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Abstract: In this paper, we obtain some oscillation theorems for fourth order
nonlinear dynamic equations on time scales with and without neutral term.
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1. Introduction

The theory of time scales which has recently received a lot of attention was
introduced by Stefan Hilger in his Ph.D thesis in 1988. Several authors have
expounded on various aspects of this new theory and for more details about the
theory of time scale calculus, see for example [3, 4]. In recent years there has
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been much research activity concerning the oscillatory behavior of solutions of
first,second and third order dynamic equations on time scales, see [1, 2, 3, 4,
5, 6, 10, 12] and the reference cited therein. To best of our knowledge there is
no paper dealt with the oscillatory behavior of fourth order dynamic equations
on time scales. This motivated us to consider the oscillation of fourth order
nonlinear dynamic equations of the form

(a(®) (BB (1)) + f(t,27(t) =0, (1.1)

and
(a(t)(b(&)(x(t) + p()z(t — 6))2)2)A + f(t,27(t—8)) =0 (1.2)

on a time scale interval [tg, +00)r = {t € T,t >ty > 0}. Throughout this paper
we use the notation 22" in place of n times A—derivative of the function z(t).
The following conditions are assumed to hold without further mention:

(C1) a,b and p are positive real valued right-dense continuous functions on T;
(C9) 7 and ¢ are positive real numbers;

(C3) f :[to,00)r x R — R is continuous with sgn f(¢,u) = sgn u, and f(¢,u)
is nondecreasing in u for each fixed ¢ in [tg, c0)T.

By a solution of equation (1.1) (or( 1.2)), we mean a nontrivial real valued
function x satisfying equation (1.1) (or( 1.2)) for ¢ > ¢, for some t, > to.
A solution = of equation (1.1) (or( 1.2)) is called oscillatory if it is neither
eventually positive nor eventually negative; otherwise it is called nonoscillatory.
Our attention is restricted on those solutions z of equation (1.1) (or( 1.2)) which
exist on some half-line [t,,o00)r with sup{|z(t)| : t € [{,00)r} > O for every
t>t,.

The paper is organized as follows: In the Section 2 we study the oscillatory
behavior of strongly sublinear and super linear fourth order dynamic equations
(1.1). In Section 3 we establish some oscillation criteria for fourth order neu-
tral dynamic equation (1.2) using Riccati transformation technique. Examples
illustrating the main results are given.

2. Oscillation Theorems of Equation (1.1)

In this section, we present some oscillation theorems for the equation (1.1) when
the function f is either superlinear or sublinear. We begin with the following
formula.
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We shall employ the following formula which is a simple consequence of the
Keller’s Chain rule (page 32 Theorem 1.90 in [3]): For any real 8 > 0

1
(z(t)H)A = ﬁ:cA(t)/O [ha? + (1 — h)z]®~Ldh, (2.1)

where z(t) is delta differentiable and eventually positive or eventually negative
function.

Definition 2.1. The function f(t,u) is said to be strongly superlinear if
there exists a constant o > 1 such that for u > v > 0 or u < v <0,

[t o f(to)

lul*sgnu — |v]|*sgnv’

tc [to, OO)']T.

The equation (1.1) is called strongly superlinear equation if the function
f(t,u) is strongly superlinear.

The function f(¢,u) is said to be strongly sublinear if there exists a constant
B with 0 < 8 < 1 such that for u > v >0 or u <wv <0,

ftw) o f(tv)

lulPsgnu ~ |v|Bsgnv’

t e [to, OO)T.

The equation (1.1) is called strongly sublinear equation if the function f (¢, u)
is strongly sublinear.

Lemma 2.2. Assume that either

<1 <1
/to @At:/to %At:oo, (2.2)
ot
/to %At:ooand0<m§b(t)§M, (2.3)

or

0o t o(t)
@At—/ iAs-ooWhelreP(t)—/ LAs—>ooast—>oo.
to a’(t) to CL(S) to b(S)
(2.4)

If z(t) is an eventually positive solution of equation (1.1), then there are only
the following two cases for t large enough

Case (I) : 22(t) > 0, (b)z2(1)2 >0, (alt)(BB)z™ ()22 > 0;

Case (IT):  x2(t) > 0, (b(t)z>(t)> <0, (a(t)(b(t)z™(t)2)> > 0.
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Proof. Let z(t) be an eventually positive solution of equation (1.1). Then
there exists a t; € [tg,00)r such that x(t) > 0 for all ¢ € [t1,00)7. From the
equation (1.1) we have

(a(t)(b()z® (1)*)* <0

for all ¢ € [t1,00)T. So (a(t)(b(t)z™(t)?)2, a(t)(b(t)x? ()™ and b(t)z>(t) are
eventually monotonic and of one sign, say for all ¢ € [t2, 00)T.

Suppose that (a(t3)(b(t3)z>(t3))2)> = —c1 < 0 for some t3 € [ta, 00)r. Note
that f(t,.) # 0, we assume that ¢; # 0. It follows that

(a(®)(b(H)z (1)) < —ar (2.5)
for all ¢ € [t3,00)r. Now integrating (2.5) from t3 to ¢ both sides, we see that

there exists ¢y > 0 such that

t

(b(t)x™ (1) < e

for all ¢ € [t3,00)T. Again integrating the last inequality, we obtain

t
s
b(t)z™ (t) < b(ts)x™ (t3) —cQ/ —As.
(08(0) < b)) = | o
If (2.2) holds, then there exists 4 € [t3,00)1 and c3 > 0 such that b(t)z(t) <
—cg for all ¢ € [t4,00). A final integration yields

¢
1
z(t) < x(ty —63/ ——As.
W <ol —es [ 575
In view of condition (2.2), we obtain lim; . () = —oo. This contradiction

implies that (a(t)(b(t)z>(t))?)2 > 0 for all t € [t1,00)T.
Now if a(t)(b(t)z2(t))® > 0 for t € [ty,00)r. There exists t5 € T with
ts > t4 such that

a(t)(b(t)z>(t)> > 0
for t € [t5,00)r. Since (a(t)(b(t)xz™(t))*)® > 0, we have
a(t)(b(t)z™ ()% = alts) (b(ts)z>(t5)) = 4 > 0 (2.6)

for t € [ts,00)7. If (2.2) holds, divide the last inequality by a(t) and integrate
from t¢5 to t to obtain

b(t) 22 (t) — b(ta)x> (ta) > ¢4 /t t %As — 00
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as t — oo. Hence 22 (t) is eventually positive. If (2.3) holds, we multiply (2.6)

by ﬁ and integrate from t5 to t to obtain

t t

(b(s)(z2 ()7 As > ¢4 / —_As.

ts a(s)

tb(t) 2 (t) — tsb(ts)" (t5) — /

If 22(t) < 0 for all ¢ € [t5, 00)T, then
th(t)x™ (t) — tsb(ts)z>(ts) — M(x(o(t)) — z(o(ts))) > C4/t %As.
So as t = o0
th(£)a () — tsb(ts)a™ (ts) + Ma(o(ts)) > ca /t t %As — .

Hence 2(t) is eventually positive.
If (2.4) holds, multiplying (2.6) by P(t)/a(t) and integrating from ¢5 to t,
we have

P()b(t)z(t) = P(ts)b(ts)a (t5) - /t(b(S)ﬂﬁA(s))"PA(s)As > ¢y /t PL5) s,

t5 t; als
)(2.7)
Since PA(t) = m, we have from (2.7) that
P()b(t)z>(t) — P(t5)b(ts)x™ (t5) + z(0(t5)) > ¢4 tt ]:((j)) As — 00

as t — 0o. Therefore x2(t) is eventually positive and the proof of Case (I) is
complete.

Next if a(t)(b(t)z>(t))® < 0 for t € [tg, 00)T for some tg > ty, then b(t)z> (1)
must be eventually positive since ftzo Tlt)At = 00. Thus case (II) is verified and
the proof is complete. O

In the following results we use the notation

R(t,ty) = /t: %(/ts ua(_—ut)OAu>As,

0

R e AL

0

and

Note that Q(t,tp) can be written as Q(t,ty) = fti) ﬁ ( ftz %Au) As which is
quite useful in doing calculations.
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Lemma 2.3. Assume that either (2.2), (2.3) or (2.4) hold. If x(t) is
an eventually positive solution of equation (1.1), then there exists a positive
constants C1 and Cy and Ty € [tg,00)T such that

Cl S .’/U(t) S CQQ(t,to), (2.8)

and
z(t) > R(t, Tp) (a(t)(b(t)z™ (t))2)> for t € [Ty, 00)r. (2.9)

Proof. Given that z(t) is an eventually positive solution of equation (1.1).
Then there exists ¢t; € [tg,00)r such that xz(t) > 0 for ¢ € [t1,00)r. Now from
the Lemma 2.2, we have b(t)z2(t) > 0 for ¢ € [t1,00)r and so z(t) > C; > 0
for ¢ € [t1,00)r. We integrate (a(t)(b(t)z2(t))2)2* < 0 twice from t; to t we
obtain

Ag (t — tl) Ay
b(t)z™ (1) <
where Ay andA; are constants. Integrating the last inequality again from t; to
t, we have

for ¢ € [t1,00)T,

oA Ao M o AT Ay
W< b / o)™ T o) / o) ey

Final integration of the last inequality from ¢1 to ¢ yields

z(t) <Ao/tlt$</:$Au>As+A1/:%(/:ﬁAu)As

1

t
1
+ Ao / ——As+ As.
t1 b(s)

It is easy to see that every term on the right side of the above inequality is less
than Q(t,t1). Therefore there exist a constant Cy > 0 and T' € [t1,00)7 such
that

z(t) < C2Q(t,tg) for t € [T, 00)r. (2.10)

To prove (2.9), let Ty € [tg,00)T be large enough such that z(t) satisfies
Case (I) or Case (II) of Lemma 2.2. Assume first that Case(I) holds. Since
(a(t)(b(t)z™(t))?)? is positive and nonincreasing, it follows that

a(®) (b)) = a(t)(b(t)z ()™ — a(To) (b(To)z™ (T0))>

- / (a(3)(b(s)a ())>)2 As

To
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> (a(t)(b(t)z (1)) (t = To),
(b(t)z> (1)D > ta_(tz)b (a(t)(b(t)z™(1))2)? for t € [Ty, 00)r. (2.11)

Now integrating the last inequality from Ty to t to obtain

b(t)ed (1) > / 50 () (b(s)22 (5))2) 2 As

To CL(S)

(a(t) (b(t)x> (1)) / G

S
T a(s) ’

Y

or

z(t) > (a@®)()z>(#)>)A /t L(/S“_TOAU)AS, (2.12)

7 b(s) N, a(u)

which prove (2.9). Suppose that Case (II) holds. Multiplying equation ( 1.1
)by R(c?(t),Ty) and integrating from Tj to t, we have

t

/ R(UQ(S),To)(a(S)(b(S)xA(S))A)AQAs+/ R(0*(s), To) f (s, (s — 6))As

To To
=0. (2.13)

Now apply integration by parts twice in the first part of the equation (2.13)
and then applying Case (II), we obtain (2.9). This completes the proof. O

Theorem 2.4. Assume that either (2.2), (2.3) or (2.4) hold. Let f be
strongly sublinear and

h f(t,CQ7(t,t9))At = o0 (2.14)

to

for all C' # 0. Then all solutions of equation (1.1) are oscillatory.

Proof. Assume that there exists a nonoscillatory solution z(t) of equation
(1.1). Without loss of generality, we may assume that xz(¢) > 0 for all t €
[t1,00)T) (the case z(t) < 0 eventually can be treated similarly and will be
omitted). From Lemmas 2.2 and 2.3, there is a t; € [tp, 00)r such that

z2(t) >0, and (a(t)(b(t)z>())2)> >0 (2.15)
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for t € [t;,00)r. Now we define a function v by v(t) = (a(t)(b(t)z?(t))>)A.
Then inequality (2.16) becomes

R(t, t1)v(t) < z(t) < kQ(t,t1). (2.17)
By Keller’s Chain rule, we have

(=@ = (1= (o) f(t,27(t)

(e o L)
- (1 6) ( (t)) ( (t)) xﬁ(a(t))
{kQ7(t,11)}°

> (1- ﬁ)v_ﬂ(a(t))Rﬁ(tvtl)vﬁ(t)%’

> (1=Bp P (o(t)z’(a(t)

or

RA(t,ty)
Q(o(t) — 6,t1)
Since limy;_, s Q((i ilg = 1, there is a positive constant M and T € [t1,00)T such

that Q}é ([(Tt(t)l) > M for t € [T, 00)r. Therefore from (2.18), we have

(—o' (@)% > (1 - pE7

ft, EQO (t,t1)). (2.18)

(—((a()(b)x™ ()72 > (1= B)ME P f(t,kQ (¢, 11)).

Now integrating the last inequality from 7" to ¢, we have

(1- 5)Mkﬁ/T Fls,kQ7 (s, 41)) As < ((a(T)(B(T)2(T))2)! 7
= ((a(®)(b(B)z= (1)) 7.
Since (a(t)(b(t)z>(t))*)? > 0, we have

kB
(1—-p)M

Hence frﬁo f(s,kQ%(s,t1))As < oo, which contradicts (2.14). This completes
the proof of the theorem. O

/T F(5,KQ7 (5,11)) As < ((a(T) (b(T)2™ (T)))2)1=5.
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Theorem 2.5. Assume that either (2.2), (2.3) or (2.4) hold. Let f be
strongly superlinear and

/OO R(t,to) f(t,C)At = 0o (2.19)

to

for all C' # 0. Then every solution of equation (1.1) is oscillatory.

Proof. Assume that there is a nonoscillatory solution z(t) of equation (1.1).
Without loss of generality, we may assume that x(t) > 0 for all ¢ € [T, 00)( the
case x(t) < 0 eventually can be treated similarly and will be omitted). From
the Lemma 2.2 and 2.3, there exists ¢; € [T, 00)t such that (2.15) and

x(t) > /tt R(s,T)f(s,x9(s))As, t>t. (2.20)

Since z(t) > 0 and 2 (t) > 0, there exists a constant k; > 0 such that z7(t) >
ki for t € [t1,00)T. Since f is strongly superlinear, we have for some o > 1

Ft27(®) _ (k)
@@ =k

that is,
F(t,a7 () = K7 F(E k) (7 (8)°. (2:21)
From equations (2.20) and (2.21), we obtain

x(t) > /t ET“R(s,t1)(z7(s))" f(s,k1)As, t>t.

t1

Let 0(t) = fttl kT “R(s,t1)(z7(s))*f (s, k1)As. Then by Keller’s Chain rule,we
have

(2.22)

E 0P S Gk R0 (0) (k)
(1-a)

IN
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or

k(00 (1)

R(t,t t, k1) < 2.23
(1)) < T (223
Now integrate the last inequality from 1 to ¢ and use a > 1, we obtain
t o
/ R(s,T)f(s,k1)As < L(al—a(tl) —0'(1)). (2.24)
t1 (Oé - 1)
Hence ftio R(s,t1)f(s,k1)As < 0o, a contradiction to (2.19). The proof is now
complete. O
We conclude this section with the following example
Example 2.6. Consider the neutral dynamic equation
™ ()2 + 24t2' (o (t)) =0, te[l,00)r. (2.25)

It is easy to see that all conditions of Theorem 2.5 are satisfied and hence all
solutions of equation (2.25) are oscillatory.

3. Oscillation Theorems of Equation (1.2)

In this section we establish some oscillation criteria for the neutral delay dy-
namic equation (1.2).

First we define an associated function of z(t) by z(t) = x(t) + p(t)x(t — 1),
and we derive the following lemmas

Lemma 3.1. Assume that either (2.2), (2.3) or (2.4) hold. If x(t) is an
eventually positive solution of equation (1.2), then there are only the following
two cases:

Case (I) 2(t) > 0,2°(t) > 0, (b(t)z2(£))2 > 0, (a(t)(b(t)z2 (£))2)2 > 0,
Case (II) z(t) > 0,22(t) > 0, (b(t)z2(t))2 < 0, (a(t)(b(t)z> (£))2)2 > 0,

Lemma 3.2. Assume that either (2.2), (2.3) or (2.4) hold. If x(t) is
an eventually positive solution of equation (1.2), then there exists a positive
constants C1 and Cy and Ty € [tg,00)T such that

Cl S Z(t) S CQQ(t,to) (3.1)

and
z(t) > R(t,T)(a(t)(b(t)zA(t))A)A for t € [Ty, 00)T. (3.2)
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The proofs of Lemmas 3.1 and 3.2 are similar to that of Lemmas 2.2 and
2.3 and hence the details are omitted.

Lemma 3.3. Assume that either (2.2), (2.3) or (2.4) hold. Let x(t) be an
eventually positive solution of equation (1.1), then there exists a Ty € [to, 00)T
such that

22(t) > (a(t)(b(t)z2(1))2) 2 RA(t, Tp), (3.3)

and
At —8) > (alt)(b(t)22 (1)) RA (¢ — 5, Ty) (3.4)

for t € [T, 00)T.

Proof. By Lemma 3.1 we have

2(t) >0, 22(t) >0, (a(®)(b(®)22#))A < 0. (3.5)
Then
M2 = [ (b)) As
> [ =( (o) (b(u)2 () ) A As
Anaa [fs—t
> @Oeo2)N* [
A () 2 (a()(b(1)=2 ()2 RA(L 1), (3.6)

Since § > 0, we have from the last inequality that
22t —8) > (a(t)(b(t)z2 (1) D)2 RA(t — 6,t1). (3.7)
This completes the proof. ]

Lemma 3.4. Assume that either (2.2), (2.3) or (2.4) hold. If x(t) is an
eventually positive solution of equation (1.2), then there exists T' € [ty,00)T
such that

(1 —p(t)z(t) < x(t) < 2(t) for t € [T,00)r. (3.8)

Proof. From the definition of z(t), z(t) > x(t) for t € [T,00)r. By Lemma
3.1,we have z(t) > 0 and z2(t) > 0 for t € [T, 00)r. Hence z(t) = 2(t) —p(t)x(t—
T) > 2(t) — p(t)z(t — 1) > (1 — p(t))z(t) for t € [T, 00)T. O
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Theorem 3.5. Assume that either (2.2), (2.3) or (2.4) hold. Furthermore
assume that there exists a real valued rd-continuous function ¢(t) such that
f(t,w)

— > Mq(t) >0 for u#0,t € [tg, 00)T. (3.9)

If there exists a positive A- differentiable function «(t) such that

t OéA S 2
Jim sup / o(s) [M(1 — p(s — 8))a(s) - 4@2(8()%((8))_ ] as =, (310

t—o0 to

then every solution of equation (1.2) is oscillatory.

Proof. Suppose to the contrary that there is a nonoscillatory solution xz(t) of
equation (1.2). Without loss of generality, we may assume that x(¢) is eventually
positive( the case z(t) is eventually negative can be treated similarly and will
be omitted). Then from the definition of z(t), we can find a t; € [tg, 00)r such
that z(¢) > 0. By Lemmas 3.1 and 3.2, we see that there exists a to € [t1,00)T
such that

Z2(t) > 0 and (a(t)(b(t)z2(t))2)2 > 0.

Now define w(t) = «(t) (a(t)(bg():i()t))A)A. Then w(t) > 0 and

A1) = 2O bn) A (1))2)

IN
|
Q
~—~
~
N~—
(=
S
~
~—
~—~
—
|
s
!
~—~
~
|
(o9
N—
~—

a®(t)z(t — 6) — a(t) 22 (t — 6)
z(t —6)z7(t — 0)

+((a(t)(b(t)=2(1)))2)7

oA (t)
< ~Ma(tg(®)(1 - p(t =) + Zrrw(e(t)
ARt —ot) o
& @ (o(t))
(@™ (1))?

< —Ma(t)q(t)(1 —p(t —0)) + 4a(t)RA(t — 0, ty)

Integrating the last inequality from to to ¢, we obtain

t OZA s 2
[ a0 - 69) - A < wie)

and this contradicts (3.10).This completes the proof. O
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The following corollaries are immediate .

Corollary 3.6. Ifb(t) = 1 and the condition (3.10) in Theorem 3.5 is
replaced by

t o ()2
lim sup/ a(s) [(1 —p(s—9))gq(s) — 40[2((5)R(Az.1 — 5)]As = 00,

t—o0 to

where R(t) = ft’; I a(myAuAs, then all solutions of the equation

(a(t)(x(t) +p(B)a(t — 7)) + ()2 (t = §) = 0

are oscillatory.

Corollary 3.7. Ifa(t) =1,b(t) =1, and the condition (3.10) in Theorem
3.5 is replaced by

lim sup /t a(s) {(1 —p(s—9))q(s) — 1(04A(5)>2} As = oo,

t—o0 to 2

then all solutions of the equation
(2(t) + p(B)a(t — 7)™ + q(t)a?(t — ) =0

are oscillatory.
We conclude this paper with the following example.

Example 3.8. Consider the neutral dynamic equation

(:c(t) + %x(t - 1))A (t) + t%x(a(t)) =0, tell,o0)r. (3.11)
A.

Here q(t) = . If we take a(t) = ¢, then

¢ LA 1
li 1—-)5 ——=)As=
1msup/1 (s( ) s4> s =00

t—o00

if A > 0. Hence by Theorem 3.5, all solutions of (3.11) are oscillatory if A > 0.
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