y, fix) + a4d(x, fjy) +
a5d(x, y) for all comparable elements x, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are
non-negative numbers and

∑5
0 ai < 1 and a3≥a4.

(b) Let x0 ∈ X. Suppose if x1 = f1x0 then x0 and x1 are comparable.
Suppose, if x, y ∈ X are comparable, then u = fix and v = fjy are compara-
ble. Also suppose that if a sequence {xn} → x and its consequtive terms are
comparable, then xn, x ∈ X are comparable for all n.

Then there exists a point x such that x = fnx for all n ∈ N .

Remark 4.9. This corollary extends a result of Bose and Mukherjee (see
[3], [10]) to ordered metric space setting.

Combining the techniques used in the proofs of Theorem 4.4 and Theorem
4.5 we can prove the following theorem.

Theorem 4.10. Let (X, d,≤) be a complete ordered metric linear space
and let {Fn} be a sequnce of fuzzy mappings from X into Wα(X) satisfying the
following conditions:

(a)Dα (Fix, Fjy) ≤ a1pα(x, Fix)+a2pα(y, Fjy)+a3pα(y, Fix)+a4pα(x, Fjy)+
a5d(x, y) for all comparable x, y ∈ X, where ai, i = 1, 2, 3, 4, 5 are non-negative
real numbers and

∑5
0 ai < 1 and a3 ≥ a4.

(b) Let x0 ∈ X. Suppose if x1 ⊂ F1 (x0) then x0 and x1 are comparable.
Suppose, if x, y ∈ X are comparable, then every u ∈ [Fi (x)]α and every v ∈
[Fj (y)]α are comparable. Also suppose that if a sequence {xn} → x and its
consequtive terms are comparable, then xn, x ∈ X are comparable for all n.
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Then {Fn} have a common fuzzy fixed point., i.e., there exists xα such that
xα ⊂ Fn (x) for all n ∈ N .

Remark 4.11. When α = 1, this corresponds to the sequential version of
Theorem A.
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