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1. Introduction and Preliminaries

In 1969, Nadler [11] assured the multi-valued version of Banach contraction
principle. Since then the metric fixed point theory of single-valued mappings
has been extended to multi-valued mappings. In 1994, Matthews [9] intro-
duced the partial metric spaces and proved the Banach contraction principle in
such spaces. Many authors have studied the fixed point theorems for mappings
satisfying some contractive conditions in complete partial metric spaces (see
[3], [4], [5, 6], [7], [8] and references contained therein). In 2012, Aydi et al.
[7] introduced the definition of a partial Hausdorff metric and also proved the
existence of the Banach contraction principle for multi-valued mappings in com-
plete partial metric spaces. Recently, they [8] proved the common fixed point
theorem for multi-valued mappings satisfying generalized contractive condition
in complete partial metric spaces.
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Matthews [9] gave the definition of partial metric spaces as the following.

Definition 1. A partial metric on a nonempty set X is a function p :
X ×X → R

+ such that for all x, y, z ∈ X,

(P1) x = y if and only if p(x, x) = p(x, y) = p(y, y);

(P2) p(x, x) ≤ p(x, y);

(P3) p(x, y) = p(y, x);

(P4) p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

A pair (X, p) is called a partial metric space and p is a partial metric on X.

For each partial metric p on X, the function ps : X ×X → R
+ defined by

ps(x, y) = 2p(x, y)− p(x, x)− p(y, y) (1)

is a usual metric on X.

Definition 2. Let (X, p) be a partial metric space.

(1) A sequence {xn} in a partial metric space (X, p) converges to a point
x ∈ X if limn→∞ p(x, xn) = p(x, x).

(2) A sequence {xn} in a partial metric space (X, p) is called a Cauchy se-
quence if limn,m→∞ p(xn, xm) exists (and is finite).

(3) A partial metric space (X, p) is said to be complete if every Cauchy se-
quence {xn} in X converges, with respect to τp, to a point x ∈ X such
that limn,m→∞ p(xn, xm) = p(x, x).

Lemma 3. [9] Let (X, p) be a partial metric space. Then

(1) A sequence {xn} in a partial metric space (X, p) is a Cauchy sequence if
and only if it is a Cauchy sequence in the metric space (X, ps).

(2) A partial metric space (X, p) is complete if and only if the metric space
(X, ps) is complete. Moreover,

lim
n→∞

ps(x, xn) = 0 iff lim
n→∞

p(x, xn) = lim
n,m→∞

p(xn, xm) = p(x, x).

(3) A subset E of a partial metric space (X, p) is closed if whenever {xn} is
a sequence in E such that {xn} converges to some x ∈ X, then x ∈ E.
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Lemma 4. [2] Let (X, p) be a partial metric space. Then

(1) If p(x, y) = 0, then x = y.

(2) If x 6= y, then p(x, y) > 0.

In 2012, Aydi et al. [7] defined a partial Hausdorff metric as follows.

Let (X, p) be a partial metric space. Let CBp(X) be the family of all
nonempty closed and bounded subsets of the partial metric space (X, p). For
any A,B ∈ CBp(X) and x ∈ X, define

δp(B,A) = sup{p(b,A) : b ∈ B} and δp(A,B) = sup{p(a,B) : a ∈ A},

where
p(x,A) = inf{p(x, a), a ∈ A}.

The mapping Hp : CBp(X) × CBp(X) → [0,+∞) defined by

Hp(A,B) = max{δp(A,B), δp(B,A)}

is called a partial Hausdorff metric induced by p.

Remark 5. [3] Let (X, p) be a partial metric space. If A is a nonempty
set in (X, p), then

a ∈ Ā if and only if p(a,A) = p(a, a),

where A is the clusure of A with respect to the partial metric p.

Proposition 6. [7] Let (X, p) be a partial metric space. For all A,B,C ∈
CBp(X), we have

(i) δp(A,A) = sup{p(a, a) : a ∈ A};

(ii) δp(A,A) ≤ δp(A,B);

(iii) δp(A,B) implies that A ⊆ B;

(iv) δp(A,B) ≤ δp(A,C) + δp(C,B) − infc∈C p(c, c).

Proposition 7. [7] Let (X, p) be a partial metric space. For all A,B,C ∈
CBp(X), we have

(i) Hp(A,A) ≤ Hp(A,B);

(ii) Hp(A,B) = Hp(B,A);
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(iii) Hp(A,B) ≤ Hp(A,C) +Hp(C,B)− infc∈C p(c, c).

Corollary 8. [7] Let (X, p) be a partial metric space. For all A,B ∈
CBp(X), we have

Hp(A,B) = 0 implies that A = B.

Definition 9. An element x ∈ X is said to be a fixed point of a multi-
valued mapping T : X → CBp(X) if x ∈ Tx. An element x ∈ X is called
a common fixed point of two multi-valued mappings T, S : X → CBp(X) if
x ∈ Tx ∩ Sx.

Definition 10. Let X be a set. Assume that g : X → X and T : X → 2X .

If w = gx ∈ Tx for some x ∈ X, then x is called a coincidence point of g and
T. An element w is called a point of coincidence of g and T.

In 1989, Mizoguchi and Takahashi [10] proved the generalization of Banach
contraction principle in complete metric spaces as the following:

Theorem 11. ([10, Theorem 5]) Let (X, d) be a complete metric space
and T : X → CB(X) be a multi-valued mapping satisfying

H(Tx, Ty) ≤ ϕ(d(x, y))d(x, y),

for all x, y ∈ X where ϕ : [0,∞) → [0, 1) is a mapping such that lim supr→t+ ϕ(r)
< 1 for every t ∈ [0,∞). Then T has a fixed point in X.

In 2012, Aydi et al. [7] proved the fixed point theorem for multi-valued
mappings in complete partial metric spaces as the following:

Theorem 12. [7] Let (X, p) be a complete partial metric space. Suppose
that T : X → CBp(X) is a multi-valued mapping satisfying

Hp(Tx, Ty) ≤ kp(x, y),

for all x, y ∈ X where k ∈ [0, 1). Then T has a fixed point.

Recently in 2013, Aydi et al. [8] assured the existence of the common fixed
point theorem for multi-valued mappings in complete partial metric spaces using
the following lemma as a tool.

Lemma 13. [8] Let A,B ∈ CBp(X) and a ∈ A. Then, for ε > 0, there
exists a point b ∈ B such that p(a, b) ≤ Hp(A,B) + ε.
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Theorem 14. [8] Let (X, p) be a complete partial metric space. Suppose
that T, S : X → CBp(X) are multi-valued mappings satisfying

Hp(Tx, Ty) ≤ αM(x, y),

for all x, y ∈ X where α ∈ [0, 1) and

M(x, y) = max{p(x, y), p(x, Tx), p(y, Sy),
1

2
[p(x, Sy) + p(y, Tx)]}.

Then T and S have a common fixed point in X. Moreover, if T or S is a
single-valued mapping, then T and S have a unique common fixed point.

In this paper, we prove the existence of coincidence points for multi-valued
and single-valued mappings satisfying generalized contractive condition ap-
peared in Theorem 11 in complete partial metric spaces. We also prove the
common fixed point theorem for multi-valued mappings in complete partial
metric spaces where such mappings satisfy the generalized contractive condi-
tion. Our results extend Theorem 11, Theorem 12 and Theorem 14.

2. Common fixed point theorems

We first prove the following lemma as our tool.

Lemma 15. Let (X, p) be a partial metric space and A,B ∈ CBp(X).
Suppose that ε > 0 and Hp(A,B) < ε. Then for all a ∈ A there exists b ∈ B

such that p(a, b) < ε

Proof. Assume that there exists a ∈ A such that p(a, b) ≥ ε for all b ∈ B.

This implies that p(a,B) ≥ ε. Therefore Hp(A,B) ≥ ε which contradicts to the
assumption. This completes the proof.

Theorem 16. Let (X, p) be a partial metric space. Suppose that T : X →
CBp(X) is a multi-valued mapping and f : X → X is a single-valued mapping
satisfying the following conditions:

(1) T (X) ⊆ f(X),

(2) f(X) is complete,

(3) there exists a mapping ϕ : [0,∞) → [0, 1) such that

lim sup
r→t+

ϕ(r) < 1 for all t ∈ [0,∞), (2)
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and for all x, y ∈ X,

Hp(Tx, Ty) ≤ ϕ(p(fx, fy))p(fx, fy). (3)

Then T and f have a coincidence point in X. That is there exists q ∈ X such
that fq ∈ Tq.

Proof. Define a function ω : [0,∞) → [0, 1) such that ω(t) = ϕ(t)+1
2 , for all

t ∈ [0,∞). This implies that

lim sup
r→t+

ω(r) < 1, ϕ(t) < ω(t) and 0 < ω(t) < 1, for all t ∈ [0,∞).

Let x0 be an arbitrary element in X. Since T (X) ⊆ f(X), there exists x1 ∈ X

such that fx1 ∈ Tx0. By applying (3), we obtain that

Hp(Tx0, Tx1) ≤ ϕ(p(fx0, fx1))p(fx0, fx1)

< ω(p(fx0, fx1))p(fx0, fx1).

If fx0 = fx1, then T and f have a coincidence point. Assume that fx0 6= fx1.
By Lemma 15, there exists fx2 ∈ Tx1 such that

p(fx1, fx2) < ω(p(fx0, fx1))p(fx0, fx1).

By continuing the process as above, we can construct a sequence {fxn} such
that fxn ∈ Txn−1 and

p(fxn, fxn+1) < ω(p(fxn−1, fxn))p(fxn−1, fxn)

for each n ∈ N. Since ω(t) < 1 for all t ∈ [0,∞), we have

p(fxn, fxn+1) < p(fxn−1, fxn), for all n ∈ N.

It follows that {p(fxn, fxn+1)} is a nonincreasing sequence in [0,∞). Therefore
{p(fxn, fxn+1)} is convergent. Since lim supr→t+ ω(r) < 1, we obtain that

lim sup
n→∞

ω(p(fxn, fxn+1)) = s for some s ∈ [0, 1).

This implies that for each k ∈ (s, 1), there is N ∈ N such that

ω(p(fxn−1, fxn)) < k, for all n ≥ N.

For each n ≥ N, we obtain that

p(fxn, fxn+1) < ω(p(fxn−1, fxn))p(fxn−1, fxn)
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< kp(fxn−1, fxn).

Thus for each m > n ≥ N, we have

p(fxn, fxm) ≤ [p(fxn, fxn+1) + p(fxn+1, fxn+2) + · · ·+ p(fxm−1, fxm)]−

[p(fxn+1, fxn+1) + p(fxn+2, fxn+2) + · · · + p(fxm−1, fxm−1)]

≤ p(fxn, fxn+1) + p(fxn+1, fxn+2) + · · ·+ p(fxm−1, fxm)

≤ [kn−N + kn−N+1 + · · ·+ km−N−1]p(fxN , fxN+1)

≤
kn−N

1− k
p(fxN , fxN+1).

Therefore
lim

n,m→∞
p(fxn, fxm) = 0. (4)

By applying (1), we have

ps(fxn, fxm) = 2p(fxn, fxm)− p(fxm, fxm)− p(fxn, fxn)

≤ 2p(fxn, fxm).

Applying (4), this yields

lim
n,m→∞

ps(fxn, fxm) = 0. (5)

This implies that {fxn} is a Cauchy sequence in (X, ps). By the completeness
of f(X), we have {fxn} is convergent to some u ∈ X. Therefore there exists
q ∈ X such that u = fq. That is

lim
n→∞

fxn = fq. (6)

By Lemma 3 and (6), we obtain that

p(fq, fq) = lim
n→∞

p(fxn, fq) = lim
n,m→∞

p(fxn, fxm). (7)

From (4) and (7), we can conclude that p(fq, fq) = 0. Therefore, for each
n ∈ N, we have

p(fxn+1, T q) ≤ Hp(Txn, T q)

≤ ϕ(p(fxn, fq))p(fxn, fq)

< p(fxn, fq).

By taking the limit as n → ∞ and p(fq, fq) = 0, we have p(fq, T q) = 0
Therefore fq ∈ Tq. Hence T and f have a coincident point.
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Using Theorem 16, we immediately obtain the following corollary proved in
[10].

Corollary 17. ([10, Theorem 5]) Let (X, d) be a complete metric space.
Suppose that T : X → CB(X) is a multi-valued mapping satisfying

H(Tx, Ty) ≤ ϕ(d(x, y))d(x, y),

for all x, y ∈ X where ϕ : [0,∞) → [0, 1) is a mapping such that lim supr→t+ ϕ(r)
< 1 for every t ∈ [0,∞). Then T has a fixed point in X.

Corollary 18. Let (X, p) be a partial metric space. Suppose that T :
X → CBp(X) is a multi-valued mapping and f : X → X is a single-valued
mapping satisfying the following conditions:

(1) T (X) ⊆ f(X),

(2) f(X) is complete,

(3) Hp(Tx, Ty) ≤ kp(fx, fy), for all x, y ∈ X where k ∈ [0, 1)

Then T and f have a coincidence point in X. That is there exists q ∈ X such
that fq ∈ Tq.

Proof. Define ϕ : [0,∞) → [0, 1) by ϕ(t) = k for all t ∈ [0,∞). It fol-
lows that all assumptions in Theorem 16 are now satisfied. Hence the proof is
complete.

Letting f in Corollary 18 to be an identity mapping defined on X, we
immediately obtain the following corollary:

Corollary 19. (Theorem 3.2, [7]) Let (X, p) be a complete partial metric
space. Suppose that T : X → CBp(X) is a multi-valued mapping satisfying

Hp(Tx, Ty) ≤ kp(x, y), (8)

for all x, y ∈ X where k ∈ [0, 1). Then T has a fixed point.

We now assure the existence of the common fixed point theorem for multi-
valued mappings in complete partial metric spaces by using the combination of
techniques appeared in [1] and [8].
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Theorem 20. Let (X, p) be a complete partial metric space. Suppose
that T, S : X → CBp(X) are multi-valued mappings satisfying

Hp(Tx, Sy) ≤ αM(x, y) + Lmin{p(x, Tx), p(y, Sy), p(x, Sy), p(y, Tx)}, (9)

for all x, y ∈ X where α ∈ [0, 1), L ≥ 0, α+ 2L < 1, and

M(x, y) = max{p(x, y), p(x, Tx), p(y, Sy),
1

2
[p(x, Sy) + p(y, Tx)]}. (10)

Then T and S have a common fixed point. Moreover, if T or S is a single-valued
mapping, then T and S have a unique common fixed point.

Proof. Let ε > 0 be such that α + ε+ 2L < 1. Let x0 ∈ X and x1 ∈ Sx0.

It is easily seen that, if M(x1, x0) = 0, then x1 = x0 and x0 is a common fixed
point of T and S. Suppose that M(x1, x0) > 0. By Lemma 13, there exists
x2 ∈ Tx1 such that

p(x2, x1) ≤ Hp(Tx1, Sx0) + εM(x1, x0).

If M(x2, x1) = 0, then x2 = x1 and x1 is a common fixed point of T and S. We
assume that M(x2, x1) > 0. By Lemma 13, there exists x3 ∈ Sx2 such that

p(x3, x2) ≤ Hp(Sx2, Tx1) + εM(x2, x1).

Continuing the process as above, we can construct a sequence {xn} in X such
that x2n+1 ∈ Sx2n and x2n+2 ∈ Tx2n+1 and M(xn, xn−1) > 0 with

p(x2n+1, x2n) ≤ Hp(Sx2n, Tx2n−1) + εM(x2n, x2n−1)

and
p(x2n+2, x2n+1) ≤ Hp(Tx2n+1, Sx2n) + εM(x2n+1, x2n).

By applying (9), we obtain that

p(x2n+1, x2n) ≤ Hp(Tx2n−1, Sx2n) + εM(x2n−1, x2n)

≤ αM(x2n−1, x2n) + εM(x2n−1, x2n) +

Lmin{p(x2n−1, Tx2n−1), p(x2n, Sx2n), p(x2n−1, Sx2n),

p(x2n, Tx2n−1)},

= (α+ ε)M(x2n−1, x2n) +

Lmin{p(x2n−1, Tx2n−1), p(x2n, Sx2n), p(x2n−1, Sx2n),

p(x2n, Tx2n−1)}.
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Since

M(x2n−1, x2n) = max{p(x2n−1, x2n), p(x2n−1, Tx2n−1), p(x2n, Sx2n),

1

2
[p(x2n−1, Sx2n) + p(x2n, Tx2n−1)]}

≤ max{p(x2n−1, x2n), p(x2n−1, x2n), p(x2n, x2n+1),

1

2
[p(x2n−1, x2n+1) + p(x2n, x2n)]}

= max{p(x2n−1, x2n), p(x2n, x2n+1),

1

2
[p(x2n−1, x2n+1) + p(x2n, x2n)]}

≤ max{p(x2n−1, x2n), p(x2n, x2n+1)},

and
min{p(x2n−1, Tx2n−1), p(x2n, Sx2n), p(x2n−1, Sx2n), p(x2n, Tx2n−1)}

≤ min{p(x2n−1, x2n), p(x2n, x2n+1), p(x2n−1, x2n+1), p(x2n, x2n)}

= min{p(x2n−1, x2n+1), p(x2n, x2n)},

we obtain that

p(x2n+1, x2n) ≤ (α+ ε)max{p(x2n−1, x2n), p(x2n, x2n+1)}+

Lmin{p(x2n−1, x2n+1), p(x2n, x2n)}.

We separate the proof into the following cases.

Case I : If max{p(x2n−1, x2n), p(x2n, x2n+1)} = p(x2n−1, x2n) and
min{p(x2n−1, x2n+1), p(x2n, x2n)} = p(x2n−1, x2n+1), then

p(x2n+1, x2n) ≤ (α+ ε)p(x2n−1, x2n) + Lp(x2n−1, x2n+1)

≤ (α+ ε)p(x2n−1, x2n) + L(p(x2n−1, x2n)

+p(x2n, x2n+1)− p(x2n, x2n))

≤ (α+ ε)p(x2n−1, x2n) + Lp(x2n−1, x2n) + Lp(x2n, x2n+1).

It follows that

p(x2n+1, x2n) ≤
(α+ ε) + L

1− L
p(x2n−1, x2n).

Let β1 =
(α+ε)+L

1−L
. Since (α+ ε) + 2L < 1, we have β1 < 1. Therefore

p(x2n, x2n+1) ≤ β1p(x2n−1, x2n).
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Case II : If max{p(x2n−1, x2n), p(x2n, x2n+1)} = p(x2n−1, x2n) and
min{p(x2n−1, x2n+1), p(x2n, x2n)} = p(x2n, x2n), then

p(x2n+1, x2n) ≤ (α+ ε)p(x2n−1, x2n) + Lp(x2n, x2n)

≤ (α+ ε)p(x2n−1, x2n) + Lp(x2n, x2n+1).

This implies that

p(x2n+1, x2n) ≤
(α+ ε)

1− L
p(x2n−1, x2n).

Let β2 =
(α+ε)
1−L

. Since (α + ε) + 2L < 1, we have β2 < 1. Therefore

p(x2n, x2n+1) ≤ β2p(x2n−1, x2n).

Case III : If max{p(x2n−1, x2n), p(x2n, x2n+1)} = p(x2n, x2n+1) and
min{p(x2n−1, x2n+1), p(x2n, x2n)} = p(x2n−1, x2n+1), then

p(x2n+1, x2n) ≤ (α+ ε)p(x2n, x2n+1) + Lp(x2n−1, x2n+1)

≤ (α+ ε)p(x2n, x2n+1) + L(p(x2n−1, x2n)

+p(x2n, x2n+1)− p(x2n, x2n))

≤ (α+ ε)p(x2n, x2n+1) + Lp(x2n−1, x2n) + Lp(x2n, x2n+1).

This implies that

p(x2n+1, x2n) ≤
L

1− (α + ε+ L)
p(x2n−1, x2n).

Let β3 =
L

1−(α+ε+L) . Since (α+ ε) + 2L < 1, we have β3 < 1. Therefore

p(x2n, x2n+1) ≤ β3p(x2n−1, x2n).

Case IV : If max{p(x2n−1, x2n), p(x2n, x2n+1)} = p(x2n, x2n+1) and
min{p(x2n−1, x2n+1), p(x2n, x2n)} = p(x2n, x2n), then

p(x2n+1, x2n) ≤ (α+ ε)p(x2n, x2n+1) + Lp(x2n, x2n)

≤ (α+ ε)p(x2n, x2n+1) + Lp(x2n−1, x2n).

This implies that

p(x2n+1, x2n) ≤
L

1− (α+ ε)
p(x2n−1, x2n).



542 A. Kaewcharoen, T. Yuying

Let β4 =
L

1−(α+ε) . Since (α+ ε) + 2L < 1, we have β4 < 1. Therefore

p(x2n+1, x2n) ≤ β4p(x2n−1, x2n).

Choose β = max{β1, β2, β3, β4}. Therefore 0 < β < 1. For each n ∈ N, we
obtain that

p(x2n+1, x2n) ≤ βp(x2n−1, x2n). (11)

Using a similar argument as before, we obtain that

p(x2n+2, x2n+1) ≤ βp(x2n+1, x2n). (12)

From (11) and (12), we can conclude that

p(xn+1, xn) ≤ βp(xn, xn−1) for all n ∈ N. (13)

For each n ∈ N, we obtain that

p(xn+1, xn) ≤ βnp(x1, x0). (14)

Let m,n ∈ N with m > n. By applying (14), we have

p(xm, xn) ≤ [p(xn, xn+1) + p(xn+1, xn+2) + · · ·+ p(xm−1, xm)]−

[p(xn+1, xn+1) + p(xn+2, xn+2) + · · ·+ p(xm−1, xm−1)]

≤ p(xn, xn+1) + p(xn+1, xn+2) + · · ·+ p(xm−1, xm)

≤ [βn + βn+1 + · · · + βm−1]p(x1, x0)

≤
βn

1− β
p(x1, x0).

It follows that
lim

n,m→∞
p(xm, xn) = 0. (15)

Using (1), we have

ps(xm, xn) = 2p(xm, xn)− p(xm, xm)− p(xn, xn)

≤ 2p(xm, xn). (16)

Applying (15), we obtain that

lim
n,m→∞

ps(xm, xn) = 0. (17)

This implies that {xn} is a Cauchy sequence in (X, ps). Since X is complete,
we have

lim
n→∞

xn = z for some z ∈ X. (18)
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By Lemma 3 and (18), we obtain that

p(z, z) = lim
n→∞

p(xn, z) = lim
n,m→∞

p(xm, xn). (19)

From (17) and (19), we can conclude that p(z, z) = 0. Therefore

p(x2n+2, Sz) ≤ Hp(Tx2n+1, Sz)

≤ αM(x2n+1, z) + Lmin{p(x2n+1, Tx2n+1), p(z, Sz),

p(x2n+1, Sz), p(z, Tx2n+1)}

≤ αmax{p(x2n+1, z), p(x2n+1, Tx2n+1), p(z, Sz),

1

2
[p(xn+1, Sz) + p(z, Tx2n+1)]}+ Lmin{p(x2n+1, Tx2n+1),

p(z, Sz), p(x2n+1, Sz), p(z, Tx2n+1)}

≤ αmax{p(x2n+1, z), p(x2n+1, x2n+2), p(z, Sz),

1

2
[p(xn+1, Sz) + p(z, x2n+2)]}+ Lmin{p(x2n+1, x2n+2),

p(z, Sz), p(x2n+1, Sz), p(z, x2n+2)}

≤ αmax{p(x2n+1, z), p(x2n+1, z) + p(z, x2n+2)

−p(z, z), p(z, Sz),

1

2
[p(xn+1, Sz) + p(z, x2n+2)]}

+Lmin{p(x2n+1, z) + p(z, x2n+2)

−p(z, z), p(z, Sz), p(x2n+1 , Sz), p(z, x2n+2)}

≤ αmax{p(x2n+1, z), p(x2n+1, z) + p(z, x2n+2), p(z, Sz),

1

2
[p(xn+1, Sz) + p(z, x2n+2)]}

+Lmin{p(x2n+1, z) + p(z, x2n+2),

p(z, Sz), p(x2n+1, Sz), p(z, x2n+2)}.

That is

p(x2n+2, Sz) ≤ αmax{p(x2n+1, z), p(x2n+1, z) (20)

+ p(z, x2n+2), p(z, Sz),

1

2
[p(xn+1, Sz) + p(z, x2n+2)]}+

Lmin{p(x2n+1, z) + p(z, x2n+2),

p(z, Sz), p(x2n+1, Sz), p(z, x2n+2)}.



544 A. Kaewcharoen, T. Yuying

Since

p(xn, Sz) ≤ p(xn, z) + p(z, Sz) and p(z, Sz) ≤ p(z, xn) + p(xn, Sz),

we obtain that

p(z, Sz) − p(z, xn) ≤ p(xn, Sz) ≤ p(xn, z) + p(z, Sz). (21)

By taking the limit as n → ∞ in (21), we have

lim
n→∞

p(xn, Sz) = p(z, Sz).

Therefore, taking the limit as n → ∞ in (20), this yields

p(z, Sz) ≤ αp(z, Sz).

Since α ∈ [0, 1), we obtain that p(z, Sz) = 0. Therefore z ∈ Sz. Similarly, we
can prove that z ∈ Tz. Therefore T and S have a common fixed point. Now
we show that the common fixed point is unique if T is a single-valued mapping.
Assume that u ∈ X is another common fixed point of T and S. By using (9),
we have

p(u, z) ≤ Hp({u}, Sz)

= Hp({Tu}, Sz)

≤ αmax{p(u, z), p(u, Tu), p(z, Sz),
1

2
[p(u, Sz) + p(z, Tu)]} +

Lmin{p(u, Tu), p(z, Sz), p(u, Sz), p(z, Tu)}

≤ αmax{p(u, z), p(u, u), p(z, z),
1

2
[p(u, z) + p(z, u)]} +

Lmin{p(u, u), p(z, z), p(u, z), p(z, u)}

≤ αp(u, z).

Since α ∈ [0, 1), then we have p(u, z) = 0. Hence u = z. This implies that T

and S have a unique common fixed point.

If a real number L in Theorem 20 is equal to 0, then we immediately obtain
the following result:

Corollary 21. (Theorem 2.2, [8]) Let (X, p) be a complete partial metric
space. Suppose that T, S : X → CBp(X) are two multi-valued mappings
satisfying the following conditions:

Hp(Tx, Sy) ≤ αM(x, y), (22)
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for all x, y ∈ X where α ∈ [0, 1) and

M(x, y) = max{p(x, y), p(x, Tx), p(y, Sy),
1

2
[p(x, Sy) + p(y, Tx)]}. (23)

Then T and S have a common fixed point. Moreover if T or S is a single-valued
mapping, then T and S have a unique common fixed point.
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