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Abstract: This paper addresses exponential stability problem for a class of
linear systems with time delay. By constructing a suitable augmented Lyapunov-
Krasovskii functional combined with Leibniz-Newton’s formula, new sufficient
conditions for the exponential stability of the systems are first established in
terms of LMIs.
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1. Introduction

Stability analysis of linear systems with time delays ẋ(t) = Ax(t)+Dx(t−h) is
fundamental to many practical problems and has received considarable atten-
tion [1, 2, 3, 4, 5, 6]. In delay stability criteria, the main concerns is to enlarge
the feasible region of stability criteria in given time-delay. By constracting a
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suitable argumented Lyapunov functionalsand utilizing free weigtht matrices,
some less conservative conditions for asymptotic stability are derived in [7, 8, 9,
10] for systems with time delay. This paper gives the improved results for the
exponential stability of systems with time delay. By constructing argumented
Lyapunov functionals combined with LMI technique, we propose new criteria
for the exponential stability of the system. The delay stability conditions are
formulated in terms of LMIs, being thus solvable by utilizing Matlab’s LMI
Control Toolbox available in the literature to date. The approach allows us to
apply in exponential stability of linear systems with time delay.

The paper is organized as follows: Section 2 presents definitions and some
well-known technical propositions needed for the proof of the main results.
Exponential stability conditions of the system are presented in Section 3.

2. Preliminaries

The following notations will be used in this paper. R+ denotes the set of
all real non-negative numbers; Rn denotes the n−dimensional space with the
scalar product 〈., .〉 and the vector norm ‖ . ‖; Mn×r denotes the space of all
matrices of (n × r)−dimensions; AT denotes the transpose of matrix A; A is
symmetric if A = AT ; I denotes the identity matrix; λ(A) denotes the set of
all eigenvalues of A; λmin/max(A) = min/max{Reλ;λ ∈ λ(A)}; xt := {x(t+ s) :
s ∈ [−h, 0]}, ‖xt‖ = sups∈[−h,0] ‖ x(t + s) ‖; C([0, t], Rn) denotes the set of
all Rn−valued continuous functions on [0, t]; Matrix A is called semi-positive
definite (A ≥ 0) if 〈Ax, x〉 ≥ 0, for all x ∈ Rn;A is positive definite (A > 0) if
〈Ax, x〉 > 0 for all x 6= 0;A > B means A − B > 0. ∗ denotes the symmetric
term in a matrix.

Consider linear neutral system

ẋ(t) = Āx(t) + B̄x(t− τ) + C̄ẋ(t− τ), t > 0 (2.1)

where x(t) ∈ Rn is the state vector of the system, Ā, B̄, C̄ ∈ Rn×n are constant
matrices with |C̄| ¡ 1, τ ≥ 0 denotes the time delay. We assume the initial
condition x(t+ θ) = φ(θ), ∀θ ∈ [−τ, 0], where φ is a continuously differentiable
function on −[τ, 0].

Let z(t) = eαtx(t) we have

ż(t) = Az(t) +Bz(t− τ) + Cż(t− τ), (2.2)

where A = (Ā+ αI), B = (B̄ − αC̄)eατ , C = C̄eατ .
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Definition 2.1. Given α > 0. The zero solution of system (2.1) is α-
exponentially stable if there exist a positive number N > 0 such that every
solution x(t, φ) satisfies the following condition:

‖ x(t, φ) ‖≤ Ne−αt ‖ φ ‖, ∀t ∈ R+.

We end this section with the following technical well-known propositions, which
will be used in the proof of the main results.

Proposition 2.1. Assume that a(γ) ∈ Rnx and b(γ) ∈ Rny and γ ∈ Ω.
Then, for any symmetric positive definite matrix X ∈ Rnx×nx and any matrix
M ∈ Rny×ny , the following holds:

−2

∫

Ω
bT (γ)a(γ)dγ ≤

∫

Ω

[

a(γ)
b(γ)

]T [

X XM

MTX (XM + I)TX−1(XM + I)

] [

a(γ)
b(γ)

]

dγ

Proposition 2.2. (Cauchy Inequality) For any symmetric positive definite
marix N ∈ Mn×n and a, b ∈ Rn we have

±aT b ≤ aTNa+ bTN−1b.

Proposition 2.3. (see [11]) For any symmetric positive definite matrix
M ∈ Mn×n, scalar γ > 0 and vector function ω : [0, γ] → Rn such that the
integrations concerned are well defined, the following inequality holds

(
∫ γ

0
ω(s) ds

)T

M

(
∫ γ

0
ω(s) ds

)

≤ γ

(
∫ γ

0
ωT (s)Mω(s) ds

)

.

Proposition 2.4. (see [12]) Let E,H and F be any constant matrices of
appropriate dimensions and F TF ≤ I. For any ǫ > 0, we have

EFH +HTF TET ≤ ǫEET + ǫ−1HTH.

Proposition 2.5. (Schur Complement Lemma, see [13]) Given constant
matrices X,Y,Z with appropriate dimensions satisfying X = XT , Y = Y T > 0.
Then X + ZTY −1Z < 0 if and only if

(

X ZT

Z −Y

)

< 0 or

(

−Y Z

ZT X

)

< 0.
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3. Main Results

Theorem 3.1. Consider the neutral system (2.1) with decay rate α, delay
time τ > 0. The system (2.1) is exponentially stable with decay rate α if there
exist symmetric and positive-definite matrices P,Q1, Q2, V, and W such that
the following inequality holds:

Π =

















Π11 −WB PC ATBTV ATQ2 τ(W + P )
∗ −Q1 0 BTBTV BTQ2 0
∗ ∗ −Q2 CTBTV CTQ2 0
∗ ∗ ∗ −V 0 0
∗ ∗ ∗ ∗ −Q2 0
∗ ∗ ∗ ∗ ∗ −V

















< 0 (3.1)

where Π11=P (A+B) + (A+B)TP +WB +BTW +Q1.

Proof. Consider a Lyapunov functional candidate:

V (zt) = V1(zt) + V2(zt) + V3(zt),

where

V1(zt) = zT (t)Pz(t),

V2(zt) =

∫ 0

−τ

∫ t

t+β

żT (s)BTXBż(s)dsdβ +

∫ t

t−τ

zT (s)Q1z(s)ds, and

V3(zt) =

∫ t

t−τ

żT (s)Q2ż(s)ds

Apply Newton Leibnitz formula, z(t) − z(t − τ) =

∫ t

t−τ

ż(σ)dσ, equation

(2.2) can be rewritten as:

ż(t) = (A+B)z(t)−B

∫ t

t−τ

ż(s)ds + Cż(t− τ) (3.2)

We then find the time derivative of V (zt) along the solution of equation
(3.2). We have

V̇1(zt) = 2zT (t)P ż(t)

= 2zT (t)P

{

(A+B)z(t)−B

∫ t

t−τ

ż(s)ds+ Cż(t− τ)

}
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= 2zT (t)P (A +B)z(t)− 2zT (t)PB

∫ t

t−τ

ż(s)ds (3.3)

+ 2zT (t)PCż(t− τ).

Utilize Proposition 2.1. with the choice of a(γ) = Bż(s), b(γ) = Pz(t), we
have

− 2

∫ t

t−τ

zT (t)PBż(s)ds

≤

∫ t

t−τ

[

Bż(s)
z(t)P

]T [

X XM

MTX (XM + I)TX−1(XM + I)

] [

Bż(s)
z(t)P

]

ds

=

∫ t

t−τ

żT (s)BTXBż(s)ds+ 2zT (t)PMTXB

∫ t

t−τ

ż(s)ds

+ τzT (t)P (MTX + I)X−1(XM + I)Pz(t) (3.4)

Substitute equation (3.4) into equation (3.3) and choosing W = PMTX

andV = τ̄X, we obtain

V̇1(zt) ≤ 2zT (t)P (A+B)z(t) +

∫ t

t−τ

żT (s)BTXBż(s)ds

+ 2zT (t)PMTXB

∫ t

t−τ

ż(s)ds

+ τzT (t)P (MTX + I)X−1(XM + I)Pz(t) + 2zT (t)PCż(t− τ)

= 2zT (t)P (A+B)z(t) + 2zT (t)WB
[

z(t)− z(t− τ)
]

+

∫ t

t−τ

żT (s)BTXBż(s)ds

+ τzT (t)(W + P )X−1(W T + P )z(t) + 2zT (t)PCż(t− τ)

= 2zT (t)P (A+B)z(t) + 2zT (t)WBz(t)

− 2zT (t)WBz(t− τ) +

∫ t

t−τ

żT (s)BTXBż(s)ds

+ zT (t)(W + P )τ̄2V −1(W + P )T z(t) + 2zT (t)PCż(t− τ), (3.5)

V̇2(zt) = τ żT (t)BTXBż(t)−

∫ t

t−τ

żT (s)BTXBż(s)ds+ zT (t)Q1z(t)

− zT (t− τ)Q1z(t− τ)
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=
[

Az(t) +Bz(t− τ) + Cż(t− τ)
]T

τBTXB
[

Az(t) +Bz(t− τ)

+ Cż(t− τ)
]

−

∫ t

t−τ

żT (s)BTXBż(s)ds + zT (t)Q1z(t)

− zT (t− τ)Q1z(t− τ) (3.6)

V̇3(zt) = żT (t)Q2ż(t)− żT (t− τ)Q2ż(t− τ)

=
[

Az(t) +Bz(t− τ) +Cż(t− τ)
]T

Q2[Az(t) +Bz(t− τ)

+ Cż(t− τ)
]

− żT (t− τ)Q2ż(t− τ) (3.7)

Combining equations (3.5)-(3.7), we have

V̇ (zt) ≤ 2zT (t)P (A +B)z(t) + 2zT (t)WBz(t)− 2zT (t)WBz(t− τ)

+ zT (t)(W + P )τ̄2V −1(W + P )T z(t) + 2zT (t)PCż(t− τ)

+ zT (t)ATBTV BAz(t) + zT (t)ATBTV BBz(t− τ)

+ zT (t)ATBTV BCż(t− τ) + zT (t− τ)BTBTV BAz(t)

+ zT (t− τ)BTBTV BBz(t− τ) + zT (t− τ)BTBTV BCż(t− τ)

+ ż(t− τ)CTBTV BAz(t) + żT (t− τ)CTBTV BBz(t− τ)

+ żT (t− τ)CTBTV BCż(t− τ) + zT (t)Q1z(t)− zT (t− τ)Q1z(t− τ)

+ zT (t)ATQ2Az(t) + zT (t)ATQ2Bz(t− τ) + zT (t)ATQ2Cż(t− τ)

+ zT (t− τ)BTQ2Az(t) + zT (t− τ)BTQ2Bz(t− τ)

+ zT (t− τ)BTQ2Cż(t− τ) + żT (t− τ)CTQ2Az(t)

+ żT (t− τ)CTQ2Bz(t− τ) + żT (t− τ)CTQ2Cż(t− τ)

− żT (t− τ)Q2ż(t− τ)

= zT (t)
[

P (A+B) + (A+B)TP + τ̄2(W + P )V −1(W + P )T +Q1

+WB +BTW +ATBTV BA+ATQ2A
]

z(t)

+ 2zT (t− τ)
[

−WB +ATBTV BB +ATQ2B
]

z(t)

+ 2żT (t− τ)
[

PC +ATBTV BC +ATQ2C
]

z(t)

+ zT (t− τ)
[

BTBTV BB −Q1 +BTQ2B
]

z(t− τ)

+ 2żT (t− τ)
[

BTBTV BC +BTQ2C
]

z(t− τ)

+ żT (t− τ)
[

CTBTV BC + CTQ2C −Q2

]

ż(t− τ)

= ξTΠ∗ξ, (3.8)
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where ξ =
[

z(t)z(t− τ)ż(t− τ)
]T

and Π∗ =





Z11 Z12 Z13

∗ Z22 Z23

∗ ∗ Z33



 with

Z11 = P (A+B) + (A+B)TP + τ̄2(W + P )V −1(W + P )T +Q1

+WB +BTW +ATBTV BA+ATQ2A

Z12 = −WB +ATBTV BB +ATQ2B

Z13 = PC +ATBTV BC +ATQ2C

Z22 = −Q1 +BTBTV BB +BTQ2B

Z23 = BTBTV BC +BTQ2C

Z33 = −Q2 + CTBTV BC + CTQ2C.

If Π∗ < 0, we have V̇ (zt) < 0. Using proposition 2.5., the resulting inequal-
ity, V̇ (zt) < 0, is equivalent to the inequality (3.1). Therefore the system (2.1)
is exponential stable. The proof is completed.

4. Conclusion

In this paper, we have proposed new conditions for the exponential stability of
linear systems with time delay. Based on the improved Lyapunov-Krasovskii
functionals and linear matrix inequality technique, the conditions for the expo-
nential stability of the systems have been established in terms of LMIs.
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