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Abstract: The purpose of this paper is to introduce the notions of two
operators g and Vg induced by a given stack § and a topology 7, and to
investigate some properties of them. In particular, we study the collection 7S5
of sets induced by the operator ¥sg.
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1. Introduction

The concept of grill on a topological space was introduced by Choquet [2]: A
grill G on X is a nonempty subset G of the power set P(X) of X satisfying the
following conditions:

(i) 0¢g.

(i) AC B, A € G implies B € G.

(ifi) A, B € G implies AU B € G.

A nonempty family S C P(X) is called a stack [3,6] if it satisfies the above
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conditions (i) and (ii).

In 2007, Roy and Mukherjee [5] introduced an operator defined by a grill
on a given topological space and showed that it satisfies Kuratowski’s closure
axioms [4]. They also investigated an associated topology induced by a grill
on a given topological space. In 2008, Al-Omari and Noiri [1] introduced and
investigated a new generalized open set \TJG induced by the operation defined
by a grill G on a given topological space.

In this paper, we are going to introduce another operator with the help
of the stack on a given topology. It is obviously a generalized notion of the
operator defined by a grill on a given topological space in [5]. First, we introduce
the notion of operator g defined by a given stack S and a topology 7, and
investigate some basic properties. Second, we consider another operator Wg
defined by the operator g, and study its properties and the collection 78 of all
subsets induced by the operator ¥s. In particular, we show that the collection
78 satisfies the following: (i) 0, X € 78; (ii) the union of any subfamily of 7S
is also in it.

2. Operator s

In this section, we introduce the notion of operator g defined by a given stack
S and a topology 7, and investigate some basic properties.

For a topological space (X, 7) and z € X, we will denote 7(z) the collection
of all open sets containing x.

Definition 2.1. Let (X, 7) be a topological space and S be a stack on X.
we define a mapping s : P(X) — P(X) as the following:

ps(A)={z e X:ANU €S foral U e 7(x)}.

Lemma 2.2. Let (X,7) be a topological space and S be a stack on X.
For AC X,
x ¢ ps(A) iff there exists U € 7(x) such that UN A ¢ S.

Theorem 2.3. Let (X, 7) be a topological space and S be a stack on X.
(i) ¢s(0) = 0.

(i) AC B C X implies ps(A4) C ¢s(B).

(i) s (A) C cl(A).

(iv) ps(ps(A)) € ps(A).

(v) ¢s(A) is closed.
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Proof. (i) Obvious.
(ii) It is easily obtained from the notion of stack.

(iii) Suppose that = ¢ cl(A); then there exists U € 7(z) such that UNA = (.
It implies UN' A ¢ S and so = ¢ ps(A) by Lemma 2.2.

(iv) Let z € ¢s(ps(A)). Then for every U € 7(z), ps(A) NU € S. Since
ws(A)NU # 0, there exists an element z € ps(A) NU. So z € ps(A) and U
is also an open set containing z. From the definition of operation ¢s, we have
ANU € S, and so x € ps(A).

(v) If z € cl(ps (A)), then for each U € 7(x), UNps(A) # D and UNA € ¢s.
So z € ps(A). O

The reverse inclusion of (vi) in Theorem 3.3 may not be hold as shown in
the following example.

Example 2.4. Let X = {a,b,¢,d,e}, a topology 7 = {0, {a}, {b,c,d},
{a,b,c,d}, X} and a stack S = {{a,b,d},{a,b,d,e},{a,b,c,d}, X}. For a set
A ={a,b,d}, ps(A) = {e} and ps(ps(A)) = 0. So s(ps(A)) # ¢s(A).

Remark 2.5. In the above example, we know ¢s(X) = {e}. So, it is
not true ps(X) = X in general. Furthermore, for a set A = {a,b,d}, we
have ¢g(A) = {e} # A. Consequently, we know that there is no any inclusion
relation between ¢s(A) and A.

Theorem 2.6. IfUNA¢ S for some U € 7(z), then UNgs(A) ¢ S and
in particular, U N ¢s(A) = 0.

Proof. Let U € 7(z) with UN A ¢ S. Assume that U N ps(A) € S;
then from U N ps(A) € S, it follows U N ps(A) # 0 and there exists an
element y € U N s (A). Since U is an open set containing y and y € ps(A),
from the definition of s, U N A € S and it is a contradiction. Consequently,
UNeps(A) ¢ S.

For the proof of the last statement, assume that U N ps(A4) # (0 for some
U € 7(x). Then there exists an element y € U Nps(A) and so UNA € S. So
the proof of last statement is completed. O

Theorem 2.7. For AC X, ps(AUgps(A)) = ps(A).

Proof. From (ii) of Theorem 2.3, it is obviously ¢s(A) C ¢s(AU ps(A)).

For the other inclusion, let ¢ ¢s(A); then there exists an open set U
containing z such that U N A ¢ S. From Theorem 2.6, U N ¢s(A) = 0 and
UN(AUps(A)) = (UNA)UUNps(A)) =UNAES. Soz ¢ ps(AUps(A)). O
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Lemma 2.8. Let (X,7) be a topological space and S be a stack on X.
IfU € 7, then UNgs(A) =UNps(UNA).

Proof. From (ii) of Theorem 2.3, it is obviously obtained that U N ¢s(U N
4) CU N gs(A).

For the other inclusion, let x € U N ps(A) and V' any open set containing
z. Thenzx e UNV and x € ps(A). So (UNV)NA=(UNA) NV eS. This
implies z € ¢s(U N A) and hence, x € U N s (U N A). O

Theorem 2.9. Let (X, 7) be a topological space and S be a stack on X.
Ifr—{0} CS and U € 7, then U C ps(U).

Proof. By hypothesis, ¢s(X) = X. From Lemma 2.8, it follows U = U N
ws(X)=UnNps(UNX)=UnNws(U) C ¢s(U). So it implies U C ps(U). O

Theorem 2.10. Let (X, 7) be a topological space and S be a stack on X.
If 7 — {0} C S, then cl(U) = ps(U) for U € 7.

Proof. Let = ¢ cl(U). Then there exists an open set G containing = such
that U N G = (. By the notion of stack, U NG ¢ S. It implies = ¢ ¢s(U)
and ps(U) C cl(U). Finally, by Theorem 2.3 (v) and Theorem 2.9, we have
cd(U) = ¢s(U). O

3. Operator ¥g

In this section, we consider another operator Vg defined by the operator ¢g,
and study its properties and the collection 78 of sets defined by the operator
Us.

Definition 3.1. Let (X, 7) be a topological space and S be a stack on X.
We define an operator Us : P(X) — P(X) as the following: For A C X

Us(A) = AUgs(A).

Theorem 3.2. Let (X, 7) be a topological space and S be a stack on X.
For AC X,

(i) Us (D) = 0.

(ii)) A C Wg(A); moreover Ug(X) = X.

(iii) A C B C X implies Us(A) C Us(B).

(iv) Us(¥s(A4)) = Us(A).

(v) For A,B C X, Us(ANB) C Vs(A)NVYs(B).
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Proof. (i) Since ps(0) =0, Ts(D) =0 U ¢s (D) = 0.
(ii) Obvious.
(iii) For A C B C X, it is obtained by (i) of Theorem 2.3.

(iv) From Theorem 2.7, it follows

Us(Ps(A) = Us(AUgps(A))
= (AUps(A)) Ups(AUps(A))
= AUps(A4)Ups(A)
= AUps(4)
= WUs(A)

(v) Obvious. O

The equality in (v) of Theorem 3.3 is not true in general.

Example 3.3. In Example 2.4, consider A = {a,b,d} and B = {d,e}.
Note that ps(A) = {e}, ps(B) = 0 and ps(ANB) = ps({d}) = 0. So Us(A) =
{a,b,d,e} and ¥s(B) = B. From these facts, Us(AN B) = {d}; WYs(4)N
‘I’s(B) = {d, 6}. So \Ifs(A N B) + ‘I’s(A) N ‘I’s(B)

Definition 3.4. Let (X, 7) be a topological space and S be a stack on X.
we define a mapping Us : P(X) — P(X) as the following:

T S={UCX:Us(X-U)=X-U}.

Theorem 3.5. Let (X,7) be a topological space and S be a stack on X.
Then

(i) 0,X € 7S.

(ii)) If U, € 78 for a € J, then UU,, € TS.

Proof. (i) Since ¥s(X) = X and Us(0) =0, both ) and X are in 7S.

(ii) Let U, € 78 for a € J. Then from s (X — UU,) C ¢s(X — U,) and
Uy € 78, we have pg (X —UU,) C ¢s(X —U,) € X — U, and ¢s (X —UU,,) C
N(X—Uy) = X—UU,. SoVs(X—-UU,) = (X—UUy)Ups (X —UU,) = X —UU,,
and hence UU,, € 78§. O

For two elements of 78, the intersection may not be an element of 7§ as
shown in the next example.
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Example 3.6. In Example 2.4, consider Uy = {d,e} and Uy = {a,e}.
Note that s (X —Ur) = ¢s({a,b,c}) = 0 and s (X — Uz) = ps({b,c,d}) = 0.
It implies \Ifs(X - Ul) = X — U; and \Ifs(X - UQ) =X — Uy, ie. U,Uy €
7S. But for Uy NUy = {e}, ps(X — (U1 NU3)) = ps({a,b,c,d}) = {e} and
‘1’5(X — (Ul N UQ)) = X. Since \Ifs(X — (U1 N Ug)) + X — (Ul N UQ), we have
Ui NUy ¢ 7S.

Let (X, 7) be a topological space and S be a stack on X. Then the elements
of 15 are said to be 7s-open. If the complement of a subset of X is 7g-open,
then the subset is said to be 7g-closed.

Now we define the operators i,s,c,s : P(X) — P(X) as the following: For
ACX,

irs(A)=U{UC X :UCAUEeTS}

crs(A)={FCX:ACF,X—-Fe1S§}:

The following two theorems are obviously obtained from the definitions of
operations i,s, ¢;s:

Theorem 3.7. Let (X, 7) be a topological space and S be a stack on X.
For A, BCX

(i) irs(0) = 0.

(ii) irs(A) C A.

(iii) If A C B, then i,s(A) C i;s(B).

(iv) irs (2}3 (A)) =i,s(A).

Theorem 3.8. Let (X, 7) be a topological space and S be a stack on X.
For A, BCX

(i) crs(X) = X.

(ii) A C crs(A).

(iii) If A C B, then ¢,s(A) C ¢,s(B).

(iv) crs(crs(A)) = crs(A).

Theorem 3.9. Let (X, 7) be a topological space and S be a stack on X.
For A C X, A is 7S-closed iff ¥g(A) = A.

Proof. Ais 7S-closed iff X — A is 7S-open iff Us(X —(X—A)) = X—(X—A).
So we have the statement. O

Theorem 3.10. Let (X, 7) be a topological space and S be a stack on X.
For A C X,

(i) x € i;s(A) iff there exists a TS-open set U containing x such that U C A.

(ii) x € ¢;s(A) iff for each TS-open set V containing x, ANV # ().
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Proof. Obvious. O

Theorem 3.11. Let (X, 7) be a topological space and S be a stack on X.
If x € i;s(A), then there ex1sts some W € 7(x) satisfying A“NW ¢ S.

Proof. For = € i,s(A), by Theorem 3.10, there exists a 7S-open set U
containing x such that U C A. From X — A C X —U = ¥s(X —U), we have
x ¢ ps(X — U), and so there exists an open set W containing x such that
(X -U)NW ¢ S§. Since S is a stack and A° C U¢, we have ANW ¢ S. O

Theorem 3.12. Let (X, 7) be a topological space and S be a stack on X.
(i) crs(A) = Us(A) forAgX.

(ii)) If A¢ S, then X —AerS for AC X.

(iii) s (A) is 7S-closed for A C X.

Proof. (i) First, by Theorem 3.2 (iv) and Theorem 3.9, ¥s(A) is 7S-closed.

From A C Ug(A), it follows A C ¢,;5(A) C Us(A).

Furthermore, since A C ¢,s5(A), from Theorem 3.2(iii) and Theorem 3.9, it
follows Wg(A) C Us(crs(A)) = ¢rs(A). Consequently, c,s(A) = Us(A).

(ii) If A ¢ S, then by Lemma 2.2, we know that ¢s(A) = (). So ¥Us(X —
(X —A)=Ug(A)=AUps(A)=A=X—-(X—-A).So X -Ae7S.

(iii) For A C X, from Theorem 2.3 (iv), ¥s(¢s(A)) = ¢vs(A)Ups(ps(A4)) =
ws(A). By Theorem 3.9, ¢s(A) is 7S-closed O

Theorem 3.13. Let (X, 7) be a topological space and S be a stack on X.
Then forU € T and A ¢ S,
U—-AerS.

Proof. First, we show that ¢s(U°U A) C U°UA for U € 7 and A ¢ S.
Assume z € @g(U¢U A); then for every G € 7(x), GN(U°UA) = (GNU*)U
(GNA) € S. If there exists an open set G € 7(z) such that G NU° = (), since
G NAe€ S and S is a stack, we have A € S. It contradicts to the fact A ¢ S.
So GNU® # () for every G € 7(z) and this implies z € cl(U¢) = U C U°U A.
Hence ¢s(U°U A) C U°U A and from the fact, it follows ¥s(X — (U — A)) =

—(U—-A)Ups(X —(U—-A)=X—(U—-A). Hence U — A € 7S. O

Theorem 3.14. Let (X, 7) be a topological space and S be a stack on X.
For any W € 78, W—U(U A)forUerTand A¢S.
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Proof. For any W € 78, let z € W. Then Us(X — W) = (X — W) U
es(X —W)=X—-—Wandxz ¢ X —W. So z ¢ ps(X — W) and there exists
some U € 7(z) such that (X —W)NU ¢ S. Put A= (X —-W)NU. Thenx ¢ A
and A ¢ S. Moreover, we have © € U — A C W. So the proof is completed. O

Theorem 3.15. Let (X, 7) be a topological space and S be a stack on X.
Then 7 C 78.

Proof. Tt is obvious from Theorem 3.14 and ) ¢ S. O
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