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Abstract: The asymptotics of the eigenvalues is received, and conclusions
about the stability and instability of the basis property of the system of eigenfunctions and associated functions of the Schrodinger operator for various occasions of the disarmed regularity of the boundary conditions are done. In
the paper there is considered the Samarsky - Ionkin spectral problem for the
Schrodinger equation with an integral perturbation in the boundary conditions.
It is assumed that the unperturbed problem has a system of eigenfunctions
forming a Riesz basis in L2 (0, 1) . It is shown that the basis property of the
systems of root functions of a problem can be varied under any arbitrarily small
variation of the kernel of the integral perturbation.
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Consider operator L1 , given by the differential expression
L1 u = −u′′ + q(x)u = λu,

x ∈ (0, 1),

q(x) ∈ C[0, 1],

(1)

and regular, but not strongly regular boundary conditions [1] with an integral
perturbation
U1 (u) ≡ a11 u′ (0) + a12 u′ (1) + a13 u(0) + a14 u(1) = 0,
R1
U2 (u) ≡ a23 u(0) + a24 u(1) = p(x)u(x)dx, p(x) ∈ L2 (0, 1).

(2)

0

Here Uj (u)− are independent linear forms with complex-valued constant
coefficients, satisfied conditions of not strong regularity
|a11 | + |a12 | =
6 0, a11 a24 + a12 a23 = ±[a11 a23 + a12 a24 ] 6= 0.
In [2] they proved that the system of eigenfunctions and associated functions
(E and AF) of the problem (1) - (2) forms a Riesz basis [3] with the brackets
in any integral perturbation of boundary conditions, and in strong regularity
of the boundary conditions E and AF form a Riesz basis. In particular case of
integral perturbation of periodical boundary conditions for multiple differentiation operator instability of the basis property of E and AF is investigated in
[4].
Note, that in [5] questions about stability of basic properties of the periodic
problem for the loaded equation with the load of the form p(x)ν(0) are studied.
We get the following theorem.
Theorem 1. Let unperturbed operator L0 (when p(x) ≡ 0) have eigenvalues λ0k and E and AF forming a Riesz basis in L2 (0, 1).
Then the characteristic determinant of the operator L1 with the perturbed
regular boundary conditions (2) is represented as:


∆1 (λ) = ∆0 (λ) 1 −

∞
X
k=1



ak0 

q

λ0k V3 (νk1 )



V3 (νk0 )

−
λ − λ0k
(λ − λ0k )2
−

∞
X
k=1

#
0 )
V3 (νk1
, (3)
ak1
λ − λ0k
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where ∆0 (λ)− is a characteristic determinant of the operator L0 ; V3 (ν)− are
linear homogeneous forms emerging during the construction of the boundary
0 , ν 0 }− E and AF of the dual
conditions of dual unperturbed problem L∗0 ; {νk1
k0
unperturbed problem, ak1 , ak0 − Fourier coefficients of the biorthogonal expansion of the function p(x) by the following system:
p(x) =

∞
X

0
0
+ ak0 νk0
].
[ak1 νk1

(4)

k=1

Due to this representation of the characteristic determinant of the problems
(1) - (2), we obtain the asymptotic behavior of the eigenvalues, and we can draw
conclusions about the stability and instability of basis property of the E and
AF system for various occasions of the disarmed regularity of the boundary
conditions.
As an example take the perturbed Samarskii - Ionkin problem for multiple
differentiation operator, i.. when q(x) ≡ 0 :
′

′

u (0) = u (1), u(0) =

Z1

p(x)u(x)dx,

(2a)

0

′

′

u (0) = u (1) +

Z1

p(x)u(x)dx, u(0) = 0,

(2b)

0

where p(x) ∈ L2 (0, 1).
One of the features of these problems is the fact that the dual problems to
(1) - (2a) and (1) - (2b) are the spectral problems for the loaded differential
equations:
 ∗
 l (ν) = −ν ′′ (x) + p(x)ν ′ (0) = λν(x),
(2a∗)
V (ν) ≡ ν ′ (1) = 0,
 1
V2 (ν) ≡ ν(0) − ν(1) = 0,
 ∗
 l (ν) = −ν ′′ (x) + p(x)ν(0) = λν(x),
(2b∗)
V (ν) ≡ ν ′ (1) = 0,
 1
V2 (ν) ≡ ν(0) − ν(1) = 0.
Characteristic determinant of the problem (1)-(2b):
#
"
∞
√ X
k
,
ak0 ·
∆1 (λ) = ∆0 (λ) · 1 + 4 2π
λ − (2kπ)2
k=1

(3a)
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Characteristic determinant of the problem (1)-(2b):

∆1 (λ) = ∆0 (λ) [1
∞ 
√ X
πak0
− 4 2·
k=1

k
k
+ ak1
2
2
[λ − (2kπ) ]
λ − (2kπ)2

where
∆0 (λ) = 1 − cos
p(x)

=

∞
X
k=1

√

#

, (3b)

λ,

∞
X
√
√
ak0 · 2 2 · (1 − x) · sin 2kπx +
ak1 · 4 2 cos 2kπx. (4ab)
k=1

The function ∆1 (λ), given by the formula (3) and (3b), is a whole analytic
function of a variable λ.
By the formula (3) we have two rows of the eigenvalues of the perturbed
problem (1)-(2):
(1)

(2)

λk

λ1 = λ0k = (2kπ)2

2


√
1
.
2+O √
= 2kπ + ak0
k

Note that E and AF systems of the perturbed problems (1)-(2), (1)-(2b) and
E and AF systems of the unperturbed Samarskii - Ionkin problem (forming a
Riesz basis) are differ from each other only a finite number of the first members.
Consequently, E and AF systems of the perturbed problems (1)-(2), (1)-(2b)
also form Riesz basis in L2 (0, 1).
Set of the functions p(x), represented as a kind of (4b), is dense in L2 (0, 1).
Theorem 2. Set of the functions p(x) ∈ L2 (0, 1), such that E and AF
systems of the perturbed problems (1)-(2) and (1)-(2b) form a Riesz basis in
L2 (0, 1), is dense in L2 (0, 1).
To show that the basis property of the E and AF system of the perturbed
problems (1) - (2a), (1) - (2b) is unstable for an arbitrarily small integral perturbation of the boundary condition (2a), we find the eigenfunctions of (1) (2a), and for the boundary condition (2b), we find the eigenfunction of the dual
problem (2b), corresponding to the eigenvalues λ0j = (2jπ)2 , i.e.
u1j (x) = C1 {cos(2jπx)
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k 
2
1 − 2 · aj0 + 2
 sin(2jπx), (5a)
ak0 2
+

aj0
4π
j
π
j − k2 
√

k=1
k6=j

 


√
1
sin(2jπx)
νj0 (x) = C1 cos(2jπx) − 2 2 · aj1 + O
j2
Zχ
sin (2jπ(x − ξ)) dξ
. (5b*)
+ p(ξ)
2jπ
0

We choose the constant C1 by the biorthogonal condition for (5), (u1j (x), νj1 (x)) =
1, for (5b∗ ), (uj0 (x), νj0 (x)) = 1.
Then, due to the Young Theorem [6], for the problems (1)-(2), lim u1j ·
j→∞

νj1

= ∞, and for the problems (1)-(2b), lim kuj0 k · kνj0 k = ∞.
j→∞

It means condition of uniform minimal [7] of the E and AF system does not
hold, and therefore it does not form a regular basis in L2 (0, 1).
This fact we can establish in the following
Theorem 3. Set of the functions p(x) ∈ L2 (0, 1), such that E and AF
systems of the perturbed problems (1)-(2) and (1)-(2b) do not form a regular
basis in L2 (0, 1), is dense in L2 (0, 1).
Remark. Dual operators simultaneously have the property of Riesz basicity of root functions.
The results of the paper, in contrast to [2], demonstrate the instability and
stability of the basis property of root functions of the problem with an integral
perturbation of the boundary conditions, which are regular, but not strongly
regular. In conclusion, we thank the member of the National Academy of Sciences of Kazakhstan, Doctor of Physical and Mathematical Sciences, Professor
M.A. Sadybekov for discussing the results of the paper.
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