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Abstract: A set D of a vertices in a graph G = (V, E) is said to be a
total dominating set of G if every vertex in V is adjacent to some vertex in
D. The total domination number γt (G) is the minimum cardinality of a total
dominating set. If γt (G) 6= |V (G)|, the minimum cardinality of a set E0 ⊆
E(G), such that G − E0 contains no isolated vertices and γt (G − E0 ) > γt (G),
is called the total bondage number of G. This paper determines the exact
values of total bondage number of Wheel graph, Helm graph, Windmill graph,
Circular necklace and Friendship graph.
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1. Introduction
The total domination in graphs was introduced by Cockayne et al.[3] in 1980.
The total domination in graphs has been extensively studied in the literature.
In 2009, Henning [7] gave a survey of selected recent results on this topic.
In 1990, Fink et al.[4] introduced the bondage number as a parameter for
measuring the vulnerability of the interconnection network under link failure.
The minimum dominating set of sites plays an important role in the network for
it dominates the whole network with the minimum cost. So we must consider
whether its function remains good under attack. Suppose that someone such as
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a saboteur does not know which sites in the network take part in the dominating
role, but does know that the set of these special sites corresponds to a minimum
dominating set in the related graphs. Then how many links does he have to
attack so that the cost cannot remain the same in order to dominate the whole
network? That minimum number links is just the bondage number.
We consider only simple finite graphs without isolated vertices. For graph
theoretic terminology we refer to Bondy and Murty[2]. To each vertex v of a
graph G, N (v) denotes the set of all vertices of G which are adjacent to v. For
any subset S ⊆ V, N (S) = ∪{N (v)|v ∈ S}.
A set D of vertices in a graph G is said to be a dominating set if every
vertex in V − D is adjacent to some vertex in D. We call D a total dominating
set for G if every vertex in V is adjacent to some vertex in D.(i.e.,N (D) = V ).
The minimum cardinality of a dominating set (a total dominating set) of G
is denoted by γ(G), (γt (G)) and is called the domination number (the total
domination number)of G. It is clear that γ(G) ≤ γt (G) ≤ 2γ(G) for any graph
G without isolated vertices.
The bondage number b(G) of a nonempty graph G is the minimum number
of edges whose removal from G results in a graph with larger domination number than γ(G). Kulli and Patwari[9] proposed the concept of the total bondage
number for a graph. The total bondage number bt (G) of a graph G is the
minimum number of edges whose removal results in a graph with total domination number larger than γt (G). In [6], Hu and Xu showed that the problem
of determining total bondage number for general graphs is NP-hard.
Kulli and Patwari[9] calculated the exact values of bt (G) for some standard
graphs such as a cycle Cn and a path Pn for n ≥ 4, a complete bipartite
graph Km,n and a complete graph Kn . Sridharan et al.[12] showed that for
any positive integer k there exists a tree T with bt (T ) = k. Fu-Tao et al.[5]
determined the exact values of grid graphs bt (Gn,2 ), bt (Gn,3 ) and established
some upper bounds of bt (Gn,4 ).
Nader Jafari Rad et al.[10] improved the upper bound for the total bondage
number of a tree and showed an interesting constructive characterization of a
certain class of trees achieving equality for the upper bound. Further they derived some upper bounds on bt (G) in terms of maximum and minimum degrees,
which in particular improve similar previous bounds. Jianxiang Cao et al.[8]
computed the total bondage number of generalized peterson graphs.
In this paper, we determine the exact values of total bondage number of
Wheel graph, Helm graph, Windmill graph, Circular necklace and Friendship
graph.
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2. Total Bondage Number
Definition 2.1. Let G be a graph. If there exists E0 ⊂ E(G)such that (i)
there is no isolated vertex in G − E0 and (ii) γt (G − E0 ) > γt (G), then the edge
set E0 is called a total bondage edge set for G. If there is at least one total
bondage edge set for G, we define bt (G) = min{| E0 |: E0 is a total bondage
edge set of G}. Otherwise we put bt (G) = ∞. For star graph K1,n , we define
bt (G) = ∞.
2.1. Wheel Graph
A wheel graph Wn of order n is a graph that contains an outer cycle of
order n − 1, and for which every vertex in the cycle is connected to one other
vertex (which is known as the hub)[1]. The edges of a wheel which include the
hub are called spokes. See Figure 1. This plays an important role in the circuit
layout and interconnection network designs. In other words, a wheel graph Wn
is obtained when a additional vertex u not on Cn−1 is joined to each of the
n − 1 vertices namely v1 , v2 , ....vn−1 in Cn−1 by new edges. See Figure 1.
Lemma 2.1. Let G be a wheel graph. Then γt (G) = 2
Theorem 2.1. If Wn is a wheel graph with n > 4, then bt (Wn ) = 2.
Proof. S = {u, vi }, 1 ≤ i ≤ n − 1 is clearly a minimum total dominating set
of G by lemma 2.1.

Figure 1 Wheel graph W9 .
Even if we remove any edge from the outer cycle, S is a minimum total
dominating set of G. Further, when we remove any spoke edge, the total
domination number remains the same. Thus, bt (G) ≥ 2. Removal of two
adjacent spoke edges namely uvi , uvi+1 , S = {u, vi−1 , vi+2 }, 1 ≤ i ≤ n − 1 is a
minimum total dominating set and increases the total domination number to
3. Hence, bt (G) = 2.
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2.2. Helm Graph

A Helm graph is denoted by Hn is a graph obtained by attaching a single
edge and vertex to each vertex of the outer circuit of a wheel graph Wn . The
number of vertices of Hn is 2n − 1 and the number of edges 3(n − 1).
Lemma 2.2. Let G be a helm graph. Then γt (G) = n − 1
Proof. By the definition of a helm graph, there are n−1 pendent vertices. To
totally dominate all these vertices, we need n − 1 vertices which are adjacent to
pendent vertices. From Figure 2, the vertices {v1 , v2 , ......vn−1 } form a minimum
total dominating set of G. Thus, γt (G) = n − 1.
Theorem 2.2. If Hn is a helm graph, then bt (Hn ) = 2.
Proof. S = {v1 , v2 , ........, vn−1 } is clearly a minimum total dominating set
of G by lemma 2.2.

Figure 2 Helm graph H9 .
Even if we remove any edge from the outer cycle, S is a minimum total
dominating set of G. Further, when we remove any spoke edge, the total
domination number remains the same. Thus, bt (G) ≥ 2. Removal of any two
adjacent edges in Cn−1 , increases the total domination number to n. Hence,
bt (G) = 2.
2.3. Windmill Graph
The windmill graph W d(k, n) can be constructed by joining n copies of
the complete graph Kk with a common vertex. It has (k − 1)n + 1 vertices and
nk(k − 1)/2 edges[11].
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Lemma 2.3. [5] If Kk is the complete graph with k ≥ 5 vertices, then
bt (Kk ) = 2k − 5.
The following result is easy to prove.
Lemma 2.4. If W d(k, n) is a windmill graph with k ≥ 5, then
γt (W d(k, n)) = 2.
Theorem 2.3. If W d(k, n) is a windmill graph with k ≥ 5, then
bt (W d(k, n)) = 2k − 5.
Proof. From Lemma 2.3 and the definition of windmill graph, the total
bondage number of one copy of complete graph is the total bondage number of
windmill graph. Hence, bt (W d(k, n)) = 2k − 5, k ≥ 5.
2.4. Circular Necklace
Let Km and Kti be complete graphs on m (say v1 , v2 , ......vm ) and ti vertices
respectively. Let ti = 2ri , 1 ≤U i ≤ m, and r1 = r2 , ri+1 = ri + 1 for all
2 ≤ i ≤ m − 1 such that Km Kti has just vi as aUcut
S vertex, where ri is
an integer and 1 ≤ i ≤ m. The resultant graph Km [ m
i=1 Kti ] is a circular
necklace denoted by CN (Km ; Kt1 , Kt2 , .....Ktm )[11]. See Figure 3.

Figure 3 Circular necklace CN (Km ; Kt1 , Kt2 , .....Ktm ).
Lemma 2.5. Let G be a circular necklace graph. Then γt (G) = m
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Proof. From the definition of circular necklace graph, both Km and Kti are
complete graphs. Since any one vertex dominates all the remaining vertices in
the complete graph, any one vertex from each complete graph contained in a
minimum total dominating set of G. From Figure 3, the vertices (v1 , v2 , ......vm )
form a minimum total dominating set of G. Thus, γt (G) = m.
Theorem 2.4. Let G be a circular necklace graph. Then bt (G) = 1
Proof. From lemma 2.5, γt (CN (Km ; Kt1 , Kt2 , .....Ktm ) = m.
Removal of an edge incident at exactly one vi , increases the total domination
number to m + 1. Hence, bt (G) = 1.
2.5. Friendship Graph
The friendship graph Fn can be constructed by joining n copies of the cycle
graph C3 with a common vertex.
Lemma 2.6. Let G be friendship graph. Then γt (G) = 2.
Theorem 2.5. If Fn is a friendship graph, then bt (Fn ) = 2.
Proof. S = {u, vij }, 1 ≤ i ≤ n and 1 ≤ j ≤ n is clearly a minimum total
dominating set of G by lemma 2.6.

Figure 4 Friendship graph F8 .
Even if we remove an edge not incident with u, S is a minimum total
dominating set of G. Further, when we remove any spoke edge, the total
domination number remains the same. Thus, bt (Fn ) ≥ 2. Removal of any two
spoke edges, increases the total domination number to 3. Hence, bt (Fn ) = 2. .

3. Conclusion
In this paper we determine the exact values of total bondage number of a wheel
graph, helm graph, windmill graph, circular necklace, friendship graph. The
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problem of finding the total bondage number of architecture such as Pyramid
networks, Circulant networks are under investigation.
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