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1. Introduction

The Pélya or Pélya-Eggenberger distribution is typically and simply introduced
via Pélya urn scheme, discussed in Feller [5]. Start with a single urn containing
r red and N — r black balls. A ball is drawn at random, note the color, and
return it into the urn together with ¢ additional balls of the same color. Repeat
this way for n draws. Let X be the number of red balls taken out in the n
drawings, then the distribution of X is a Pélya distribution with parameters
N,n,r and ¢, written by PY(N,n,r,c). The probability function of X is given
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by
()
px(x) = (%Jrnil) , x=0,1,...,n, (1.1)
n
where N,n,r,¢ € N and the mean and variance of X are yu = %t and o’ =
%, respectively. It follows from Brown and Phillips [2] that limiting

,
c and

%cp, where p = lim,, v, 7 is a constant, and they also gave a bound on the
rate of this convergence. Note that, in the case of ¢ = 1, Teerapabolarn and
Wongkasem [6] gave a bound on the error of the binomial and Pélya probability
functions.

Let us consider the probability function in (1.1), it can be expressed as

px(z) = (”) [(E4n) -t [ +n—a—1). =]

: CETER

distribution of X is a negative binomial distribution with parameters

(1.2)

= <n> [(% " NL/C) ﬂ [(NJGT + ”j\,“;;l) N]\;ri|

T <1+7]l\7_7i>...1 ’

0 if z =0, )
where n = 1 * It is seen that if 7, N — oo while & remains
r—1 ifz=1,...,n.

constant, then px(z) — (Z) (%)x (1 - %)nfx for every x = 0,1,...,n, that
is, PY(N,n,r,c) converges to a binomial distribution with parameters n and
+» denoted by B(n,r/N). Therefore B(n,r/N) can be used as an estimate of
PY(N,n,r,c) when N is sufficiently large and ; is a constant.

In this paper, we determine a bound for the total variation distance between

B(n,r/N) and PY(N,n,r,c). This total variation is defined as follows:

d(B(n,p),PY(N,n,r,c)) = sup |B(n,p){A} —PY(N,n,r c){A}|, (1.3)
AC{0,1,...,n}

where p = %, B(n,p){A} = > ,ca (NP1 — p)" " and PY(N,n,r,c){A} =
ZkeApX(k)-

2. Method

The tools for deriving the result for this approximation consist of Stein’s method
for the binomial distribution and the characterization associated with the Pdlya
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random variable. We start with Stein’s equation in Barbour et al. [1]. Stein’s
equation for the binomial distribution with parameters n € N and p € (0,1) is,
for given h, of the form

W) = Bnp(h) = (n = z)pg(x + 1) — qzg(z), (2.1)

where By ,(h) = > r_oh(k)(})p"¢"* and g and h are bounded real-valued
functions defined on {0,1,...,n}.
For A € {0,1,...,n}, let hA :{0,1,...,n} — R be defined by

e =

By following Barbour et al. [1] on pp. 189, let g4 : NU {0} — R satisfy
(2.1), where ga(0) = ga(l) and ga(z) = ga(n) for z > n. Let z € N and
Aga(r)=ga(x +1) — ga(zr), Ehm [4] showed that

o pn+1 o qn+1

(n+1)pq

sup [Aga(z)] < (2.3)
Consider an important property of the characterization associated with a

non-negative integer-valued random variable Y in Lemma 3.1 of Cacoullos and

Papathanasiou [3]. It is stated that if Y has a finite variance, then

Cov(Y, f(Y ZAf Z py (k), (2.4)

=0

for any function f : NU {0} — R for which the infinite series is absolutely
convergent, where py (k) is the probability function of Y. The following lemma
presents the characterization associated with the Pélya random variable.

Lemma 2.1. Let the Pélya random variable X with px (k) > 0 for every
k € {0,1,...,n} have the associated characterization a(x) = %W,

x =0,1,....,n, then the following relations hold:
(n—z)(r+cx)

a(z) = N ,x=0,1,...,n (2.5)

and for A C {0,1,...,n},

xT

Z Aga(z) Y (n—Fk)px(k Z Aga(z (n = 2)lr 4 cgc)P)((?C)- (2.6)
k 0
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Proof. First, we shall show that (2.5) holds.
.

It is observed that a(z) = Zi:oéx l;ng(k)
recurrence relation

a(0) = p =% and a(z) = a(z — 1);9);)((795(;)1) +pu—x, =1, ..,n.
Using this relation, we have

a(l) = %,a@) = w,...,a(k) = w for 2 < k <n.
Therefore, by mathematical induction, (2.5) holds.

For the relation (2.6), it is clear that

can be expressed in the form of

T

> Aga(@) Y (p—kpx(k) =D Aga@) > (n— k)px(k)
=0 =0

k=0 k=0

=Y Aga(@)a(@)px (x). (2.7)
=0

Substituting a(z) = W in (2.7), the relation (2.6) is also obtained. [

3. Result
The following theorem shows a bound for the total variation distance between
B(n,r/N) and PY(N,n,r,c).
Theorem 3.1. Let X be the Pélya random variable with px (k) > 0 for
every k € {0,1,....,n} and p=1— q = +. Then we have

¥
(1 =p"t! = ¢" e(n —n
(n+1)(N +c¢)

d(B(n,p),PY(N,n,rc)) < (3.1)

Proof. For A C {0,1,...,n}, substituting h,z by ha, X respectively and
taking expectation in (2.1), we obtain

B(n,p){A} = PY(N,n,r,c){A} = E[(n — X)pg(X + 1) — ¢Xg(X)], (3.2)

where g = g4 is defined as mentioned above.
Let 6(B,PY) = B(n,p){A} — PY(N,n,r,c){A}, then we obtain

6(B,PY) = E[npg(X +1) — pXAg(X) — Xg(X)]
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X)| = E[Xg(X)]
X)| = Cov(X, g(X)) — nE[g(X)]
= (nr/N)E[Ag(X)] — (r/N)E[XAg(X)] — Cov(X, g(X)).

Using Lemma 2.1 and (2.3), we have

3 |Ag@) S (n - Kk Zm oD+ e (@) < oc
=0 k=0

and by (2.4) and Lemma 2.1, it follows that

5(B, PY) ZAg (”_“’) ZAg n_m]ngcx)px(:c)
_ ZAQ (n— :c)c:cpx(x)'

Therefore, it follows from (3.2) and (1.3),

(n —x)cx

d(B(n,p), PY(N,n,r,) < 3 |Ag(x)
=1

- 1—pntt — gntt i (n —x)cx
- (n+Dlpg = N

B (1 _ pn+1 _ q"+1)c(n _ 1)n

B (n+1)(N +¢)

()
Remark. If c=1and N = M + 1, then px(z) = ) , T =
0,1,...,n, is the negative hypergeometric probability function with parameters
M,n and r. Thus, immediately from (3.1), a result on binomial approxima-
tion to the negative hypergeometric distribution with parameters M,n and r,
denoted by NH(M,n,r), can also be obtained in the following corollary.

Corollary 3.1. Let p=1—q = then we have the following:

ESY
L=p"t =g ) (n—Dn
T+ 1)(M+2)

d(B(n, p), NH(M, n,r)) < (3.3)
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4. Conclusion

In this study, a bound for the total variation distance between the binomial and
Pélya distributions is obtained using Stein’s method and the characterization
associated with the Pélya random variable. In view of this bound, it is observed
that if 57 is small, or N is large, then the result in Theorem 3.1 gives a good
binomial approximation, that is, the binomial distribution with parameters n
and /N can be used as an approximation of the Pélya with parameters N, n,r

and ¢ when N is sufficiently large or 5 is sufficiently small.
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