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INVERSE ESTIMATION OF THE INITIAL

CONDITION FOR THE HEAT EQUATION
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Abstract: In this work,we investigate the inverse problem in the heat equation
involving the recovery of the initial temperature from measurements of the
final temperature. This problem is known as the backward heat problem and
is severely ill-posed. We show that this problem can be converted into the
first Fredholm integral equation, and an algorithm of inversion is given using
the Tikhonov’s regularization method. The Newton root-finding algorithm for
obtaining the regularization parameter is presented. We also present numerical
computations that verify the accuracy of our approximation.
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1. Introduction

Inverse heat conduction problems have many applications in various branches
of science and engineering,mechanical and chemical engineers, mathematicians
and specialists in many other sciences branches are interested in inverse prob-
lems (see [1,2,3,4,5]),each with different application in mind. The main difficulty
in the treatment of inverse problems is the instability of their solution in the
presence of noise in the observed (measured) data, that is, the ill-posed nature
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of the problem in the sense of hadamard. This problem not only defies easy
solution, but has served to discourage the type of massive study that has accom-
panied direct or well-posed problems, see [6, 7]. One could generically classify
inverse problems into three types (all of them based on observations of the evo-
lution of the involved physical system): identification of physical parameters or
parameter identification; determination of the initial state of the system and
determination of the boundary conditions, see [8,9,10,11,12,13,14,15].

In this article we will examine some inversion techniques in order to esti-
mate the initial temperature distribution of an inverse heat conduction problem
.We show that this problem can be converted into the first Fredholm integral
equation and an algorithm of inversion is given using the Tikhonov’ s regu-
larization method with Newton’s method for the choice of the regularization
parameter. Numerical experiments are presented to show the efficiency of the
proposed method.

2. Mathematical Model

2.1. The Direct Problem

The direct (forward) problem consists of a transient heat conduction problem in
a slab with adiabatic boundary condition and initially at a temperature denoted
byf(x)

The mathematical formulation of this problem is given by the following heat
equation:

∂u

∂t
= D

∂2u

∂x2
0 < x < L, t > 0 (1)

u(0, t) = 0 t > 0 (2)

u(L, t) = 0 t > 0 (3)

u(x, 0) = f(x) 0 ≤ x ≤ L (4)

where u(x, t) (temperature), f(x) (initial condition),x (spatial variable) and t

(time variable) are dimensionless quantities, D denote the dispersion coefficient.

For the direct problem where the initial condition f(x) is specified, the
problem given by equation (1-4) is concerned with the determination of the
temperature distribution u(x, t) in the interior region of the solid as a function
of time and position.
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2.2. Inverse Problem

For the inverse problem, the initial condition f(x) is regarded as being unknown.
In addition, an overspecified condition is also considered available. To estimate
the unknown coefficient f(x), the additional information

u(x, T ) = g(x) (5)

are given at time T ,over a specified space interval 0 ≤ x ≤ L.We note that the
measured overspecified condition u(x, T ) = g(x) should contain measurement
errors. Therefore the inverse problem can be stated as follows: by utilizing the
above mentioned measured data, estimate the unknown function f(x).

3. Algorithm Analysis

The solution of the direct problem for a given initial condition f(x) is explicitly
obtained using separation of variables, for 0 < x < L, t ≥ 0

u(x, t) =

∫ L

0
K(x, y, t)f(y)dy,

where

K(x, y, t) =
2

L

∞
∑

n=1

e
−

(nπ)2Dt

L2 sin(
nπx

L
) sin(

nπy

L
)

is an infinite series. Numerically, we can’t handle infinite sums. Limit the sum
to a finite number of expansion terms 100 which guarantees the convergence of
the series. So

K(x, y, t) ≈
2

L

100
∑

n=1

e
−

(nπ)2Dt

L2 sin(
nπx

L
) sin(

nπy

L
)

Thus initial inverse problem is reduced to solving integral equation of the
first kind.

u(x, T ) = g(x) =

∫ L

0
K(x, y, T )f(y)dy. (6)

The first step in the numerical treatment used in this research consists in
discretiztion of equation (6) by the quadrature formula. The interval [0, L] can
be subdivided into equal intervals of width h = ∆y = L

N
. Let y0 = 0,yj = j∆y

and since the variable is either y or x, letx0 = y0 = 0,xN = yN = L,xi =
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i∆y,and(i.e.xi = yi). Also denote f(xi) as fi, g(xi) as gi, and K(xi, yi, T ) as
Kij . Now if the trapezoid rule is used to approximate the given equation, then:

g(x) =

∫ L

0
K(x, y, T )f(y)dy

≈ ∆y[
1

2
K(x, y0, T )f(y0) +K(x, y1, T )f(y1) + · · ·

+K(x, yN−1, T )f(yN−1) +
1

2
K(x, yN , T )f(yN )]

or, more tersely:

g(x) ≈ ∆y[
1

2
K(x, y0, T )f0 +K(x, y1, T )f1 + · · ·

+K(x, yN−1, T )fN−1 +
1

2
K(x, yN , T )fN ]

There are N + 1 values of fi,as i = 0, 1, 2 · · ·N .Therefore the equation
becomes a set of N + 1 equations in fi:

gi = ∆y[
1

2
Ki0f0 +Ki1f1 + · · ·Ki(N−1)fN−1 +

1

2
KiNfN ], i = 0, 1, 2 · · ·N.

that give the approximate solution to f(xi) at x = xi. This may also be written
in matrix form:

KF = G, (7)

where K is the matrix of coefficients

K = ∆y ·









1
2K(x0, y0, T ) K(x0, y1, T ) · · · 1

2K(x0, yN , T )
1
2K(x1, y0, T ) K(x1, y1, T ) · · · 1

2K(x1, yN , T )
· · · · · · · · · · · ·
1
2K(xN , y0, T ) K(xN , y1, T ) · · · 1

2K(xN , yN , T )









F is the matrix of solutions

F = [f(y0), · · ·, f(yi), · · ·, f(yN )]T

and G is the matrix of the nonhomogeneous part

G = [g(x0), · · ·, g(xi), · · ·, g(xN )]T .

The problem (7) is ill-posed in the sense that the inverse operator A−1 of A
exists but it is not continuous. Hence, although the problem (7) has a unique
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solution, solving it directly will not give a right solution. Indeed, the linear
operator A is so badly conditioned that any numerical attempt to directly solve
(7) may fail.

In this note we describe Tikhonov regularization for finding a stable ap-
proximate solution to a linear ill-posed problem represented in the form of an
operator equation:

KF = G

where instead of the exact data G, noisy dataGδ is available with:

‖G−Gδ‖ ≤ δ.

In order to find a solution in stable manner, Tikhonov proposed to solve:

Fα,δ = argmin
F∈RN+1

Jα(F ) = (‖KF −Gδ‖
2
2 + α ‖F‖22),

where the regularization parameter is found such that:

‖KFα,δ −Gδ‖2 = δ. (8)

The computation of the approximate solution Fα,δ consists in solving the
Euler equation corresponding to the functional Jα. This equation has the form:

(K∗K + αI)Fα,δ = K∗Gδ,

where K∗ is the adjoint operator of K and I is the identity operator.
The regularization parameter α satisfying the condition (8) and thus the

associated solution Fα,δ is typically determined by the Morozovs discrepancy
principle [16, 17]. How to solve the equation ‖KFα,δ −Gδ‖2 = δ ,we introduce:

φ(α) = ‖KFα,δ −Gδ‖
2
2 − δ2.

Then the equation φ(α) = 0 is equivalent to ‖KFα,δ −Gδ‖2 = δ, and it can
be solved numerically for example, by Newton’s method:

αj+1 = αj −
φ(αj)

φ′(αj)
j = 0, 1, 2, · · ·.

The derivative φ′(α) can be calculated as follows:

φ′(α) =
[〈

KFα,δ −Gδ,KFα,δ −Gδ〉 − δ2
]′

α

=
〈

K
dFα,δ

dα
,KFα,δ −Gδ

〉

+
〈

KFα,δ −Gδ ,K
dFα,δ

dα

〉

= 2Re
〈

K
dFα,δ

dα
,KFα,δ −Gδ

〉
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We now compute
dFα,δ

dα
by differentiating the identity:

αFα,δ +K∗KFα,δ = K∗Gδ

implicitly. Since the right-hand side does not depend on α, one has:

Fα,δ + α
dFα,δ

dα
+K∗K

dFα,δ

dα
= 0

Solving for
dFα,δ

dα
we get:

dFα,δ

dα
= −[αI +K∗K]−1Fα,δ = −[αI +K∗K]−1[αI +K∗K]−1K∗Gδ

Substituting this into φ′(α), one derives

φ′(α) = 2Re
〈

−K[αI +K∗K]−1Fα,δ,KFα,δ −Gδ

〉

= 2Re
〈

−K[αI +K∗K]−1[αI +K∗K]−1K∗Gδ,K[αI +K∗K]−1K∗Gδ −Gδ

〉

4. Numerical Examples

In this section, we are going to demonstrate some numerical results for deter-
mining f(x) in the inverse problem (1)-(5).

We use the L∞ error norm and the relative error to measure the difference
between the numerical and analytical solutions. The L∞ error norm is defined
by:

L∞ = max
0≤j≤N

∣

∣

∣
f(xj)− f̃(xj)

∣

∣

∣

and the relative error (RE)is defined by:

RE =

√

√

√

√

√

√

√

√

N
∑

j=0

∣

∣

∣
f(xj)− f̃(xj)

∣

∣

∣

2

N
∑

j=0
|f(xj)|

2

where xj are test points and N is the total number of uniformly distributed
points on [0, 1]. f(x) is the exact solution and f̃(x) is the numerical solution.

In our computations, we always take N = 40.The noisy data
{

gδ(xj)
}

∣

∣

∣

N
j=0

were assumed to contain some random errors. However, in practical applica-
tions, the reduplicated measurements are fairly difficult and even are impossible.
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Hence, in this paper, we consider the deterministic errors. Assume the observed
data has the following noised form:

gδ(xj) = g(xj) + δ sin(10πxj), j = 0, 1, 2, · · ·N.

Example 1. In this example let us consider the following inverse problem:

∂u
∂t

= ∂2u
∂x2 0 < x < 1, t > 0

u(0, t) = 0 t ≥ 0
u(1, t) = 0 t ≥ 0
u(x, 0) = f(x) 0 ≤ x ≤ 1

the over specified condition:

u(x, 1) = g(x) = e−π2
sin(πx)

The analytical solution of this example is u(x, t) = e−π2t sin(πx) and

f(x) = sin(πx)

The regularization parameter α is chosen using Newton’s method, the L∞

error norm and relative error RE are presented in Table 1. Also, the correspond-
ing errors between the analytical and the estimated functions f(x) in xj = 0.1j
when δ = 0.1 are listed in Table 2.

δ α L∞ RE

0.1 5.73185 × 10−14 2.14202 × 10−5 2.14247 × 10−5

0.05 8.72765 × 10−15 3.26344 × 10−6 3.26231 × 10−6

0.01 2.54233 × 10−15 9.53403 × 10−7 9.50310 × 10−7

0.001 9.81035 × 10−16 3.69100 × 10−7 3.66705 × 10−7

Table 1: The L∞ and the relative errors forf(x) , with δ =
0.1, 0.05, 0.01, 0.001

Example 2. In this example let us consider the following inverse problem

∂u
∂t

= D ∂2u
∂x2 0 < x < 1, t > 0

u(0, t) = 0 t > 0
u(1, t) = 0 t > 0
u(x, 0) = f(x) 0 ≤ x ≤ 1



588 T. Min, B. Geng, J. Ren

j Exact f(xj) Numericalf̃(xj)
∣

∣

∣

f(xj)− f̃(xj)
∣

∣

∣

1 0.309016994374947 0.309016994374947 6.621267118533 × 10−6

2 0.587785252292473 0.587772658514349 1.259377812457 × 10−5

3 0.809016994374947 0.808999662566453 1.733180849472 × 10−5

4 0.951056516295154 0.951036138131767 2.037816338640 × 10−5

5 1 0.999978579729737 2.142027026342 × 10−5

6 0.951056516295154 0.951036139325882 2.037696927137 × 10−5

7 0.809016994374947 0.80899966217245 1.733220249233 × 10−5

8 0.587785252292473 0.587772660016492 1.259227598149 × 10−5

9 0.309016994374948 0.309010373872585 6.620502362109 × 10−6

10 1.22464679914735 × 10−16 6.12310280754787 × 10−17 6.123365183926 × 10−17

Table 2: The analytical and numerical results for the f(xj) in xj = 0.1j
where δ = 0.1

the initial condition

f(x) =

{

2x 0 ≤ x ≤ 0.5
2(1 − x) 0.5 ≤ x ≤ 1

where D = 0.01, the exact solution is given by using the separation of variables

u(x, t) =

∞
∑

n=0

8

π2(2n+ 1)2
cos(

(2n + 1)π(2x − 1)

2
)e[−Dπ2(2n+1)2t]

The experimental data u(x, T ) = g(x) (measured temperatures at T = 1)
is obtained from the exact solution by taking the sum of the first one hundred
terms. The L∞ error norm and relative error RE are presented in Table 3, Also,
the corresponding errors between the analytical and the estimated functions
f(x) in xj = 0.1j when δ = 0.1 are listed in Table 4.

δ α L∞ RE

0.1 0.00036282 0.0634335 0.0312757
0.05 0.00021836 0.0611471 0.0287479
0.01 0.00005996 0.0547497 0.0237954
0.001 0.00001008 0.0478144 0.0203349

Table 3: The L∞ and the relative errors forf(x), with δ =
0.1, 0.05, 0.01, 0.001

The graph of the analytical and the estimated functions forf(x) is given in
Figure 5-8

From the previous two numerical examples, it can be seen that the numerical
results are quite satisfactory. Even with the noise level of input data up to
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Figure 1: Figure 1-4 show the comparison between exact and numerical
solutions of f(x) with noise δ = 0.1, 0.05, 0.01, 0.001, respectively, for
Example 1.

δ = 0.1, the numerical solutions are still in good agreement with the exact
solutions
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j Exact f(xj) Numericalf̃(xj)
∣

∣

∣
f(xj)− f̃(xj)

∣

∣

∣

1 0.2 0.203285479287456 0.0032854792874559
2 0.4 0.399171118110754 0.0008288818892464
3 0.6 0.590641061060895 0.0093589389391055
4 0.8 0.818696676546333 0.0186966765463328
5 1 0.945250250199793 0.0547497498002067
6 0.8 0.818696676542829 0.0186966765428294
7 0.6 0.590641061065385 0.0093589389346149
8 0.4 0.399171118106812 0.0008288818931877
9 0.2 0.203285479288568 0.0032854792885684
10 0 3.39804782379576 × 10−17 3.39804782379576 × 10−17

Table 4: The analytical and numerical results for the f(xj) in xj = 0.1j
where δ = 0.1

5. Conclusion

This paper deals with the effective algorithms for solving the backward heat
problem and the following results are obtained.

1. The present study, successfully applies the numerical method involving
the Tikhonov’s regularization method in conjunction with the first Fredholm
integral equation to the inverse heat conduction problems.

2. From the illustrated example it can be seen that the proposed numerical
method is efficient and accurate to estimate the initial condition f(x).
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