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Abstract: In this paper, we present a novel approach for solving higher order
nonlinear singular boundary value problems (SBVP). The original differential
equation is modified at the singular point then the boundary value problem
is treated by differential transform method(DTM).The proposed method is a
promising tool for solving a class of higher order nonlinear singular boundary
value problems and is capable of reducing the computational size. Numeri-
cal examples are included to demonstrate the validity and applicability of the
technique and a comparison is made with the existing results.
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1. Introduction

The aim of this paper is to introduce a novel approach for solving a class of
higher order nonlinear singular boundary value problems:

y(m)(x) +
α

x
y(m−1)(x) = f(x, y) (1)

subject to the boundary conditions
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y(0) = γ0, y′(0) = γ1, . . . , y(m−1)(0) = γm−1, y(1) = µ or y′(1) = ω (2)

These type of problem occurs frequently in various areas of engineering and sci-
entific applications for example in the study of electro hydrodynamics, theory
of thermal explosions, reactant concentration in a chemical reactor, boundary
layer theory, and flow networks in biology, the study of astrophysics, the de-
flection of a curved beam having a constant or varying cross section, three
layer beam, electromagnetic waves or gravity driven flows, beam theory, in-
elastic flows, the theory of elastic stability and so on. Finding accurate and
efficient methods for solving higher order SBVP’s has been an active research
undertaking. Numerical treatment for higher order SBVP’s are challenging be-
cause of singularity behavior at the origin. Sharma and Gupta [1] studied the
multi-integral method for solving non singular fourth order differential equa-
tions. Yousef et.al [2], applied an integral method to solve singular fourth-order
boundary value problems. In [3] the original differential equation is modified
at singular point then the boundary value problem is treated by using cubic
splines. DTM for solving singular boundary value problems was studied in [4].
The authors of [5-6] applied modified Adomain decomposition method to solve
higher order SBVP’s. The numerical study of SBVP’s has been given in [7-12]
and references therein. To the authors knowledge no paper has been reported
yet for the solution of higher order nonlinear SBVP’s using DTM. In this pa-
per, we introduced the DTM as an alternative to existing methods for solving
higher order nonlinear SBVP’s. The use of DTM in electric circuit analysis
was pioneered by Zhou [13] and later adopted by several researchers [14-22].
The DTM obtains an analytical solution in the form of a polynomial. It is
different from the traditional high order Taylor’s series method, which requires
symbolic competition of the necessary derivatives of the data functions. The
Taylor series method is computationally taken long time for large orders. With
this method, it is possible to obtain highly accurate results or exact solutions
for differential equations. The paper is organized in four sections. Basic con-
cept of DTM is discussed in Section 2. The present method has been applied
to the higher order singular boundary value problems in Section 3. In Section
4 the method is applied to three test problems and numerical experiments are
given to demonstrate the validity and the efficiency of the proposed method.
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2. Basic Ideas of Differential Transform Method

An arbitrary function y(x) can be expanded in Taylor series about a point x =
0 as

y(x) =
∞
∑

k=0

xk

k!

∣

∣

∣

∣

dky(x)

dxk

∣

∣

∣

∣

x=0

(3)

The differential transform of y(x) is defined [13] as

Y (k) =
1

k!

∣

∣

∣

∣

dky(x)

dxk

∣

∣

∣

∣

x=0

(4)

where y(x) is the original function and Y (k) is the transformed function.
The differential inverse transform is

y(x) =
∞
∑

k=0

Y (k)xk (5)

In actual applications, the function y(x) is expressed by a finite series with a
remainder term and equation (5) can be rewritten as follows

y(x) =

n
∑

k=0

Y (k)xk +Rn(x) (6)

which means that Rn(x) =
∞
∑

k=n+1

Y (k)xk is small, negligibly. Usually the value

of n is decided by convergence of the series coefficients. The fundamental math-
ematical operations performed by differential transform method are listed in
Table 1.

3. Description of the Method

We first modify the Eq. (1) at the singular point at x = 0 by using L’ Hospital
rule, the boundary value problem (1) is transformed into

(1 + α)ym(0) = f(0, y(0)) (7)

y(m)(x) +
α

x
y(m−1)(x) = f(x, y), x 6= 0 (8)

The differential transformed version of Eq.(7) -(8) are

(1 + α)1.2.3 . . . mY (m) = F (0, Y (0)) (9)
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Original function Transformed function
y(x) = g(x)± h(x) Y (k) = G(k)±H(k)
y(x) = αg(x) Y (k) = αG(k)

y(x) = dg(x)
dx

Y (k) = (k + 1)G(k + 1)

y(x) = d2g(x)
dx2 Y (k) = (k + 1)(k + 2)G(K + 2)

y(x) = g(x)h(x) Y (k) =
k
∑

l=0

G(l)H(k − l)

y(x) = xm Y (k) = δ(k − l) =

{

1 if k = m

0 if k 6= m

f(y(x)) = yn(x) F (Y (k)) =
k
∑

l=0

Y (k − l)
l
∑

m=0
Y (l −m) . . .

n
∑

r=0
Y (r)Y (n− r)

Table 1: The fundamental operations of differential transform method

k
∑

l=0

δ(l − 1)(k − l + 1)(k − l + 2) . . . (k − l +m)Y (k − l +m)

+α(k + 1)(k + 2) . . . (k +m− 1)Y (k +m− 1) =

k
∑

l=0

δ(l − 1)F (k − l) (10)

where F (k) is the transformed version of nonlinear function. The transformed
conditions are

Y (0) = γ0, Y (1) = γ1, . . . , Y (n−1)(0) =
γn−1

1.2.3 . . . (n− 1)
,

n
∑

k=0

Y (k) = µ or
n
∑

k=0

(k + 1)Y (k + 1) = ω (11)

Substituting (11) in (10) and by recursive method we can calculate all values
of Y (k). Hence substituting Y (k)’s in (6) we get the series solution.

4. Numerical Results

In this section, we tested the proposed approach for a class of higher order
nonlinear singular boundary value problems.

Example 1. First, we consider the singular nonlinear third order boundary
value problem

y′′′(x)− 2

x
y′′(x) = y(x) + y2(x) + 7x2ex + 6xex − 6ex − x6e2x (12)
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x Solution in[6] DTM solution Exact solution

0 0 0 0
0.1 0.00110498291759 0.00110517367202 0.00110517091807
0.2 0.00976821400349 0.00977126613035 0.00977122206528
0.3 0.03643095870463 0.03644641087533 0.03644618780455
0.4 0.09542864355471 0.09547748493395 0.09547678064904
0.6 0.39333377246903 0.39358114034854 0.39357766088435
0.7 0.69026481777657 0.69072328032408 0.69071717866237
0.8 1.13870338730698 1.13948595614931 1.13947695538814
0.9 1.79180568789922 1.79306023923106 1.79305066803341
1.0 2.71636750366666 2.718281828459043 2.7182818284591

Table 2: Numerical Solution for Example 1

subject to the boundary conditions

y(0) = y′(0) = 0, y′(1) = e (13)

The exact solution of this problem is y(x) = x3ex. Table 2 exhibits the errors
obtained by the present method, solution in [6] and the exact solution.

Example 2. Next, we consider the singular nonlinear third order boundary
value problem

y′′′(x)− 2

x
y′′(x)− y3(x) = 7x2ex + 6xex − 6ex − x9e3x + x3ex (14)

subject to the boundary conditions

y(0) = y′(0) = 0, y′(1) = 10.873 (15)

The exact solution of this problem is y(x) = x3ex.Comparison between the
solution obtained by using the proposed method, method in [7] and the exact
solution are presented in Table 3.

Example 3. Next, we consider the singular nonlinear fourth order bound-
ary value problem

yiv(x) +
4

x
y′′′(x) = 15y5(x)(3 − 7x2y2(x))(1 − x2y2(x)) (16)

subject to the boundary conditions

y(0) =
1

2
, y′(0) = 0, y(1) =

1√
5
, y′(1) = − 1

5
√
5

(17)
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x Solution in [7] DTM solution Exact solution

0 0 0 0
0.1 0.00110272861806 0.00110498291759 0.00110517091807
0.2 0.009732145252064 0.00976821400349 0.00977122206528
0.3 0.036248360725432 0.03643095870463 0.03644618780455
0.4 0.094851537726356 0.09542864355471 0.09547678064904
0.5 0.204563587110123 0.20597260702506 0.20609015883752
0.6 0.390411591946278 0.39333377246903 0.39357766088435
0.7 0.684849172830231 0.69026481777657 0.69071717866237
0.8 1.129457607979309 1.13870338730698 1.13947695538814
0.9 1.776974746594038 1.79180568789922 1.79305066803341
1.0 2.693706630766665 2.71636750366666 2.71828182845904

Table 3: Numerical Solution for Example 2

x Errors Exact solution
20 terms 25 terms

0 0 0 0.5
0.1 1.6003E-10 9.2050E-12 0.499376169438922
0.2 6.4013E-10 3.6821E-11 0.497518595104995
0.4 2.5615E-9 1.4734E-10 0.490290337854601
0.5 4.0044E-9 2.3034E-10 0.485071250072666
0.6 5.7714E-9 3.3199E-10 0.478913142610576
0.7 7.8597E-9 4.5240E-10 0.471929178183009
0.8 1.0166E-8 5.8914E-10 0.464238345442620
0.9 1.1408E-8 6.8893E-10 0.455960752587553
1.0 0 0 0.447213595499958

Table 4: Numerical Solution for Example 3

The exact solution is y(x) = 1√
4+x2

. Errors obtained by the proposed method

and the exact solution are presented in Table 4.

5. Conclusions

In this paper, we have presented a novel approach for solving higher order non-
linear SBVP’s. Errors obtained by the proposed method and the exact solution
are presented in Tables 2- 4. It is observed from the tables that the DTM solu-
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tion is superior than the method in [5,6] and it is very good agreement with the
exact solution. The present approach can be applied directly without requiring
linearization, discretization or perturbation. Also, it shows a promising tool for
solving a class of higher order nonlinear SBVP’s.
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