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1. Introduction
Let (M, ∇) be a m-dimensional affine manifold, i.e., ∇ is a torsion free connection on the tangent bundle. Let R∇ (X, Y ) := ∇X ∇Y − ∇Y ∇X − ∇[X,Y ]
be the associated curvature operator. We define the affine Jacobi operator
JR∇ (X) : Tp M −→ Tp M with respect to a vector X ∈ Tp M by
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JR∇ (X)Y := R∇ (Y, X)X.

Let Spect{JR∇ (X)} ⊂ C be the spectrum of JR∇ (X); this is the set of roots
of the characteristic polynomial Pλ [JR∇ (X)]. One says that an affine manifold (M, ∇) is affine Osserman if Spect{JR∇ (X)} = {0} for any vector X; i.e
Spect{JR∇ (X)} is nilpotent.
Affine Osserman manifolds are well-understood in dimension two, due to the
fact that an affine manifold is Osserman if and only if its Ricci tensor is skewsymmetric [4, 8]. The situation is however more involved in higher dimensions
where the skew-symmetric is a necessary (but not a sufficient) condition for an
affine manifold to be Osserman [5, 6, 7].
The concept of affine Osserman connection originated from the effort to
build up examples of pseudo-Riemannian Osserman manifolds (see [5, 6, 9]) via
the construction called the Riemannian extensions. This construction, which relates affine and pseudo-Riemannian geometries, assigns to every m-dimensional
manifold M with a torsion-free affine connection ∇ a pseudo-Riemannian metric
ḡ of signature (m, m) on the cotangent bundle T ∗ M .
Affine Osserman manifolds are of interest not only in affine geometry, but
also in the study of pseudo-Riemannian Osserman metrics since they provide
some nice examples of Osserman manifolds whose Jacobi operators have nontrivial Jordan normal form and which are not nilpotent [2, 3]. It has long been
a task in this field to build examples of Osserman manifolds which were not
nilpotent and which exhibit non-trivial Jordan normal form.
Our paper is organized as follows. Section 1 introduces this topic. In Section
2 we recall some basic definitions and results about affine manifolds. In Section
3, we study the Osserman condition on two particular affine connections (cf.
Theorems 3.1 and 3.2). As applications, one obtains a procedure to build new
examples of affine Osserman connections which are Ricci flat but not flat. These
families are different from the one we gave in the paper [7] which is not Ricci
flat.
2. Affine Manifolds
In this section, we give the necessary tools needed to reach our goal. Here are
some basic definitions and results about affine manifolds taken from the book
[10].
Let M be a 3-dimensional and ∇ a smooth affine connection. We choose a
fixed coordinate domain U (u1 , u2 , u3 ) ⊂ M . In U , the connection is given by
∇∂i ∂j = Γkij ∂k ,

AFFINE OSSERMAN CONNECTIONS WHICH ARE...

307

where we denote ∂i = ( ∂∂u ) and the functions Γkij (i, j, k = 1, 2, 3) are called
i
the Christoffel symbols for the affine connection relative to the local coordinate
system. We define a few tensor fields associated to a given affine connection ∇.
The torsion tensor field T ∇ , which is of type (1, 2), is defined by
T ∇ (X, Y ) = ∇X Y − ∇Y X − [X, Y ].
The components of the torsion tensor T ∇ in local coordinates are
Tijk = Γkij − Γkji .
If the torsion tensor of a given affine connection ∇ is 0, we say that ∇ is
torsion-free.
The curvature tensor field R∇ , which is of type (1, 3), is defined by
R∇ (X, Y )Z := ∇X ∇Y Z − ∇Y ∇X Z − ∇[X,Y ] Z.
The components in local coordinates are
X
i
∂i .
R∇ (∂k , ∂l )∂j =
Rjkl
i

We shall assume that ∇ is torsion-free. If R∇ = 0 on M , we say that ∇ is flat
affine connection. It is known that ∇ is flat if and only if around a point there
exists a local coordinates system such that Γkij = 0 for all i, j and k.
We define the Ricci tensor Ric∇ , of type (0, 2) by
Ric∇ (Y, Z) = trace{X 7→ R∇ (X, Y )Z}.
The components in local coordinates are given by
X
i
Rkij
.
Ric∇ (∂j , ∂k ) =
i

It is known in Riemannian geometry that the Levi-Civita connection of a Riemannian metric has symmetric Ricci tensor, that is, Ric(Y, Z) = Ric(Z, Y ).
But this property is not true for an arbitrary affine connection which is torsionfree.
3. Main Results
In this section we study two families of affine connections and we give the
conditions for them to be Osserman.
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Family I
Let M be a 3-dimensional manifold with torsion free

Theorem 3.1.
connection given by


∇∂1 ∂1 = f1 (u1 , u2 , u3 )∂2 ,



∇∂2 ∂2 = f2 (u1 , u2 , u3 )∂3 ,



∇∂3 ∂3 = f3 (u1 , u2 , u3 )∂1 .

(1)

Then (M, ∇) is affine Osserman if and only if the Christoffel symbols of the
connection (1) satisfy:
α1

1. f1 = f (u1 ),

f2 6= f (u2 )e α2

R

f1 (u1 )du1

and f3 = 0.
α2

2. f1 = 0,

f2 = f (u2 )

3. f1 6= f (u1 )e

α3
α1

R

and f3 6= f (u3 )e α3

f3 (u3 )du3

,

R

f2 (u2 )du2

.

f2 = 0 and f3 = f (u3 ).

Proof. We denote the functions f1 (u1 , u2 , u3 ), f2 (u1 , u2 , u3 ), f3 (u1 , u2 , u3 )
by f1 , f2 , f3 respectively, if there is no risk of confusion. It is known that the
Ricci tensor of any affine Osserman is skew-symmetric. The Ricci tensor of the
connection (1) expressed in the coordinates (u1 , u2 , u3 ) takes the form


∂2 f1
0
0
∂3 f2
0 .
Ric =  0
(2)
0
0
∂1 f3
It follows from the expression (2) that we have the following necessary condition
for the connection (1) to be Osserman
f1 = f (u1 , u3 ),

f2 = f (u1 , u2 )

and f3 = f (u2 , u3 ).

P3 Now, a calculation of the Jacobi operators shows that for each vector X =
i=1 αi ∂i , the associated Jacobi operator is given by


0 b1 c1
(JR∇ (X)) =  a2 0 c2  ,
a3 b3 0
with
b1 = α3 (−α1 ∂3 f1 + α3 f1 f3 ) c1 = α2 (α2 ∂1 f2 − α1 f1 f2 )
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a2 = α3 (α3 ∂2 f3 − α2 f2 f3 ) c2 = α1 (−α2 ∂1 f2 + α1 f1 f2 )
a3 = α2 (−α3 ∂2 f3 + α2 f2 f3 ) b3 = α1 (α1 ∂3 f1 − α3 f1 f3 )
It follows from the matrix associated to JR∇ (X), that its characteristic polynomial can be written as follows:
Pλ [JR∇ (X)] = −λ3 + (b3 c2 + a2 b1 + a3 c1 )λ + (a3 b1 c2 + a2 b3 c1 ).
It follows that a connection given by (1) is affine Osserman if and only if:
b3 c2 + a2 b1 + a3 c1 = 0

and a3 b1 c2 + a2 b3 c1 = 0.

Since JR∇ (X) = 0, it is easy to see that: a3 b1 c2 + a2 b3 c1 = 0. Thus
Spect{JR∇ (X)} = {0} if and only if:
b3 c2 + a2 b1 + a3 c1 = 0.
Let αa32 =
(3) becomes:

−a2
α3

= A,

−b3
α1

=

b1
α3

=B

and

(3)
c2
α1

=

−c1
α2

= C. The equation

α21 BC + α22 AC + α23 AB = 0.
Since αi 6= 0, (i = 1, 2, 3), then AB = AC = BC = 0.
1. Suppose A = B = 0 and C 6= 0. Straightforward calculation gives:
α1

f1 = f (u1 ),

f2 6= f (u2 )e α2

R

f1 (u1 )du1

and f3 = 0.

2. Suppose B = C = 0 and A 6= 0. Straightforward calculation gives:
α2

f1 = 0,

f2 = f (u2 )

and f3 6= f (u3 )e α3

R

f2 (u2 )du2

.

3. Suppose A = C = 0 and B 6= 0. Straightforward calculation gives:
α3

f1 6= f (u1 )e α1

R

f3 (u3 )du3

,

f2 = 0,

and f3 = f (u3 ).

Example 3.1. Using the affine connection described above (1), one can
construct examples of affine Osserman connections. Consider the following
connections on R3 given by:
1. ∇∂1 ∂1 = u21 ∂2 , ∇∂2 ∂2 = (u1 + u2 )∂3 , ∇∂3 ∂3 = 0;
2. ∇∂1 ∂1 = 0, ∇∂2 ∂2 = u2 ∂3 , ∇∂3 ∂3 = u2 u23 ;
3. ∇∂1 ∂1 = u1 u3 ∂2 , ∇∂2 ∂2 = 0, ∇∂3 ∂3 = eu3 .
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Family II
Let M be a 3-dimensional manifold with torsion free

Theorem 3.2.
connection given by


∇∂1 ∂1 = f1 (u1 , u2 , u3 )∂3 ,



∇∂2 ∂2 = f2 (u1 , u2 , u3 )∂1 ,



∇∂3 ∂3 = f3 (u1 , u2 , u3 )∂2 .

(4)

Then (M, ∇) is affine Osserman if and only if the Christoffel symbols of the
connection (4) satisfy:
R

α2

1. f1 6= f (u1 )e α1

f2 (u2 )du2
α3

2. f1 = 0,

f2 6= f (u2 )e α2

,
R

f2 = f (u2 ) and f3 = 0;
f3 (u3 )du3

and f3 = f (u3 );
α1

3. f1 = f (u1 ),

f2 = 0

and f3 6= f (u3 )e α3

R

f1 (u1 )du1

.

Remark 3.1. This second family is obtained from the family I by a
permutation of indices and are in fact the same properties. Therefore the third
family obtained by this permutation gives examples of not Ricci flat Osserman
connections (see [7] for details).
Example 3.2. Using the affine connection described above (4), one can
construct examples of affine Osserman connections. Consider the following
connections on R3 given by:
1. ∇∂1 ∂1 = u1 eu2 ∂3 ,
2. ∇∂1 ∂1 = 0,
3. ∇∂1 ∂1 =

∇∂2 ∂2 =

a
u2 ∂1 ,

a 6= 0,

∇∂2 ∂2 = u2 (1 + u23 )∂1 ,

b
u1 ∂3 ,

b 6= 0,

∇∂2 ∂2 = 0,

∇∂3 ∂3 = 0;

∇∂3 ∂3 = u3 ∂2 ;
∇∂3 ∂3 =

c
u1 u3 ∂2 ,

c 6= 0.

Remark 3.2. Examples 3.1 and 3.2 are important in neutral signature
Osserman geometry. For a torsion-free connextion ∇ on M , the cotangent
bundle T ∗ M may be equipped with a pseudo-Riemannianc metric g∇ of signature (m, m): its Riemannian extensions. It is known that, (T ∗ M, g∇ ) is
a pseudo-Riemannian globally Osserman manifold if and only if (M, ∇) is an
affine Osserman manifold. Twisted Riemannian extensions, as a generalization
of Riemannian extensions, have been useful in the construction of Kaehler and
para-Kaehler Osserman metrics [1]. Calviño-Louzao et al. [2, 3] modify this
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construction to build Osserman Osserman metrics whose Jacobi operators have
non-trivial Jordan normal form and which are not nilpotent. It has long been
a task in this field to build examples of Osserman manifolds which were not
nilpotent and which exhibit non-trivial Jordan normal form.
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[8] E. Garcı́a-Rio, D.N. Kupeli, M.E. Vázquez-Abal, R. Vázquez-Lorenzo,
Affine Osserman connections and their Riemannian extensions, Differential
Geom. Appl., 11 (1999), 145-153.
[9] E. Garcı́a-Rio, D.N. Kupeli, R. Vázquez-Lorenzo, Osserman Manifolds
in Semi-Riemannian Geometry, Lectures Notes in Mathematics, 1777,
Springer-Verlag, Berlin (2002).
[10] K. Nomizu, T. Sasaki, Affine Differential Geometry, Cambridge University
Press, 111 (2008).

