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1. Introduction

Over the last three decades some large urban areas in Asia including Bangkok
have seen year round incidence of dengue haemorrhagic fever (DHF), which
reflects dengue incidence, with a pronounced seasonal peak in the wet season
from mid June to October. Asian cities were characterized by poor sanitation,
the necessity of domestic water storage and crowding, creating conditions for
the breeding of A. aegypti [1]. Moreover, not only in Asian cities but it is also
a major public health problem in tropical and subtropical regions around the
world. The World Health Organization (WHO) show that annual estimations
of DHF cases range from 50 millions to 100 millions cases, with approximately
10, 000 infant deaths due to the haemorrhagic form of dengue [2]. There is no
specific treatment for dengue, but appropriate medical care frequently saves the
lives of patients with more serious DHF.
Several mathematical models have been developed in the literature to gain
insights into the mechanism of disease transmission of dengue in different population (see, for instance, [3, 4, 5, 6]). In general modeling of communicable diseases, the incidence rate is considered to play a key role which give a reasonable
qualitative description of the disease dynamics [7, 8]. In most epidemiological
models, the incidence rate is assumed bilinear interactions given by βSI, where
β is the probability of transmission per contact and S and I are the susceptible
and infected populations, respectively. While the standard incidence is consistent with the concept that people are infected through their daily encounters
and the patterns of daily encounters are largely independent of community size
within a given country. Obviously, this general incidence characterizes the continuous transitions from the bilinear incidence to the standard incidence and
can simulate dynamical behavior of population. However, there are several reasons for using nonlinear incidence rates such as saturating and nearly bilinear.
For instance, to prevent the unboundedness of contact rate, Capasso and Serio
βSI
, for α > 0. To incorporate
[9] used a saturated incidence rate of the form 1+αI
the effect of behavioral changes, Liu at el., [10, 11] used a nonlinear incidence
βSI p
rate given by 1+αI
P for positive parameters p, q, α > 0. The global dynamics of
simple dengue mathematical model with saturated incidence rate is presented
in [12]. Models with nonlinear incidence rates are numerous in the literature,
and we refer the reader to see [4,5] for more detail. Furthermore, a brief review
observations of vertical transmission is presented in [13]
In this paper we develop a mathematical model for dengue disease with
saturation and bilinear incidence rate for human and vector population, respectively. We assume that the birth rate is different from the death rate which
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insure that the total population is not constant. Our aim is to derive and analysis the model taking into account the hospitalized compartment in the model.
The model is developed from the previous work by [14] without the hospitalized compartment of total constant population size with bilinear incidence rate.
First, we want to concentrate on a couple epidemic model with saturation incidence rate in human and bilinear incidence rate in vector (mosquito) population
and use the stability analysis theory to find out the equilibria for the model.
Analysis of this model reveals that there are three equilibria, the trivial equilibria, the disease-free and the unique positive equilibria. Then, we use Lyapunov
functional theory to establish the global stability of the proposed model. Finally, we estimates the parameter that characterize the natural history of this
disease and present numerical examples. This new assumption is biologically
much more plausible than the previous assumption that the incidence is the
simple mass action law.
The paper is organized as follows. In Section 2, we present a formulation of
the model. We show mathematical analysis in Section 3. In Section 4, we use
Lyaponuv function theory to present the global stability of both disease-free
and endemic equilibrium, respectively. Parameters estimation and numerical
results are discussed in Section 5. Finally, we give conclusion.

2. Formulation of the Model
In this section we consider a compartmental model that divided the human
and vector populations into different classes. In our model human population consists of five subclasses: Sh (t), Xh (t), Ih (t), Hh (t) and Rh (t) denote
the number of susceptible, infected, infectious, hospitalized and recovered human in a community, respectively. The total human population is Nh (t) =
Sh (t) + Xh (t) + Ih (t) + Hh (t) + Rh (t). The vector population is divided into
susceptible class Sv (t), infected class Xv (t) and infectious class Iv (t) with total
vector population Nv (t) = Sv (t) + Xv (t) + Iv (t). After each susceptible person
is bitten by infectious vector, that person can not transmit dengue virus immediately. We call this person in this period as an infected human Ih (t). When
the susceptible vector Sv (t) bites the infectious person Iv (t), it moves from susceptible vector Sv (t), to infected vector Iv (t) before it becomes infectious vector
Xv (t). The dynamical system for both human and vector population is given
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by the following differential equations:
dS h
dt

= λh Nh −

dX h
dt

=

bβh Sh Iv
1+αIv

bβh Sh Iv
1+αIv

− µh Sh ,

− γh Xh − µh Xh − ρ1 Xh ,

dI h
dt

= γh Xh − δIh − µh Ih − ρ2 Ih ,

dH h
dt

= ρ1 Xh + ρ2 Ih − τ H − µh H,

dRh
dt

= δIh + τ H − µh Rh ,

dS v
dt

= C − bβv Ih Sv − µv Sv ,

dX v
dt

= bβv Ih Sv − γv Xv − µv Xv ,

dI v
dt

(1)

= γv Xv − µv IV ,

with initial conditions
Sh (0) ≥ 0, Xh (0) ≥ 0, Ih (0) ≥ 0, Hh (0) ≥ 0,
(2)
Rh (0) ≥ 0, Sv (0) ≥ 0, Xv (0) ≥ 0, Iv (0) ≥ 0.
Here λh is the birth rate of human, µh is the natural death rate of human,
infected humans develop clinical symptoms of dengue disease, and move to the
infectious class at rate γh which infected human change to be infectious human,
ρ1 is the rate at which infected human are hospitalized, ρ2 is the rate at which
infectious human are hospitalized, δ is the recovery rate of human, τ is the
treatment induced recovery rate, C is the constant recruitment rate of vector.
We assume that η represents the number of bites per vector per host per unit
time, r is the proportion of infected bites that gives rise to the infection and
ξ is the ratio of vector numbers to host numbers give us b = ηrξ. In this
model βh represents the transmission probability of dengue virus from vector
to human, βv is the transmission probability of dengue virus from human to
vector population, µv is the natural death rate of vector population, γv is the
rate at which infected vector change to be infectious vector. The immune class
in the vector population does not exist, since the mosquitoes once infected never
recover from infection, that is, their infection period ends with their death.
For the human population we assume an exponential growth. The human
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population dynamics without disease is given by
dNh
= (λh − µh )Nh .
dt

(3)

The given initial conditions (2) make sure that N (0) ≥ 0. Thus the total population Nh (t) remains positive and bounded for all finite time t > 0. The total
dynamics of vector population is dNv /dt = C − µv Nv . It is obvious that the
solution Nv of this equation approaches the equilibrium µCv as time t → ∞.
Since Nv → µCv , and we assume that Sv = µCv − Xv − Iv . For the system (1) the
first orthant in the (Sh , Xh , Ih , Hh , Rh , Sv , Xv , Ih ) space is positively invariant.
The model in the system (1) is obviously well-posed. Moreover, all paths in the
first orthant approach or stay inside the subset Ω given by
Ω = {(Sh , Xh , Ih , Hh , Rh , Sv , Xv , Iv ) ∈ R8 :
Sh + Xh + Ih + Hh + Rh = NH , Sv + Xv + Iv =

C
µv }.

(4)

The continuity of the right hand side of the system (1) and its derivatives implies
that unique solutions exist in the maximal interval. Therefore, solutions enter
or stay in Ω are eventually bounded and exist for t ≥ 0, which guarantee that
the model is mathematically and epidemiologically well posed [15]. Obviously Ω
is positively invariant and the system (1) is dissipative with the global attractor
is contained in Ω.
In order to make the model simple for our further analysis, we consider
Rh = Nh − (Sh + Xh + Ih + Hh ). Therefore the dynamics of the system (1) is
reduced to the following system:
dS h
dt

= λh Nh −

dX h
dt

=

bβh Sh Iv
1+αIv

bβh Sh Iv
1+αIv

− µh Sh ,

− γh Xh − µh Xh − ρ1 Xh ,

dI h
dt

= γh Xh − δIh − µh Ih − ρ2 Ih ,

dH h
dt

= ρ1 Xh + ρ2 Ih − τ H − µh H,

dX v
dt

= bβv Ih ( µCv − Xv − Iv ) − (γv + µv )Xv

dI v
dt

(5)

= γv Xv − µv Iv .
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The feasible region for the system (5) is given by
6 |0 ≤
Γ = {(Sh , Xh , Ih , Hh , Xv , Iv ) ∈ R+

(6)
Sh + Xh + Ih + Hh + ≤

λh Nh
µh , 0

≤ Xv + Iv ≤

C
µv }.

This feasible region is positively invariant, since the vector field on the boundary
does not point to the exterior.

3. Asymptotic Stability Analysis
In order to understand dynamical behavior of the system we set right hand side
of all equations in the system (5) equal to zero, to obtain three equilibrium
state is given by
• The trivial equilibrium V0 = (0, 0, 0, 0, 0, 0) exists.
• Disease free equilibrium state is V1 = (S 0 , 0, 0, 0, 0, 0), where S 0 =

λh Nh0
µh .

• Endemic equilibrium state is V2 = (Sh∗ , Xh∗ , Ih∗ , Hh∗ , Xv∗ , Iv∗ ),
where
Sh∗ =

λh Nh∗ (1+αIv∗ )
,
µh +dIv∗

Xh∗ = (w2 /γh )Ih∗ ,
Ih∗ =

µh µ2v w4
dbCγv βv +µh µv bβv w4 (E0

Hh∗ =

(ρ1 w2 +ρ2 γh )λh Nh∗ bβh Iv∗
,
w1 w2 w3 (µh +dIv∗ )

Xv∗ =

µv ∗
γv Iv ,

Iv∗ =
E0 =

− 1),

w1 w2 µh µv
(E0
b2 λh Nh∗ βh βv γh +w1 w2 µv d

(7)

− 1),

Cb2 λh Nh∗ βh βv γh γv
,
w1 w2 w4 µh µ2v

with d = bβh + αµh , w1 = γh + µh + ρ1 , w2 = δ + µh + ρ2 , w3 = τ + µh ,
w4 = γv + µv .
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The threshold quantity E0 , is the basic reproduction number of the disease
[16]. It represents the expected average number of new infections produced
by a single infective when introduced into a completely susceptible population.
When the basic reproduction number E0 > 1, then the disease exists in the
community while for E0 ≤ 1, then there is no disease and the community is free
of infection.
Remark. The jacobian matrix around the trivial equilibrium V0 = (0, 0, 0, 0,
0, 0)


−µh
0
0
0
0
0
 0
−w1
0
0
0
0 


 0
γh −w2
0
0
0 
.
(8)
J0 = 
 0
ρ1
ρ2 −w3
0
0 


bβv C
 0
0
−w4
0 
0
µv
0
0
0
0
γv −µv
The eigenvalues of the jacobian matrix around the trivial equilibrium V0 =
(0, 0, 0, 0, 0, 0) are −µh , −w1 , −w2 , −w3 , −w4 , −µv . Thus all the eigenvalues have
negative real part which shows that the trivial equilibrium is locally stable.
Theorem 1. If E0 <

Nh∗
,
Nh0

then the disease-free equilibrium point V1 of the

system (5) is locally asymptotically stable, otherwise unstable.

Proof. To show the local stability of the disease free equilibrium at V1 , we
construct the Jacobian matrix around V1 is given by

−µh
0
0
0
0
−bβh S 0
 0
−w1
0
0
0
bβh S 0 


 0
γh −w2
0
0
0 

.
J0 = 
ρ1
ρ2 −w3
0
0 
 0

bβv C
 0

0
0
−w
0
4
µv
0
0
0
0
γv
−µv


(9)

The characteristic equation of the above matrix
(λ + µh )(λ + w3 )(λ4 + a1 λ3 + a2 λ2 + a3 λ + a4 ) = 0,

(10)
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where
a1 = µv + w1 + w2 + w4 ,
a2 = (µv (w1 + w2 + w4 ) + w1 w2 + w1 w4 + w2 w4 ),
a3 = (µv (w1 w2 + w1 w4 + w2 w4 ) + w1 w2 w4 ),
N0

a4 = −( Nh∗ E0 − 1)µv w1 w2 w4 .
h

There are six eigenvalues corresponding to equation (10). The eigenvalues −µh
and −w3 have negative real part. The other four eigenvalues can be obtained
by solving
λ4 + a1 λ3 + a2 λ2 + a3 λ + a4 = 0.
(11)
These four eigenvalues have negative real part if they satisfy the Routh-Hurwitz
Criteria [17, 18], such that ai > 0 for i = 1, 2, 3, 4, with a1 a2 a3 > a23 + a21 a4 .
N∗
Hence all the coefficient are positive if and only if E0 < Nh0 . Therefore the
h

disease free equilibrium V1 is locally asymptotically stable for E0 <

Nh∗
.
Nh0

Theorem 2. If E0 > 1, then V1 is unstable and the endemic equilibrium
state V2 is locally asymptotically stable.
Proof. Linearization of the system (5) about an endemic equilibrium V1
gives the Jacobian matrix:
 −bβh I ∗

1+αIv∗ −
bβh Iv∗
1+αIv∗
v





J1 = 




0
0
0
0

µh

0
−w1
γh
ρ1
0
0

0

bβv ( µCv

0

0
0
−w2
0
ρ2
−w3
− Xv∗ − Iv∗ )
0
0
0

0
0
0
0
−bβv Ih∗ − w4
γv

bβ S ∗

h h
− (1+αI
∗ )2
v

∗
bβh Sh
(1+αIv∗ )2

0
0
−bβv Ih∗
−µv







.



(12)

The characteristic equation around the endemic equilibrium V2 is
(λ + w3 )(λ5 + a1 λ4 + a2 λ3 + a3 λ2 + a4 λ + a5 ) = 0,
where

bβh Iv
∗
a1 = ( 1+αI
∗ + w1 + w2 + w4 + bβv Ih + µh + µv ),
∗

v

(13)
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a2 = ξ2 + (µh + µv )ξ1 + µh µv + bβv (w1 + w2 + γv + µh + µv )Ih∗
+Iv∗ bβh (ξ1 + bβv Ih∗ + µv ) + α(ξ2 + µv ξ1 + µh (ξ1 + µv )

+bβv (w1 + w2 + µh + µv )Ih∗ ) ,
a3 =

1
1+αIv∗

w1 w2 w4 + (µh + µv )ξ2 + µh µv ξ1 + bIh∗ βv (w1 w2 + γv (w1 w2

+µh ) + µv (w1 + w2 ) + µh (w1 + w2 + µv )) + Iv∗ (bβh (ξ2 + ξ1 µv
+bIh∗ βv (w1 + w2 + γv + µv )) + α(w1 w2 w4 + ξ2 µv + µh (w2 w4
+w1 (w2 + w4 ) + ξ1 µv ) + bIh∗ βv (w1 w2 + γv (w1 + w2 + µh )

+µv (w1 + w2 ) + µh (w1 + w2 + µv )))) ,
a4 =

1
∗
(1+αIV∗ )2 (bIv βh (w1 w2 w4

+ bSh∗ βv γh γv + ξ2 µv + bIh∗ βv (w1 w2

+(w1 + w2 )(γv + µv ) + αIv∗ (w1 w2 w4 + (w2 w4 + w1 (w2 + w4 )µv
+bIh∗ βv (w1 w2 + (w1 + w2 )(γv + µv )))) +

b2 βh βv γh γv Sh∗
(Xv∗
(1+αIV∗ )2

−

C
µv )

+w1 w2 w4 (µh + µv )ξ2 µh µv ,
a5 =

b2 Sh∗ βh βv γh γv µh (Iv∗ +Xv∗ − µC )
v
(1+αIv∗ )2

+

b2 w1 w2 βh βv µv Ih∗ Iv∗
(1+αIv∗ )

+

b2 w1 w2 βh βv γh γv Ih∗ Iv∗
(1+αIv∗ )

+

bw1 w2 w3 βh µv Iv∗
(1+αIv∗ )

+ bw1 w2 βv γv µh Ih∗ + w1 w2 w4 µh µv

+bw1 w2 βv µh µv Ih∗ ,
where ξ1 = w1 + w2 + w4 , ξ2 = w1 w2 + w1 w4 + w2 w4 .
There are six eigenvalues corresponding to equation (13). One of the eigenvalues is −w3 , has negative real part. The other five eigenvalues have negative
real part if they satisfy the Routh-Hurwitz criteria [17, 18], such that ai > 0,
for i = 1, 2, 3, 4, 5, with
a1 a2 a3 − a23 + a21 a4 > 0,

(14)

(a1 a4 − a5 )(a1 a2 a3 − a23 − a21 a4 ) − a5 (a1 a2 − a3 )2 − a1 a25 > 0.

(15)

and
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It can be easily seen that the coefficients ai > 0, for i = 1, 2, 3, 4, 5 are satisfied
for E0 > 1 with the region define in equation (4). By using unique positive equilibria, we find that conditions (14) and (15) are satisfied for E0 > 1. Therefore,
the endemic equilibrium state V2 is locally asymptotically stable for E0 > 1.

4. Global Stability of Disease Free Equilibrium
Theorem 3. The disease free equilibrium is globally asymptotically stable,
if Sh > λh Nh /µh .
Proof. Let us consider the Lyapunove function
V (t) = Sh − Sh0 ln Sh .
In case of disease free equilibrium we don’t have infection in the community,
so the birth rate is greater than the death rate such that λh > µh . Taking
derivative of the above function with respect to time we have
V ′ (t) = (1 − Sh0 /Sh )(λh Nh −

bβh Sh Iv
− µh Sh ),
1 + αIv

where ′ denotes the derivative with respect to time t. Since, Iv = 0 and Nh = Sh
so we obtain after rearrangement
V ′ (t) = −(λh Nh /µh − Sh )(λh − µh ).
Thus V (t)′ < 0 if Sh > λh Nh /µh . Also V ′ (t) = 0 if and only if Sh = Sh0 or
λh = µh and the largest compact invariant set in Γ = {(Sh , Xh , Ih , Hh , Xv , Iv ) ∈
6 : V (t)′ = 0} is the singleton {E }, where E is the disease free equilibrium.
R+
0
0
Thus by LaSalle’s invariant principle [19] then implies that the disease free
equilibrium E0 is globally asymptotically stable.
Theorem 4. The disease free equilibrium is globally asymptotically stable.
Proof. Let us consider the Lyapunove function
V (t) =

1
1
[(Sh − Sh0 ) + Xh + Ih + Hh + Rh ]2 + [(Sv − Sv0 ) + Xv + Iv ]2 . (16)
2
2
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Taking derivative of the above function with respect to time we have
V ′ (t) = [(Sh − Sh0 ) + Xh + Ih + Hh + Rh ](λh Nh − µv (Sh
+Xh + Ih + Hh + Rh )) + [(Sv − Sv0 ) + Xv + Iv ](C

(17)

−µv (Sv + Xv + Iv )).
Using Sh0 = λh Nh0 /µh , C = µv Sv0 and in case of disease free equilibrium Nh0 =
Nh , then equation (17) becomes
V ′ (t) = −µh [(Sh − Sh0 ) + Xh + Ih + Hh + Rh ]2 − µv [(Sv − Sv0 ) + Xv + Iv ]2 . (18)
Thus V ′ (t) ≤ 0. Note that, V ′ (t) = 0 if and only if
Sh = Sh0 , Xh = 0, Ih = 0, Hh = 0, Rh = 0, Sv = Sv0 , Xv = 0, Iv = 0.

(19)

Therefore the largest compact invariant set in
{(Sh , Xh , Ih , Hh , Rh , Sv , Xv , Iv ) ∈ Ω : V ′ (t) = 0} is the singleton {V0 }, where
V0 is the disease free equilibrium. Thus by LaSalle’s invariant principle [19]
implies that V0 is globally asymptotically stable in the interior of Ω.
h γv (1+αIv )
Theorem 5. If the reproductive number E0 ≥ (δ+µwh )γ
, then the
1 w2 w3 µv
disease free equilibrium is globally asymptotically stable.

Proof. Let us consider the Lyapunove function
V (t) = (Sh − Sh0 ln Sh ) + Xh + W1 Ih + W2 Xv + W3 Iv + Hh ,

(20)

where W1 , W2 and W3 are positive constant to be chosen later [22]. Taking
derivative of the above function with respect to time we have
V ′ (t) = Sh′ (1 −

Sh0
) + Xh′ + W1 Ih′ + W2 Xv′ + W3 Iv′ + Hh′ ,
Sh

(21)

where ′ denotes the derivative with respect to time t. By considering feasible
region defined in equation (4) we have

S0
V ′ (t) = λh (1 − Shh )Nh + µh Sh0 (1 − SSh0 ) + W2µbβv v C − W1 (δ + µh ) Ih
h

+ρ2 (1 − W1 )Ih +

bβh Sh0
1+αIv


− W3 µv Iv − bβv W2 Ih (Xv + Iv )

−(τ + µh )Hh − (µh + γh − W1 γh )Xh − Xv (W2 µv
+W2 γv − W3 γv ).

(22)
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Further simply we get
Sh0
Sh )Nh

V ′ (t) = λh (1 −

+ µh Sh0 (1 −

+ρ2 (1 − W1 )Ih +

bβh Sh0
1+αIv

Sh
)+
Sh0

W2

bβv C
µv

−

W1 (δ+µh ) 
Ih
W2


− W3 µv Iv − bβv W2 Ih (Xv

(23)

+Iv ) − (τ + µh )Hh − (µh + γh − W1 γh )Xh − W2 Xv (µv
+γv −

W3 γv
W2 ).
λ N0

Note that on Ω, we have Sh0 = hµh h and choose W1 = 1, W2 = (δ + µh )µv /bβv C
and W3 = (δ + µh )/bβv C with this in mind, equation (23) becomes
V ′ (t) = −

µh Nh (Sh −Sh0 ) Sh2
( Nh
Sh

−

(δ+µh )µv
λh
uh ) + Iv ( bβv C

−

+(τ + µh )Hh + µh Xh + bβv Ih (Xv + Iv ) +
+γv −
Using E0 =

(δ+µh )µv
bβv C (µv

(24)


γv
µv )Xv .

CSh0 b2 βh βv γh γv
w1 w2 w3 µ2v

V ′ (t) = −

bβh Sh0
1+αIv )

in the second term of equation (24), we obtain

µh Nh (Sh −Sh0 ) Sh2
( Nh
Sh

−

λh
uh )

+

(δ+µh )γh γv (1+αIv )
w1 w2 w4 µ2v Iv
w1 w2 w3 µv
Cbβv γh (1+αIv ) (

−E0 ) + (τ + µh )Hh + µh Xh + bβv Ih (Xv + Iv )
h )µv
+ (δ+µ
bβv C (µv + γv −

(25)


γv
µv )Xv .

S2

Since Sh ≥ Sh0 and Nhh > λuhh . Thus V ′ (t) ≤ 0. Note that, V ′ (t) = 0 if and only
if
Sh = Sh0 , Xh = 0, Ih = 0, Hh = 0, Xv = 0, Iv = 0.
(26)
Therefore the largest compact invariant set in
{(Sh , Xh , Ih , Hh , Xv , Iv ) ∈ Ω : V ′ (t) = 0} is the singleton {V1 }, where V1 is the
disease free equilibrium. Thus by LaSalle’s invariant principle [19] implies that
V1 is globally asymptotically stable in the interior of Ω.
Theorem 6. The system (1) is globally asymptotically stable if µh > λh
and the total population N (t) is twice that of infectious individuals I(t).
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Proof. Let us consider the Lyapunov functional along the path of system
(1) is given by
1
1
1
V (t) = (Sh + Xh + Hh + Rh )2 + Nh2 + Ih2 .
2
2
2

(27)

Since the total human population is Nh = Sh +Xh +Hh +Rh +Ih , then equation
(27) becomes
1
1
1
(28)
V (t) = (Nh − Ih )2 + Nh2 + Ih2 .
2
2
2
Taking derivative with respect to time t of V (t) along the solution of the system
(1), we obtain
V ′ (t) = (2Nh − Ih )N ′ + (2Ih − Nh )Ih′
= (2Nh − Ih )(λh − µh )Nh + γh (2Ih − Nh )Xh − w3 (2Ih − Nh ).
(29)
In order to show that the right hand side of equation (29) less than zero, we
have only one possibility that Nh = 2Ih , to get
V ′ (t) = −(µh − λh )

3Nh2
.
2

Since all parameters are non-negative with total population Nh (t), we obtain
that the time derivative of the Lyapunov functional V ′ (t) < 0, if µh > λh . Also
V ′ (t) = 0, if Nh (t) = 0. Therefore, by the LaSalle’s invariance principle every
solution of the model (1) and with initial conditions approach to V2 as t −→ ∞.
Thus the unique positive epidemic equilibrium V2 of the model (1) is globally
asymptotically stable.

5. Numerical Results and Discussion
In this section, we present some results of the numerical computations and
provide numerical evidence to show that both local and global equilibria exist
for the proposed model. We are interested in the incubation period of dengue
virus in human and vector populations. After each susceptible person is bitten
by infectious vector, that person can not transmit dengue virus immediately.
We call this person in this period as an infected human. Intrinsic incubation
period of dengue virus in human is about 5 days. When the susceptible vector
bites the infectious person, it moves from susceptible vector to infected vector
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Notation

Parameter description

value

b

Recruitment rate

5 × 10−2

β

Transmission rate

0.04

λ

Proportionality constant

2.85 × 10−3

µ1

Density-independent death rate

9 × 10−4

µ2

Proportionality constant

2 × 10−6

γ

Recovery rate of the infected

21 × 10−3

δ

Disease-induced death rate of infected

10−3

α

Inhibitory effect

0.1

Table 1: Parameter values used in the numerical simulations of the
optimal control model

before it becomes infectious vector. Extrinsic incubation period of dengue virus
in vector population is about 10 days [20]. The parameters are determined by
real life observations. µh = 0.0000391 corresponds to the real life expectancy
of 70 years for human. The extrinsic incubation period of human is γh =
1/5, while the intrinsic incubation period of vector is about γv = 1/10. The
duration of illness is about δ = 1/14. The mean life span of vector population
14 days. C is the constant recruitment rate of vector population, βh and βv
are the transmission probabilities of dengue from vector to human and human
to vector population respectively ; these parameters are arbitrarily chosen. For
illustration purposes, we consider the parameters value in Table 1. These values
are biologically feasible. The condition that λh < µh implies that the disease
related deaths are likely to be greater in class Ih than in class Rh , a reasonable
assumption. By numerical experiments the key parameters were identified as
ρ1 , ρ2 , τ and µh , which are used as control parameters. Separate numerical
results are drawn with respect to these parameters.
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Population behavior of human population
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Figure 1: The plot shows the human population. We considered b =
0.045, d = 0.0006, α = 0.070, ρ1 = 0.0045, ρ2 = 0.014 and τ = 0.025
for numerical simulation

Example1. In this example, we present that if E0 <

Nh∗
,
Nh0

then the disease-

free equilibrium V1 of model (5) is locally asymptotically stable, otherwise unstable. As we assumed that Nh (t) = Sh (t) + Xh (t) + Ih (t) + Hh (t) + Rh (t).
Since by considering the parameter values in Table 1 we have E0 = 0.0022,
which shows that Sh∗ = 9.3737, Hh∗ = 2.3259 while Xh∗ and Ih∗ give negative
values which is not biologically feasible and contradict our assumption that all
individuals are nonnegative. Thus we considered Xh∗ = Ih∗ = 0 which gives
Nh∗ = 11.6996 and Nh0 = 2.3259. Hence Nh∗ /Nh0 = 5.0301 which is greater then
E0 . The numerical results are represented in Figure 1 and 2 for human and
vector population, respectively.
Example 2. To show that for E0 > 1, the the disease-free equilibrium V1 is
unstable and the endemic equilibrium state V2 is locally asymptotically stable.
We consider b = 0.045, d = 0.0006 and α = 0.070 to obtained E0 = 2.6464.
The numerical results are represented in Figure 3 and 4 for human and vector
population, respectively with initial values Sh (0) = 68, Xh (0) = 20, Ih (0) =
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Dynamical behavior vector population
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Figure 2: The plot represents the vector population. We considered
b = 0.045, d = 0.0006, α = 0.070, ρ1 = 0.014, ρ2 = 0.0054 and τ = 0.025
for numerical simulation
30, Hh (0) = 9, Rh (0) = 5, Sv (0) = 20, Xv (0) = 30, Iv (0) = 7.
Example 3. To show that the disease free equilibrium is globally asymptotically stable for the reproductive number
h γv (1+αIv )
. In case of disease free equilibrium E0 should be less
E0 ≥ (δ+µwh )γ
1 w2 w3 µv
than unity. Hence E0 = 0.5395 and the value of
(δ+µh )γh γv (1+αIv )
= 0.0229.
w1 w2 w3 µv
Furthermore, since no vaccine is yet available for dengue fever, the efforts
to control the disease should be focused on vector. Application of insecticides
to kill the adult population of mosquitoes does not seem to be entirely viable,
since the report in [21] indicates that after its application, the adult population
of mosquitoes returned to the pretreatment levels within two weeks. Consequently, decreasing the carrying capacity of the environment for mosquitoes by
frequent reduction of vector breeding sites, seems to be the more effective way
of controlling the disease. For the treatment and control of this infection with
the above observation we are interested to use optimal control theory in future.
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Population behavior of human population
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Figure 3: The plot shows the human population. We considered b =
0.045, d = 0.0006, α = 0.070, ρ1 = 0.0045, ρ2 = 0.0054 and τ = 0.005
for numerical simulation

6. Conclusion
In this work we developed a mathematical model for dengue disease with saturation and bilinear incidence rate for human and vector population, respectively
with total time dependent population. We derived the model taking into account the hospitalized compartment with saturation incidence rate in human
and bilinear incidence rate in vector (mosquito) population and presented its
dynamical behavior. We determined that there are three equilibria, the trivial
equilibria, the disease-free and the unique positive equilibria in the presence
of dengue virus. Then, we used Lyapunov functional theory and established
the global stability of the proposed model. We also presented numerical examples. Our computer simulations, including the graphical presentation of the
results, were accomplished by the authors’s software and for that the necessary
algorithms were developed and encoded by MATLAB.
One future work is the introduction of control programs in this model of
dengue fever to see how this would affect the evolution of the spread of infection
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Dynamical behavior vector population
14000
Sv
Xv
Iv

12000

Vector population

10000

8000

6000

4000

2000

0

0

5

10

15

20

25
Time(day)

30

35

40

45

50

Figure 4: The plot represents the vector population. We considered
b = 0.045, d = 0.0006, α = 0.070, ρ1 = 0.0045, ρ2 = 0.0054 and
τ = 0.005 for numerical simulation
and make numerical simulations to analyze the optimal parameter values for
the control programs.
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