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Abstract: Results on the linear cyclicity of the Gray image of a class of linear
cyclic codes over a finite chain ring R of nilpotency index 2 are presented. For
this purpose, following [1], the generator polynomial of an R-linear cyclic code
of length n relatively prime to the characteristic of the residual field of R is
given.
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1. Introduction

Since the Kerdock and Preparata codes were found to be the Gray image of
Z4-linear codes, the study of codes over finite rings has increased (see [3]).
First codes over the ring Zpn of integers modulo pn where p is a prime and
n > 1 an integer, and the corresponding Gray image were treated (see [5],
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[10]). Then codes over some finite rings, including Galois rings, and recently
over general finite chain rings, were studied (see [6], [7]). Since finite chain
rings generally do not have a rich structure the description of codes over these
rings and, particularly, the Gray image of these codes is not a trivial question
to answer. However in an attempt to give an answer to this question, in this
note the Gray image of a class of linear cyclic codes defined over a finite chain
ring of characteristic p and nilpotency index 2 is determined. The manuscript
is divided as follows. In Section 2 basic definitions and facts on finite chain
rings and the Gray map on these rings are recalled. In Section 3 a polynomial
formulation of the Gray map is presented as well as technical results which are
used in Section 4 where the main results of this manuscript are given.

2. About Finite Chain Rings

In this section basic definitions and properties of finite chain rings are recalled.
For further details we refer the reader to [8] (see also [1], [9]).

We recall that a finite chain ring is an associative, commutative, finite ring
with identity whose ideals are ordered by inclusion. This class of rings has the
following properties (see [1], Proposition 2.1):

Proposition 1. For a finite commutative ring R the following conditions
are equivalent:

i) R is a local ring and the maximal ideal M of R is principal,

ii) R is a local principal ideal ring,

iii) R is a chain ring.

Let (R,M) be a finite chain ring and let π be a fixed generator for the
maximal ideal M. Then π is a nilpotent element and let t+1 be its nilpotency
index. The finite chain of ideals of R is:

R = 〈π0〉 ⊃ 〈π1〉 ⊃ · · · 〈πt−1〉 ⊃ 〈πt+1〉 = 〈0〉.

Let F = R/M be the residue field of R which is isomorphic to a finite field
IFpm with pm elements and let µ : R −→ F, µ(a) = a = a+M be the canonical
residue homomorphism.

Let T ⊆ R be a set of representatives for the equivalence classes of R
modulo M. Equivalently, T can be defined as the maximal subset of R with
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the property that µ(r1) 6= µ(r2) implies r1 6= r2, for all r1, r2 ∈ R. This set is
called the Teichmüller set of representatives of R.

Lemma 2. (see [9]) Let R be a finite chain ring with nilpotency index
t+ 1 and let T ⊂ R be a Teichmüller set of representatives of R. Then,

i) Any element a ∈ R has a unique representation: a = ρ0(a) + ρ1(a)π +
· · · + ρt(a)π

t where ρj(a) ∈ T .

ii) |T | = |F|.

iii) |πiR| = |F|t−i+1 for 0 ≤ i ≤ t + 1. In particular, |R| = |IF |t+1, i.e.,
|R| = p(t+1)m.

Examples of finite chain rings include the following:

i) Galois rings GR(pn,m) where p is a prime and n,m ≥ 1 are integers. If
m = 1, GR(pn, 1) = Zpn, the ring of integers modulo pn, and if n = 1,
GR(p,m) = Fpm, the finite field with pm elements (see [8]).

ii) Residue class rings IFp [ξ] /〈w(ξ)
k〉, where w(ξ) is an irreducible polyno-

mial over IFp of degree m ≥ 1 and k ≥ 1 is an integer (see [11]).

2.1. The Gray Map on a Finite Chain Ring

From now on R will denote a finite commutative chain ring of nilpotency index
t + 1 = 2, i.e., t = 1. Let π be a fixed generator of the maximal ideal M of
R, IF the residue field of R, which is isomorphic to IFq where q = pm for some
prime p and an integer m ≥ 1, and let T be a Teichmüller set of representatives
of the ring R.

We recall that if X = (x0, ..., xn−1) and Y = (y0, ..., ym−1) are elements of
Rn, n > 1 an integer, their Kronecker product is defined as:

X ⊗ Y = (x0Y, x1Y, ..., xn−1Y ).

Let IF = {0, ω0, ..., ωq−2} be the residue field of the finite chain ring R, where ω
is a primitive element, let C0 = (0, ω0, ..., ωq−2) be the vector whose entries are
all the elements of IF and let C1 = (1, 1, ..., 1) be the all-one vector of length q.
Let a be any element of R with π-adic representation a = ρ0(a)+ρ1(a)π where
ρ0(a), ρ1(a) ∈ T and let rj(a) = µ(ρj(a)) ∈ IF .

Let A = (a0, ..., an−1) ∈ Rn which can be written as A = ρ0(A) + ρ1(A)π
where ρj(A) = (ρj(a0), ..., ρj(an−1)), j = 0, 1 and ρj(ai) ∈ T so that rj(A) =
(rj(a0), ..., rj(an−1)) for j = 0, 1.
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The Gray map on Rn is defined (permutation equivalente) as (cf. [2]):

Φ : Rn −→ IFnq, Φ(A) = C0 ⊗ r0(A) +C1 ⊗ r1(A), (1)

where A = (a0, ..., an−1) ∈ Rn and “ ⊗ ” is the Kronecker product (expanded
from right to left).

Let

bj(ak) =







r1(ak), for j = k and k ∈ {0, ..., n − 1},
ωs−1r0(ak) + r1(ak), for j = sn+ k, s ∈ {1, ..., q − 1},

k ∈ {0, , 1, ..., n − 1}.

From the definition of the Gray map it is easy see that

Φ(A) = (. . . , bj(ak), . . .) ∈ IF qn.

The homogeneous weight on the ring R is defined as (cf. [2], [4]):

wth(γ) =







q − 1, if γ ∈ R \ 〈π〉
q, ifγ ∈ 〈π〉 \ {0}
0, otherwise

with q = pm as above. This weight is extended to Rn as:

wth(A) = wth(a0) + · · ·+ wth(an−1),

where A = (a0, a1, ..., an−1) ∈ Rn.

Let dh be the homogeneous distance on Rn determined by the homogeneous
weight. One of the main properties of the Gray map is the following (see [2]):

Theorem 3. With the notation as introduced above, the Gray map is
an injective isometry from (Rn, dh) into (Fnq, dH) where dH is the Hamming
distance on F

nq.

3. The Polynomial Representation of the Gray Map

Let S be a finite commutative ring, AS(t) = S[ξ]/〈ξt − 1〉 and let

Pt
S : St −→ AS(t),
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(a0, a1, ..., at−1) −→ a0 + a1ξ + · · ·+ at−1ξ
t−1 + 〈ξt − 1〉

be the polynomial representation of St into the ring AS(t). By taking repre-
sentatives of the elements of AS(t), we just write

Pt
S(a0, a1, ..., at−1) = a0 + a1ξ + · · ·+ at−1ξ

t−1.

Definition 4. With the notation as introduced above, the polynomial
representation of the Gray Φ is the mapping ΦP : AR(n) −→ AIF (qn) defined
as

ΦP = Pqn
IF ◦ Φ ◦ (Pn

R)
−1.

If A(ξ) is the polynomial representation in AR(n) of A ∈ Rn then ΦP(A(ξ))
is the polynomial representation of Φ(A) in AIF (qn).

The polynomial representation of Φ(A) in AIF (qn) can be written as:

ΦP(A(ξ)) =

q−1
∑

s=0

n−1
∑

k=0

bsn+k(ak)ξ
sn+k, (2)

where bj(ak) is as defined above.
For s ∈ {0, 1, . . . , q−1} let fs(ξ) =

∑n−1
k=0 bsn+k(ak)ξ

k, then relation (2) can
be expressed as

ΦP(A(ξ)) =

q−1
∑

s=0

fs(ξ)ξ
sn.

The following identities are easy to prove and will be useful later.

Lemma 5. Let q = pm, IFq be the finite field with q elements and ω a
primitive element of IFq. Then on IFq[ξ] the following relations hold:

i) 1 + ξn + ξ2n + · · ·+ ξ(p
m−1)n = (ξp

mn − 1)/(ξn − 1) = (ξn − 1)p
m−1.

ii) ξn + ωξ2n + . . . + ωpm−2ξ(p
m−1)n = ωpm−2ξn

∏pm−2
i=0 (ξn − ωi).

Let A(ξ) = a0 + a1ξ + · · · + an−1ξ
n−1 ∈ AR(n) be the polynomial repre-

sentation of A = (a0, . . . , an−1) ∈ Rn. If ai = ρ0(ai) + πρ1(ai), where ρ0(ai),
ρ1(ai) ∈ T for each i ∈ {0, 1, . . . , n− 1}, then

A(ξ) = ρ0(A)(ξ) + πρ1(A)(ξ),

where ρ0(A)(ξ) and ρ1(A)(ξ) are, respectively, the polynomial representations
in AR(n) of

ρ0(A) = (ρ0(a0), ρ0(a1), . . . , ρ0(an−1)),
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ρ1(A) = (ρ1(a0), ρ1(a1), . . . , ρ1(an−1)).

The following expression for the polynomial representation of the Gray map
will be useful for our purposes.

Proposition 6. If A(ξ) = ρ0(A)(ξ) + πρ1(A)(ξ), then

ΦP(A(ξ)) = r0(A)(ξ)ω
pm−2ξn

pm−2
∏

i=0

(ξn − ωi) + r1(A)(ξ)(ξ
n − 1)p

m−1, (3)

where r0(A)(ξ), r1(A)(ξ) ∈ AIF (n) are the polynomial representations of r0(A) =
(r0(a0), r0(a1), . . . , r0(an−1)) and r1(A) = (r1(a0), r1(a1), . . . , r1(an−1)) respec-
tively. Furthermore, r0(A)(ξ) and r1(A)(ξ) are the µ-reductions of ρ0(A)(ξ)
and ρ1(A)(ξ) respectively.

Proof. The first summand of relation (3) follows from collecting the first
terms of the expression of the coefficients bsn+k(ak) in relation (2) and from
part ii) of Lemma 5. The second summand appearing in (3) is obtained by
collecting the remaining terms of the expression for ΦP(A(ξ)) given in (2).

Observation. The result of Proposition 6 generalizes Proposition 12 c) of
[12].

Lemma 7. Let H = (h0, h1, . . . , hn−1) be any element of Rn, H(ξ) in
AR(n) its corresponding polynomial representation, and let h(ξ) in AIF (n) be
the µ-reduction of H(ξ). If ΦP(πH(ξ)) ∈ AIF (qn) is the polynomial represen-
tation of Φ(πH) then,

ΦP(πH(ξ)) = h(ξ)(ξn − 1)p
m−1.

Proof. Let H = (h0, h1, . . . , hn−1) ∈ Rn with hi = ρ0(hi) + πρ1(hi) ∈
R, ρ0(hi), ρ1(hi) ∈ T . Then

πH = (πh0, . . . , πhn−1)

= (π(ρ0(h0) + πρ1(h0)), . . . , π(ρ0(hn−1) + πρ1(hn−1)))

= (0 + πρ0(h0), . . . , 0 + πρ0(hn−1)).

Applying Proposition 6 to πH we have:

ΦP(πH)(ξ) =

[

n−1
∑

i=0

r1(πhi)ξ
i

]

[

(ξn − 1)p
m−1

]
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=

[

n−1
∑

i=0

r0(hi)ξ
i

]

[

(ξn − 1)p
m−1

]

= h(ξ)(ξn − 1)p
m−1

where h(ξ) := µ(H(ξ)) =
∑n−1

i=0 r0(hi)ξ
i, and the claim follows.

4. Gray Image of a Class of Linear Cyclic Codes over R

Let R be a ring as described above. We recall that a subset C ⊆ Rn is an
R-linear code of length n if C is an R-submodule of Rn, and C is cyclic if when-
ever (c0, c1, . . . , cn−1) ∈ C then (cn−1, c0, . . . , cn−2) ∈ C. Via the polynomial
representation mapping, an element c = (c0, c1, . . . . . . , cn−1) ∈ Rn is identified
with the polynomial c0+ c1ξ+ · · ·+ cn−1ξ

n−1 in R[ξ]/〈ξn−1〉. It is well known
that a code C of length n over R is cyclic if and only if its image under the
polynomial representation mapping is an ideal of R[ξ]/〈ξn − 1〉. If the length
n of the code is relatively prime to the characteristic of the residue field IF of
the ring R, a characterization of linear cyclic codes of length n can be found in
[1]. Along the same line of ideas we have the following result.

Theorem 8. With the notation as above, let n ≥ 1 be an integer relatively
prime to the characteristic p of the residue field IF and let C be a R-linear cyclic
code of length n. Then there exists a unique family of pairwise coprime monic
polynomials A(ξ), B(ξ), C(ξ) ∈ R[ξ] such that A(ξ)B(ξ)C(ξ) = ξn − 1 and
C = 〈A(ξ)[B(ξ) + π]〉 in R[ξ]/〈ξn − 1〉.

Proof. Let I be a nontrivial ideal of A(n) = R[ξ]/〈ξn − 1〉. From [1, The-
orem 3.4], there exists a unique family of pairwise coprime monic polynomi-
als A(ξ), B(ξ), C(ξ) ∈ R[ξ] with A(ξ)B(ξ)C(ξ) = ξn − 1 in R[ξ] such that
I = 〈Ĉ(ξ), πB̂(ξ)〉 where B̂(ξ) = A(ξ)C(ξ) and Ĉ(ξ) = A(ξ)B(ξ). Moreover,
from [1, Theorem 3.6] it follows that, I = 〈Ĉ(ξ) + πB̂(ξ)〉. Let J = 〈G(ξ)〉
where G(ξ) = A(ξ)[B(ξ) + π]. The claim of the Theorem would be proved if it
can be shown that I = J . First we see that I ⊇ J . Since C(ξ) and B(ξ) are
coprime there exists U(ξ), V (ξ) ∈ R[ξ] such that U(ξ)C(ξ)+V (ξ)B(ξ) = 1. By
reducing modulo ξn−1 a similar relation for U(s) and V (s) in A(n) is obtained.
Then,

πU(ξ)A(ξ)C(ξ) + πV (ξ)A(ξ)B(ξ) = πA(ξ) in A(n). (4)

Using relation (4) it is easy to see that

G(ξ) = [πV (ξ) + 1]Ĉ(ξ) + πU(ξ) B̂(ξ),
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from which it follows that G(ξ) ∈ I proving that J ⊆ I.

On the other hand, since A(ξ)B(ξ)C(ξ) = ξn−1 inR[ξ] we have C(ξ)G(ξ) =
A(ξ)B(ξ)C(ξ) + πA(ξ)C(ξ) in R[ξ] and hence in A(n):

C(ξ)G(ξ) = πA(ξ)C(ξ) = πB̂(ξ). (5)

Also, in A(n) the following relation holds:

πG(ξ) = πA(ξ)[B(ξ) + π] = πA(ξ)B(ξ) = πĈ(ξ). (6)

Thus, from relations (5) and (6) it follows that πB̂(ξ) and πĈ(ξ) belong to J .
Furthermore, since

πU(ξ)A(ξ)C(ξ) + πV (ξ)A(ξ)B(ξ) = πA(ξ), (7)

i.e., πU(ξ)B̂(ξ) + πV (ξ)Ĉ(ξ) = πA(ξ), then πA(ξ) ∈ J . Since A(ξ)B(ξ) =
G(ξ) − πA(ξ), then A(ξ)B(ξ) = Ĉ(ξ) ∈ J . Therefore, Ĉ(ξ) + πB̂(ξ) ∈ J
showing that I ⊆ J . Hence I = J proving that I is generated by G(ξ).

If the generator polynomial G(ξ) of the R-linear cyclic code C is as in the
previous Theorem, the following cases can be considered:

i) If C(ξ) = 1 then G(ξ) = πA(ξ).

ii) If A(ξ) = 1 then G(ξ) = B(ξ) + π.

As it was pointed out in the Introduction, describing the Gray image of codes
over a finite chain ring is in general a non-trivial question to answer, even for the
case where the ring has nilpotency index 2. As an attempt to provide a solution
to this question, in the following lines the Gray image of the linear cyclic code
whose generating polynomial is as in i) of the above mentioned cases will be
described. Case ii) as well as other cases require further investigation.

Theorem 9. With the notation as above let n > 1 be an integer rel-
atively prime to the characteristic of the residue field IFq of R and let C be
a R-linear cyclic code of length n. If G(ξ) = πA(ξ) and C = 〈G(ξ)〉 then
ΦP(G(ξ)) = a(ξ)(ξn − 1)p

m−1 where a(ξ) = µ(A(ξ)) and ΦP(G(ξ)) divides
ξnp

m

− 1. Moreover, the Gray image, Φ(C), of C is a linear cyclic code over IFq

of length qn.

Proof. Applying Lemma 7 to the generator polynomial G(ξ) of the code C,
it follows that,

ΦP(G(ξ)) = a(ξ)(ξn − 1)p
m−1.
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Furthermore, since A(ξ) divides ξn − 1 in R[ξ] then a(ξ) divides (ξn − 1) in
IFq[ξ] and, therefore, ξ

n − 1 = a(ξ)q(ξ) for some q(ξ) ∈ IFq[ξ]. As ξp
mn − 1 =

(ξn − 1)(ξn − 1)p
m−1 = a(ξ))q(ξ)(ξn − 1)p

m−1, i.e., ξp
mn − 1 = ΦP(G(ξ))q(ξ), it

follows that ΦP(G(ξ)) divides ξp
mn−1 in IFq[ξ]. In consequence, the polynomial

ΦP(G(ξ)) generates a IFq-linear cyclic code of length npm.
Furthermore,

ΦP(UG(ξ)) ∈ 〈ΦP(G(ξ))〉

for each U(ξ) ∈ R[ξ]/(ξn − 1).
Let U(ξ) ∈ R[ξ]/(ξn − 1). Then U(ξ)G(ξ) = πU(ξ)A(ξ) = πH(ξ) where

H(ξ) = U(ξ)A(ξ). Again, from Lemma 7 applied to the polynomial Û(ξ)Ĝ(ξ)
we have,

ΦP(UG(ξ)) = ΦP (πH)(ξ) = h(ξ)(ξn − 1)p
m−1 =

u(ξ)a(ξ)(ξn − 1)p
m−1 = u(ξ)ΦP(G(ξ)),

i.e., ΦP(UG(ξ)) = u(ξ)ΦP (G(ξ)). Therefore,

ΦP(UG(ξ)) ∈ 〈ΦP (G(ξ))〉.

and in consequence,

ΦP (〈G(ξ)〉) ⊆ 〈ΦP(G(ξ))〉.

Let deg(A(ξ)) = r. Then since C(ξ) = 1, deg(B(ξ)) = n − r and |C| =
|IF |2deg(C(ξ))+1deg(B(ξ)) = (pm)n−r (cf. [1]). On the other hand,

|〈ΦP(G(ξ))〉| = (pm)p
mn−deg(ΦP (G(ξ)) = (pm)p

mn−(n(pm−1)+r)

= (pm)n−r,

and we conclude that Φ(C) is a [qn, n − r]-linear cyclic code over IFq, proving
the claim of the Theorem.
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