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Abstract: The first axiom of Newtonian particle mechanics is enlarged to ac-
commodate continuum thermomechanics under non-relativistic circumstances.
Then, as is well known, Galilean covariance of the total energy equation yields
the balance of forces. It is shown that axial group covariance of the same equa-
tion allows the derivation of an angular momentum equation to complete the
ontological structure of Newtonian continuum thermomechanics.
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1. Background

The axioms of mechanics written by Newton [5] in the ‘Principia’ do not provide
the foundation for a theory of continuum thermomechanics. Thus axiom I of
that work was stated as:

Axiom N1. “Every body preserves in its state of being at rest or of moving
uniformly straight forward except insofar as it is compelled to change its state
by forces impressed”.

(from the translation of Newton [5] by Cohen and Whitman [1]).
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being the Galilei–Newton principle of inertia for point masses. As noted by Tait
[7], Newton went on to write: “A spinning hoop · · · does not cease to rotate,
except insofar as it is retarded by the air” to identify the inertial concept for
rotating bodies.

As such these statements do not require mention of body deformation or
thermal energy transfer. While axiom N1 has been demonstrated to very high
accuracy in the context of classical particle mechanics it is not appropriate
for the study of deformable bodies in thermomechanics. The extension, stated
in axiom 1.1 below, provides a more appropriate background for a theory of
Newtonian continuum thermomechanics.

For the motion of a deformable heat conducting continuum body accept the
epistemological statement:

Constraint 1.1. Every material body B moves as a rigid body unless
acted upon by forces or by torques or unless thermal energy passes across the
surface, ∂B, of B or between the parts of B . In addition, no heat sources exist
in B , nor do electromagnetic fields and thermal radiation act upon B . These
constraints imply that the internal energy, e(B), is an invariant of body B ≺ 00;
00 the universal body.

Denote by We the four dimensional spacetime of Newtonian mechanics and
by F

∗ the set of all frames on We. Let 00 represent a Newtonian model of
the physical universe over which material property fields are defined. These
property fields are assumed to be integrable over the universe and all required
derivatives are assumed to exist. Attach the coordinate frame, Λ, to the center
of mass of body B then the first axiom of classical continuum thermomechanics
has two components which define the background to the theory:

Axiom 1.1. (Axiom of Inertia for Continuous Thermomechanical Bodies)
With constraint 1.1 in place, the center of mass of body B moves relative to the
frame Λc, the canonical frame in the equivalence class F, such that:

1) With no angular velocity of frame Λ relative to Λc there is:

a) the speed, |||v|||, is a bounded constant

b) the motion is rectilinear

to define linear inertial motion and the geodesics of spacetime.

2) With no linear displacement of frame Λ relative to Λc there is:

c) the angular speed, |||ωωω|||, about a fixed axis through the center of mass of
B, is a bounded constant.

The canonical frame, Λc, is located at the mass center of the universe.
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extending the discussion given in Moulden [4]. This formulation of the ax-
iom accepts that the thermally induced components of the body motion cannot
be ignored in continuum mechanics. The global motion of the universe 00 is not
of interest since there is no matter external to 00 against which such motion
can be assessed. Axiom 1.1 both enlarges the discourse beyond the statement
of Newton in axiom N1, and places more restrictions upon motions that satisfy
the axiom. The axiom also requires the geometry of We to be Euclidean since
the geodesics are defined to be linear. Axiom 1.1 only serves to establish the
background spacetime and the transformation groups acting on that spacetime.
The field equations for continuum thermomechanics must then be made con-
sistent with these transformation groups on the specified spacetime. A motion
that satisfies the axiom is said to be inertial. This axiom, along with axiom
3.1, identify the theory of Newtonian continuum thermomechanics.

To explore the implications of axiom 1.1 consider the action of Eu the Eu-
clidean group of isometries on We. Relative to the frame Λc there is, with frame
Λ again fixed to the mass center of body B , the transformation:

x∗ = Q(t)x+ d(t); t∗ = t+ t0
with Q(t) ∈ SO3 whence:

v∗(x∗, t∗) = Q(t) [v(x, t) + Z(t)x] + ḋ (1a)

a∗(x∗, t∗) = Q(t)
[

a(x, t) + 2Z(t)v + Z2x+ Ż x
]

+ d̈ (1b)

where Z(t) = QT Q̇ ∈ S
3
sk is the coordinate spin of frame Λ relative to Λc (with

S
3
sk the set of skew operators on R

3). Here the norms |||d|||, |||ḋ||| and |||d̈||| are each
required to be bounded. Equation (1a) implies that the velocity gradient tensor,
using the notation L = ∂v/∂x, must transform as L∗ = Q(t)[L + Z]QT . The
skew part, W, of L is constrained by the transformation W∗ = Q[W + Z]QT

with W∗ ∈ S
3
sk to give ωωω∗ = Q[ωωω + r] as the angular velocity transformation

between the two frames. Here ωωω and r are the axial vectors of W and Z

respectively. ωωω∗ is the axial vector of W∗. The symmetric part, D ∈ S
3
sy, of L

transforms as D∗ = QDQT . It is required that the norm of L, that is ||L||, be
bounded so that |||ωωω||| is also bounded.

Consider the special case when Z is constant in accord with axiom 1.1(2).
Hence write Q(t) = exp[Z t] ∈ SO3, to specify rigid body rotation about an
axis, span{r}, through the mass center of B . Only when dim[St] = 3 does Z

have the axial vector, r, residing in R
3 and this restriction on the dimension of

space will be accepted in the following. Introduce the axial group Gz:

Definition 1.1. The (homogeneous) axial group Gz ⊂ Eu.

The transformation:
x∗ = Q(t)x; t∗ = t with Q(t) = exp[Z t] ∈ SO3
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defines the axial group associated with rigid body rotation about the fixed but
arbitrary axis, span{r}, through the center of mass of body B . Here Z ∈ S

3
sk,

an arbitrary constant operator, is restricted such that ||Z|| remains bounded.

The exponential map:
exp : S3sk → SO3 which has det(exp[Z]) > 0

specifies a surjection onto the whole group SO3 as Z varies over S
3
sk (Rossmann

[6]). The Euler angles of the rotation group are replaced by the three coor-
dinates describing the orientation of the axial vector r. The transformation
v∗ = Q(t)[v + Zx] defines the associated velocity field with 〈v∗,x∗〉 = 〈v,x〉
an invariant of the transformation (as it is for the homogeneous Euclidean
transformation). L∗ = Q(t)[L + Z]QT still expresses the velocity gradient
transformation for this subgroup so that the angular velocity, w, and vorticity,
ζζζ = curl(v), transform as ζζζ∗ = 2ωωω∗ with ωωω∗ = Q(t)[ωωω+r]. Again, D∗ = QDQT

under Gz. For this group:
a∗ = Q(t)[a+ 2Zv + Z2x] (2)

represents the acceleration vector transformation under Gz and is a reduction
of equation (1b) with Z a constant and d ≡ 0. Since |||r||| is constant as Z ∈ S

3
sk

is the constant coordinate spin about span{r} it follows that |ωωω∗| is constant
when |ωωω| is constant to accommodate axiom 1.1(2). The vector a(x, t) is not
frame indifferent under Gz due to the Coriolis, 2Zv, and centrifugal, Z2 x,
acceleration components; the first of which is orthogonal to span{r}.

The Galilean group, and associated inertial frames, arise from axiom 1.1:

Lemma 1.1. Axiom 1.1(1) implies the Galilean group Ga ⊂ Eu.

Proof. If both |||v||| and |||v∗||| in equation (1a) are to be constant in accord
with axiom 1.1 (a) there must be Z = O ⇒ Q̇ = O and the vector ḋ =∩ [LT−1]
must be constant (equal to velocity VT , say, with |||VT ||| a bounded constant).
Integrate these two conditions to find that Q ≡ QG must be constant and
that d = VT t + x0 where x0 ∈ R

3 is a constant spatial translation. Now
v∗ = QGv + VT : with |||v∗||| constant when |||v||| is constant. Inertial motion is
rectilinear.

The transformations on spacetime:
x∗ = QGx+VT t+ x0; t∗ = t+ t0 (3a)

imply:
v∗ = QGv +VT ; a∗ = QGa (3b)

and identify both the Galilean group Ga and the equivalence class, F ⊂ F
∗, of

inertial frames with Λc ∈ F. The equivalence class of inertial frames, F, replaces
the absolute space defined in Newton [5]. It is, of course, recognized that the
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definition of Λc ∈ F cannot be realized in practice and deserves a similar rebuke
from philosophers as that garnered by the absolute space of Newton. All motion
discussed in the theory is taken relative to this inertial frame Λc.

Let St be the space of simultaneity in frame Λc, at time t. Time t, in the
time axis T, is absolute in the sense that the thermo–mechanical time scale
is taken to be identical for all processes and observers throughout 00. Then
We = T × St ⊂ R × R

3. Since Newtonian mechanics is covariant under space
and time translations, it is sufficient to consider the homogeneous subgroup
Gah ⊂ Ga:

x∗ = QGx+VT t; t∗ = t (4)

The velocity transformation in equation (3) shows that the velocity gradient
has the properties:

L∗ = QG LQT
G ⇒ W∗ = QGWQT

G and D∗ = QGDQT
G

relating motion in the frames Λ and Λc. The angular velocity transformation
now reduces to the statement ωωω∗ = QGωωω.

Axiom 1.1 demands that the geometry on We be Euclidean but also denies
covariance of Newtonian mechanics under the full Euclidean group Eu. While
Ga covariance is not sufficient, it is recognized that Eu covariance cannot be
forced upon Newtonian mechanics. Instead, it can be noted that two distinct
subgroups of Eu derive from equation (1a). These subgroups address differ-
ent aspects of the axiom and have different implications for the theory. It is
required, from the very wording of axiom 1.1, that the first principle of ther-
momechanics be covariant under Ga and, in the sense described below, under
the group Gz. As such, axiom 1.1 supports the view point put forward by
Green and Rivlin [2], who constructed a covariant formulation of continuum
mechanics based upon the first principle of thermomechanics. The point of in-
terest in that presentation was the emergence of a force balance as a constraint
required for covariance. However, that work did not address the axial group
Gz and its importance for the covariance structure of Newtonian continuum
mechanics. For convenience in studying that covariance structure, introduce
the (homogeneous) Newtonian group GN :

Definition 1.2. The Newtonian group GN . The transformation:
x∗ = Q(t)x+VT t; t∗ = t

where VT is a constant boost velocity and:
v∗ = Q(t)[v + Zx] +VT ; a∗ = Q(t)[a+ 2Zv + Z2x]

define the Newtonian group GN . Z = QQ̇ is the, arbitrary but constant, coor-
dinate spin about the axis span{r} with r the constant axial vector of Z

The center of the group GN is not trivial since rotations about a given fixed
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axis commute. The group GN reduces to the homogeneous Galilean group, Gah,
when Q = QG is constant (so that Z = O). The group GN reduces to Gz if
VT = 0 and if Q(t) = exp[Z t].

The inertial motion defined by axiom 1.1 is an ideal motion that is not
attainable in the real universe. The axiom does not explain why bodies should
have the property of inertia; a Machian principle is required for that and will
be addressed elsewhere.

2. Thermo-Mechanical Bodies

Continuum thermomechanics deals with finite material bodies, B = {δBi}.
Each δB ∈ B is referred to as a body point and identifies, at each t ∈ T, with
the point x|t ∈ St. Continuum bodies are in one–to–one correspondence with
regions of space, Dt ⊂ St, at each instant of time. ∂B denotes the boundary
of B . While Newtonian cosmology is not the present interest, there is some
advantage in stating the theory in terms of a universe containing all matter
in the sense of Truesdell [8]. The void, O , while not a material body, must
be included in the theory but has no influence on the thermomechanics of 00.
The universe is assumed to be compact. Compactness implies that the volume
V (00) is finite and that the image, 00 = χt(00), of 00 in St is closed and bounded
at each time t. Let B(B) = {B : B ≺ 00} be the context for the mechanics
of the material body B and corresponds to the set of all parts of 00. The
field equations are then written for the material body B with Be denoting the
exterior (relative to 00 ) of B .

As will be required in the theory of stress, and in the discussion of additivity,
introduce the concept of a contiguous body Bc:

Definition 2.1. Contiguous bodies. Body Bc = Big
cBj is said to be

contiguous if Bc = Bi ∪ Bj with int(Bi) ∩ int(Bj) = ∅ but the intersection
Bi ∩ Bj = ∂Bij 6= ∅ for Bi and Bj in B(B). Bi and Bj are said to be the
contiguous parts of Bc with ∂Bij their common interface. Note that ∂Bij ⊂ ∂Bi

and ∂Bij ⊂ ∂Bj. Dc ⊂ St is the space occupied by Bc at time t.

BigBj = cl[int(Bi) ∪ int(Bj)] is the usual join of Bi and Bj. A flux of
energy can pass from Bi to Bj across the common interface ∂Bij . Internal
stresses and torques also act on the surface ∂Bij between Bi and Bj . For the
body B of interest Bg

cBe = 00. ∅ represents the empty body with M(∅) = 0.
This specification requires the introduction of:

Axiom 2.1. Non–negativity of Mass.
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All non–void bodies have a non–negative mass, M(B), that is additive over
00 and an invariant of the body motion:

M(B) =
∫

B
dm ≡

∫

D
ρ dV > 0

with the mass density, ρ = ∂m/∂V , defined (a.e.) over body B . M(B) ≤ M(00)
with the latter constant and bounded.

No distinction is made between inertial and gravitational masses. Each
δB ∈ B is also assigned a temperature θ(δB) that is, like the density, a Eu-
clidean invariant scalar field. The void has zero mass, by definition, and no
thermal energy is conducted between the void O and the material bodies in 00.

Corollary 2.1. There is, since mass is additive over 00, the conclusion:
d

dt

∫00 dm =
d

dt

∫

B

dm+
d

dt

∫

Be

dm = 0

and dM(B)/dt = −dM(Be)/dt. Body B is closed if:

d

dt
M(B) ≡

∫

B

[

∂ρ

∂t
+

∂(ρvi)

∂xi

]

dV = 0

as required by the transport theorem.

The integral over the exterior Be is understood to be over all parts of 00
that do not include the body B . The content of corollary 2.1 is covariant under
the Newtonian group. It is also covariant under the Euclidean group Eu.

The transport theorem implies the equivalent result:

Proposition 2.1. d(·)/dt commutes with
∫

B
(·) dm iff dρ/dt+ρ div(v) = 0

on D provided that ρ = ∂m/∂V ∈ R exists, is bounded, and is continuous (a.e.)
on D .

The basic premise in thermomechanics requires the following restriction:

Axiom 2.2. The universal body.

The universal body is both closed and isolated. Fields defined over 00 are
to be integrable over 00. The exterior of 00 is devoid of agencies that interact
with 00. Enclose the universal body in a non–physical surface, ∂00. ∂00 will be
referred to as the (non–unique) boundary of 00 and carries no stress fields and
is assumed to be adiabatic.

In addition, there are no couple fields acting upon the surface ∂00. By
definition, there is no matter external to 00 nor does any agency exist to provide
an energy flux between 00 and its exterior.

Forces play a central role in mechanics with f(B ,Be) the force on body
B due to its exterior Be. Since the universe is isolated there is no net force,
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f(00,00 e), acting on 00 from the exterior void. This does not preclude the exis-
tence of a force field over 00 with the constraint

∫00 f v(00,00 e) dV = 0. The in-
tegrals f (B ,Be) =

∫

B
f m(B ,Be) dm ≡

∫

D
f v(B ,Be) dV are assumed to be de-

fined for all forces of interest (where superscripts v and m denote forces per unit
volume and forces per unit mass respectively). The void is transparent to forces:
∫

D
f v(B ,O) dV = 0;

∫

O
f v(O ,B) dV = 0. The mechanical working on body

B , due to the force f(B ,Be) on B , is given by P0(B ,Be) =
∫

D
〈v, f v(B ,Be)〉 dV .

The surface force acting on 00 vanishes identically:
fS(00,00 e) ≡

∫

∂00 t dA ≡ 0

if t(x, t) is the surface stress vector on ∂00. Here it is required that t ≡ 0

at each point on ∂00. A similar statement holds for surface couples, mc(x, t),
on ∂00. A couple stress tensor, M, is assumed to exist with mc = MTn. Body
moments, ℓℓℓc(x, t), may act over the bodies in 00.

3. The First Principle of Thermomechanics

Fix attention upon a given material body B ∈ B with its exterior given such
that Bg

cBe = 00. Allow that this body B , like every part of the universe 00,
save the void, has an energy content specified as the sum:

Definition 3.1. Total energy E(B).

For any B ∈ B there is a total energy given, in frame Λc, as an integral over
B : E(B) =

∫

B
[e(x, t)+ 〈v,v〉/2] dm. Let A(B ; t) denote the material derivative

dE(B)/dt at time t ∈ T.

Here e(x, t) is the Euclidean invariant specific internal energy as a field over
00. The magnitude of the total energy E(00) has no direct physical significance in
the Newtonian theory since that quantity is not Euclidean invariant. However,
E(00) does have invariance under time translation based upon the Clausius
inductive statement for the universal body:

Axiom 3.1. (Clausius) Total energy invariance of the universe.

In the given inertial frame, Λc, the total energy, E(00), of the universe is
invariant under time translation. That is A(00 ; t) must vanish for all time, t.

Axiom 3.1 has made reference, for any material body in B, to the scalar
quantity A(B ; t):

A(B ; t) =
d

dt
E(B) =

∫

B

[

de

dt
+ 〈v,a〉

]

dm.
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The latter integral form for A(B ; t) does, of course, rely upon proposition 2.1.
However A(B ; t) for B ≺ 00 does not vanish, in general, and represents the
action of Be on B as contained in the first principle of thermomechanics (stated
in axiom 3.2 below).

Introduce the vector valued quantity g(B) in frame Λc:

−g(B) =
d

dt

∫

B

v(x, t) dm =
d

dt
Mom(B) ≡

∫

B

a(x, t) dm (5)

so that g(B) = −
∫

D
ρa dV on using proposition 2.1 with M(B) an invariant

of the motion. Mom(B) is the total linear momentum of the body B . Physical
significance will be attached to the vector g(B) as the development proceeds.
As a first property:

Proposition 3.1. g(B) 7→ QG g(B) under Ga.

since the acceleration vector, a(x, t), is frame indifferent under Ga. g is
also invariant under Galilean boosts. It is assumed in the above that the vector
field v(x, t) is a smooth function of space and time so that the acceleration field,
a(x, t) ≡ dv/dt, is well defined. This regularity assumption must be checked
for internal consistency. In addition, existence and uniqueness theorems for the
field equations are required; but that aspect of the theory is not complete for
all materials of interest in the applications. It is not discussed herein.

Consider next the consequences of the thermal and mechanical working
components of the energy balance which are exchanged between the two com-
ponents, B and Be, of the universe00. The causal structure of thermomechanics
is distinct from that in pure mechanics wherein forces and couples are responsi-
ble for body deformation and motion. The thermal energy transfer discussed in
thermomechanics also causes body deformation. Both of these influences are in-
cluded in energy consideration thus making the theory more nearly Leibnizian.
However, requiring invariance under the groups Ga and Gz retains a Newtonian
aspect from axiom 1.1 Since the universal body is both closed and isolated,
there is no working on that body. The basic statement of thermomechanics
expressed as:

Axiom 3.2. The first principle of thermomechanics.
The rate of change of the total energy of body B is determined by the

mechanical P(B ,Be) and thermal Q(B ,Be) working:
A(B ; t) = P(B ,Be) + Q(B ,Be) (6)

with P(B ,Be) and Q(B ,Be) made specific in definition 3.2.

The mechanical P(B ,Be) and thermal Q(B ,Be) workings represent the in-
fluence of Be on B and, for the present discussion, are assumed to be given
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as:

Definition 3.2. Working.

The mechanical and thermal workings:

P(B ,Be) =
∫

D
ρ[〈f m

B ,v〉+ 〈ζζζ, ℓℓℓc〉] dV +
∫

∂D
[〈t,v〉 + 〈ζζζ,mc〉] dA

denotes the mechanical working on B due to the body and surface forces
and couples. The body moment ℓℓℓc and surface couple mc are assumed to be
frame indifferent under Eu. The vector t(x, t) represents the stress over ∂B due
to the action of Be. Also:

Q(B ,Be) = −
∫

∂D
[〈Q,n〉+Q] dA

represents the thermal working due to the frame indifferent heat conduction
vector, q(B ,Be) and heat source Q(x, t).

Thermal radiation is not included herein. Axiom 3.2 is an extension of the
mechanical energy equation (which was known at the time of Newton and, for a
single point mass, is the statement M(B)〈a,v〉 = 〈f ,v〉). The physical nature
of the body force fB(B ,Be) is specified from outside of continuum mechanics
and may include the gravitational force. The constituents P(O ,00) and Q(O ,00)
vanish identically for the void O . The right hand side of equation (6) is not
covariant under the transformation t 7→ −t; a result which points to universal
energy dissipation as treated in the second principle of thermomechanics.

4. Total Energy Covariance under the

Newtonian Group

Green and Rivlin [2] observed that the first principle of thermomechanics, equa-
tion (6), is covariant under Ga iff all the forces acting on B are balanced. This
formulation has the advantage of providing a unification of dynamics and ther-
modynamics in the Newtonian context without the need for the second axiom
of that theory. The requirement of Green and Rivlin [2] can be extended and
stated formally as:

Axiom 4.1. Covariance

The first principle of thermomechanics must be covariant under: a).
the Galilean group and b). the axial group.

in order for axiom 3.1 to be consistent with axiom 1.1 This axiom requires
covariance of equation (6) under rigid body translation at constant velocity. It
is also required by axiom 1.1 that there be covariance of equation (6) under Gz.
Start by introducing the residue R(Z,VT ) defined from:

Y ≡ A(B ; t)− [P(B) + Q(B)]
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so that, for covariance of equation (6) under the group GN , it is necessary
that:

Y∗ − Y ≡ R(Z,VT ) = 0

where, under GN , the residue R(Z,VT ) has the value:

R(Z,VT ) =
∫

D
〈ρ[2Zv + Z2x− f m

B ], [QTVT + Zx]〉 dV − 〈g,QTVT 〉

−
∫

∂D
〈2r,mc〉 dA−

∫

∂D
〈t, [QTVT + Zx]〉dA (7)

+
∫

D
〈ρa,Zx〉dV +

∫

D

[

ρ〈v,Z2x〉 − 〈2r, ℓℓℓc〉
]

dV

from equation (6). Y∗ refers to the value of Y after transformation under the
group GN . The definition of the vector g(B) has been introduced from equation
(5). In addition equation (7) has used the transformations:

∫

D
ρ〈ζζζ, ℓℓℓc〉 dV 7→

∫

D
ρ〈ζζζ, ℓℓℓc〉 dV + 2

∫

D
ρ〈ℓℓℓc, r〉 dV

∫

∂D
〈ζζζ,mc〉 dA 7→

∫

∂D
〈ζζζ,mc〉 dA + 2

∫

∂D
〈mc, r〉 dA

under GN . The first result to be obtained from equation (7) can be stated in
the form:

Result 4.1. Covariance under Galilean rotations.

There is, under the action of rotations, Q = QG, a constant for the group
GN , with VT ≡ 0 and Z = O ⇒ r = 0 :

R(O,0) ≡ 0

the total energy equation is covariant under Galilean rotations.

which is a consequence of the Galilean rotations being independent of time.
As shown below, a different result obtains for the group Gz where Q = Q(t).

Lemma 4.1. Lack of covariance under Galilean boosts.

Proof. For the boost component of GN , with Z = O and Q = I, there is:
R(O,VT ) = −〈g,VT 〉−

∫

D
〈ρ f m

B ,VT 〉 dV−
∫

∂D
〈t,VT 〉 dA = 0

from equation (7). Hence, in order for R(O,VT ) to vanish, the equality:
〈VT ,

[

g +
∫

D
ρ f m

B dV +
∫

∂D
t dA

]

〉 = 0 (8)

must hold since VT is an arbitrary constant vector.

It follows directly from lemma 4.1 that:

Theorem 4.1. Axiom 4.1(a) implies the balance of forces.

Proof. The inner product in equation (8) only vanishes if:

0 = g +
∫

D
ρ f m

B dV +
∫

∂D
t dA
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≡ fI(B ,Be) + fB(B ,Be) + fS(B ,Be) (9)

again as the boost velocity, VT , is an arbitrary constant vector.

Equation (8) represents the virtual working of the vector sum of forces
acting on body B due to the arbitrary constant Galilean boost velocity VT . The
last equality in equation (9) is directly the form specified by the second axiom of
Newtonian mechanics with g ≡ fI(B ,Be) representing the inertial force. This
equation is devoid of direct contact with the thermal energy transfer process
even though it originated in equation (6). Only via constitutive theory are
any thermal effects introduced in the stress vector t. The present development
finds the inertial force of Newton, fI(B), to originate, via the vector g, in the
material rate of change of the kinetic energy of B in equation (6). This does
not, however, explain why a body should have inertia: the principle of Mach
is needed for that. Equation (9) states the d’Alembert principle for continuum
mechanics.

At this point it has only been assumed that the stress vector t(x, t) is
integrable over ∂B. The Cauchy theory of stress, as in Truesdell [8], comes
directly from equation (9) when the surface force can be expressed as a volume
integral:

fS(B ,Be) =
∫

∂D
t dA =

∫

D
div(TT ) dV ⇒ f v

S = div(TT ) (10)
provided that the Gauss theorem holds. T denotes the Cauchy stress tensor.
When the localization theorem applies, Gurtin [3], equation (9) implies that:

f v
I + f v

B + f v
S = 0 = −ρa+ f v

B + div(TT ) (11)
to specify the local force balance in an inertial frame. Equation (10) can be
extended to rotating frames by appeal to equation (2).

Decompose the Cauchy stress tensor as T = T+ + T− with T+ ∈ S
3
sy the

symmetric part of T. Let the axial vector, s ∈ R
3, of T− ∈ S

3
sk be introduced

with si = ǫijkTkj/2. Since T is required to be frame indifferent under Eu so are
its skew and symmetric parts. From the definition of the skew part, T− of T,
it follows that the term trace(TZ) can be expressed as the inner product:

trace(TZ) ≡ trace(T−Z) = −2〈s, r〉 (12)
Then refer to axiom 4.1(b) when equation (7) reduces, with VT = 0 as

required for the group Gz, to:

Lemma 4.2. Lack of covariance under the axial group when the Cauchy
theory of stress holds with t = TTn and, in addition, with mc = MTn.

Proof. Under the axial component of the group GN where VT = 0 find:

R(Z,0) =
∫

D
〈[ρ(a− fmB )− div(TT )], r× x〉 dV

+
∫

D
〈(s− div(MT )− ℓℓℓc), 2r〉 dV = 0 (13)
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using equation (10) and the fact that the inner product 〈v,Z2x〉 vanishes iden-
tically for the group Gz. The divergence theorem required above has the form:

div(TTZx) = 〈div(TT ),Zx〉 + trace(TZ)

equation (12) can be adopted to replace the trace(TZ) term.

Equation (13) then reduces to the simple global statement:
R(Z,0) = −

∫

D

[

〈2r, ℓℓℓc〉+ trace(TZ)
]

dV−
∫

∂D
〈2r,mc〉 dA = 0 (14)

Now it is seen from equation (12) and (14) that body moments and surface
couple stresses relate to the skew part of the Cauchy stress tensor, T, as:

∫

D
〈[s− div(MT )− ℓℓℓc], r〉 dV = 0

provided that the local condition in equation (11) holds (which arose from
considerations independent of those in Lemma 4.2). Then, since r is an arbitrary
constant vector, equation (13) implies global constraints upon the motion of the
form:

∫

D
[ρ(a− fmB )− div(TT )]× x dV = 0

as the global equation for the torque acting on the given body B .

5. Rotation under the Axial Group

The requirement for equation (14) to hold can be expressed in the form:

Theorem 5.1. Satisfaction of the equality R(Z,0) = 0 in equation (14)
implies that T ∈ S

3
sym if mc = 0 and ℓℓℓc = 0.

Proof. There are two cases in equation (14):

Case a) mc = 0; ℓℓℓc = 0 when:
∫

D
trace(ZT−) dV = −2〈

∫

D
s dV, r〉 = 0 ⇒

∫

D
s dV = 0

as follows from Z being an arbitrary constant rotation.

Case b) mc 6= 0; ℓℓℓc 6= 0:
∫

D
〈(div(MT ) + ρℓℓℓc − s), r〉 dV ≡ 0

Since the axial vector, r, of Z is an arbitrary constant, it follows that:
∫

D
[div(MT ) + ρℓℓℓc]dV =

∫

D
s dV

as the angular momentum equation (provided that the local condition (11)
holds).

When the localization theorem holds, the two cases treated above reduce
to:

a). s(x, t) = 0 ⇒ T− ≡ O and T(x, t) ∈ S
3
sy.
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b). div(MT (x, t)) + ρ(x, t)ℓℓℓc(x, t) = s(x, t).
to determine the skew component, T−, of T and complete the unified theory
initiated by Green and Rivlin [2].

6. Final Remarks

A unified Newtonian theory of continuum thermomechanics has been outlined.
The main feature of the theory is the natural extension of the first axiom as
written in 1726 by Newton [5]. This is followed by an extension of the work of
Green and Rivlin [2] to incorporate the new first axiom. The result being that
the Galilean group is replaced by what has been called the Newtonian group;
a larger subgroup of the Euclidean group. The theory remains Newtonian,
however.
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