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1. Introduction

Pawlak [9,10] introduced the rough set theory as a formal tool to deal with im-
precision and uncertainty in the data analysis. The relationship between rough
set theory and topological spaces was investigated in sets [6], on left-continuous
t-norm [12]. Hajek [2] introduced a complete residuated lattice which is an
algebraic structure for many valued logic. It is an important mathematical tool
for algebraic structure of fuzzy contexts [1-5, 7,8, 11-16]. By using the concepts
of lower and upper approximation operators, information systems and decision
rules are investigated in complete residuated lattices [1,2,7,8,11,12]. Kim [5] in-
vestigated between fuzzy rough set and fuzzy quasi-uniform spaces in complete
residuated lattices. Bélohlavek [1] developed the notion of fuzzy contexts using
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Galois connections with R € LX*Y on a complete residuated lattice. Zhang

[13,14] introduced the fuzzy complete lattice which is defined by join and meet
on fuzzy posets. Kim [4] investigated the properties of join (resp. meet, meet
join, join meet) preserving operators in complete residuated lattices.

In this paper, we investigate the properties of join preserving maps in com-
plete residuated lattice. By using the concepts of the fuzzy complete lattices
[13,14], we generalize upper approximation operators without fuzzy relations
in complete residuated lattices. Moreover, we investigate the relations between
join preserving maps and Alexandrov fuzzy topologies. We give their examples.

2. Preliminaries

Definition 2.1. [1,2] A structure (L,V,A,®,—, L, T) is called a complete
residuated lattice iff it satisfies the following properties:

(L1) (L,V,A, L, T) is a complete lattice where L is the bottom element and
T is the top element;

(L2) (L,®,T) is a monoid,;

(L3) adjointness properties hold,i.e.

r<y—ziff Oy <z

*

A operator * : L — L defined by a* = a — L is called strong negations if
ko

a = a.

T, ify=ux, N 1, ify==x,
Ta(y) = { 1, otherwise. Taly) = { T, otherwise.

In this paper, we assume that (L,V,A,®, —,", L, T) be a complete residu-
ated lattice with a strong negation *.

Definition 2.2. [13,14] Let X be a set. A function ex : X x X — L is
called:

(E1) reflexive if ex(z,z) =1 for all z € X,

(E2) transitive if ex(z,y) ® ex(y, z) < ex(z, z), for all z,y,z € X,

(E3) if ex(z,y) = ex(y,z) =1, then x = y.

If e satisfies (E1) and (E2), (X,ex) is a fuzzy preorder set. If e satisfies
(E1), (E2) and (E3), (X, ex) is a fuzzy partially order set (simply, fuzzy poset).

Example 2.3. (1) We define a function ey, : LxL — Laser(z,y) =z — y.
Then (L,eyr) is a fuzzy poset.
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(2) We define a function ey x : LX x LY — Lasepx (A, B) = \,cx(A(z) =
B(z)). Then (L¥,e;x) is a fuzzy poset from Lemma 2.10 (9).

Definition 2.4. [13,14] Let (X, ex) be a fuzzy poset and A € LX.
(1) A point xq is called a join of A, denoted by xg = LA, if it satisfies
(J1) A(x) < ex(z, ),

(J2) Npex(Az) = ex(z,y)) < ex(zo,y).

A point z; is called a meet of A, denoted by z1 = MA, if it satisfies
(M1) A(z) < ex (21,2),

(M2) A ex(A(x) = ex(y, 7)) < ex(y,z1).

Remark 2.5. [13,14] Let (X, ex) be a fuzzy poset and A € LX.

(1) If z is a join of A, then it is unique because ex (zg,y) = ex(yo,y) for
all y € X, put y = zg or y = yo, then ex(zo,y0) = ex(yo, o) = T implies
o = yo. Similarly, if a meet of A exists, then it is unique.

(2) x0 is a join of A iff A\ . (A(z) = ex(z,y)) = ex(x0,y).

(3) z1 is a meet of Aiff A\ x(A(z) = ex(y, 7)) = ex(y,x1).

Remark 2.6. [13,14] Let (L,er) be a fuzzy poset and A € L.

(1) Since z¢ is a join of A iff A\ ., (A(z) — er(z,y)) = Nger(Alz) —
(x = y)) = \/xEL(x © A(x)) — Yy = CL(xO,y) =0 — Y, then o = LA =
Vaer (2 © A(a)).

(2) Since z¢ is a join of A iff \ ./ (A(x) = er(z,y) = Nyer(Alx) = (y —
z)) = Nper(y = (Alz) = 2)) =y = Nyer(Alx) = 2) = y — MNA, then
MNA = N,er(A(z) — ).

Remark 2.7. [13,14] Let (LX
(1) We have U® = \/ 4.1 x (

Acrx (®(4) > epx(A, B))
= epx (Vs px (B(A) © A), B) = e x (UD, B).

(2) We have M® = A 4.1 x (®(A) — A) from:

Nacrx (®(A) = epx (B, A) = A\ yepx epx (B, (2(4) — A))
= erx (B, Aaerx (®(A) = A)).

,erx) be a fuzzy poset and ® € LE" .

L
P(A) ® A) from:

Definition 2.8. [13,14] Let (LX,e;x) and (LY, e;v) be fuzzy posets. A
operator H : LX — LY is a join preserving map if H(L®) = UH 7 (®) for all
® € L, where 17 (®)(B) = V3= P(A).
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Theorem 2.9. [4] Let X and Y be two sets. Let (L~,e;x) and (LY, e v)
be fuzzy posets. Then H : LX — LY is a join preserving map iff H(a ® A) =
a ©H(A) and H(V,e; Ai) = Vey H(A;) for all A, 4; € LX, and a € L.

In this paper, H : LX — LY is called a join preserving map if H(a ® A) =
a® H(A) and H(V,;e; Ai) = Ve H(A;) for all A, A; € LY, and a € L.

Lemma 2.10. [1,2] Let (L,V,A,®,—,*, L, T) be a complete residuated
lattice with a strong negation *. For each z,vy, z, x;,y; € L, the following prop-
erties hold.

2O (Vier¥) = Vier(® ©yi) and (Ve 7)) ©y = Ve (i © y).

T — (/\ieF Yi) = /\ieF(x — ;) and (\/ieF T) Y= /\ieF(mi —Y).
Vier #i = Vier ¥i = Nier (@i — yi) and \jcr 20 — Nier ¥i > Nier (@ —
Zl/z‘)-

0)z—y<(y—z)—(z—z)andz -y <(z—>z) = (2 > y).

11) Njer @7 = (Vier @)™ and Viep 7 = (Ajer )"

12) (z0y) v z=2—(y—2)=y—(r—2)and (zOy)" =z — y*
1B)z" =y =y—zand (x - y) =z Oy
My—z2<z0y—z0-=2.

3. Join Preserving Maps, Fuzzy Preorders and Alexandrov Fuzzy
Topologies

Definition 3.1. [4] A join preserving operator H : LX — L is called an upper
approximation operator iff it satisfies the following conditions:

(H1) A <H(A),
(H2) H(H(A)) < H(A), for all A € L.

Example 3.2. Let R € LX*X be a fuzzy relation. Define Hp : LX — L¥
as follows

Hr(4)(y) = \/ (A(x) © R(z,y)).

zeX
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(1) Since Hr(a ® A) = o © Hp(A) and Hp(V;er Ai) = Vier Hr(4:), by
Theorem 2.9, Hp is a join preserving map.

(2) If R is a fuzzy preorder, then Hp is an upper approximation operator
from the followings:

Theorem 3.3. Let H be an upper approximation operator. If H~! is a
join preserving map such that H~1(T,)(y) = H(T,)(z) for all 2,y € X, then
H~! is an upper approximation operator.

Proof. Since A =\/ .y (A(z) ® T,), we have
(H1) Since H™H(T,)(x) = H(T.)(z) > T.(x) = T, we have

HH(A)(x) =H™ (\/pex(A(p) © Tp))(z)
= Vpex(A(p) © H™H(Tp)(2))
> Az) ©HH(To)(x) = A(w).
(H2)
HHHTHA))(2) = HH AT (V,ex (Al2) © To))(2)
= Vaex(A(z) ©HTHHTH(T2))(2)
= Vaex(A@) © Vyex (HH(To)(y) ©HH(Ty)(2))
= Vaex (A(2) © Ve x H(Ty)(2) © H(T2)(y))
= Voex (A@) @ H(T2)(@)) = V,ex (Al@) ©HTHT)(2))
=HLA)(2).

Theorem 3.4. Let 7 and H~! be join preserving maps such that 7 ~1(T,)(y)
= H(T,)(x) for all z,y € X. Then we have the following properties.

(1) Aaerx(H(A)(z) = H(A)(2)) = Ayex(H(Ty)(x) = H(Ty)(z
NaerxHH(A) (@) = HHA)(2) = Ayex(HT(Ty)(@) — HT(Ty)
Nyex (H(T2)(y) = H(T2)(y))-

(2) If H and H~! are upper approximation operators, then

H(T2)(2) = Naepx (H(A)(z) = H(A)(2))
= Nyex(H(Ty) (@) = H(Ty)(2)),

)
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similarly proved.

Example 3.5. Let R € LX*X be a fuzzy relation. Define Hp : LX — LX
as follows

Hr(A)(y) = \/ (Alz) © R(z,y)).

zeX

Nacrx(Hr(A)(@) = Hr(A)(2) = Nyex(R(y,z) = R(y, 2))
- /\yEX(Rx y) - Rz(y))a

Aaerx (Mg (A) (@) = HZ' (A)(2)) = Nyex(R(z,y) = R(z,y))
= Nyex (B*(y) = R*(y))

(2) If R is a fuzzy preorder, then R~! is a fuzzy preorder. Moreover, Hp
and 7—[;{1 are upper approximation operator such that

-
—~
8

N
~—

Hr(Ta)(2) = Aaerx (Hr(A) (@) — Hr(A)(2))
Ayex Ry, z) = R(y,2)) = A\
H (T2) (@) = Aaepx(Hp (A
/\yeX(R(Zvy) — R(x,y) = /\
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Definition 3.6. An operator T : LX — L is called an Alezandrov fuzzy
topology on X iff it satisfies the following conditions:

(T1) T(e) =

T(a
(T2) (/\zeF ) > Nier T(Ai) and T(Vicp Ai) > Ajer T(Ai),
(T3) T(a® A) = T(4),
(T4) T(aw - A) > T(A).

Theorem 3.7. Let T : LX — L be an Alexandrov fuzzy topology. Define
T*(A) = T(A*). Then T* is an Alexandrov fuzzy topology.

Proof. (T1) T*(a) = T((a*) =T.
(T2) T*(Vier A1) = T(Aier A7) = Nier T(A7) = Nier T*(4:) and

T (A 4) =T(\ 4) > \T(45) = \ T°(4

el el el el

T*(@®A) =T((aoA)) =T(a— A%)
T T

(
(A7) = T*(A).

AV

T*(a — A) = T((a — A)*) = T((a ® A*)™)
= T(a® A*) > T(A*) = T*(A).

Theorem 3.8. Let H be a join preserving map. Define Ty : LX — L as

Tr(4) = )\ (H(A)(@) = A(2)) = epx (H(A), A).

zeX

Then we have the following properties.

(1) Ty is an Alexandrov fuzzy topology on X.

(2) Ta(A) = Ny yex(H(Te)(y) = (A(z) — A(y)) such that Tp(A) >
Nezyex H(T2)(y)-

(3) If H is an upper approximation operator, then Ty (H(T,)) = T.

(4) If H~1 is a join preserving map such that H~1(T,)(y) = H(T,)(z) for
all z,y € X. Define T};(A) = Ty(A*). Then T}, = Tpy-1 is an Alexandrov
fuzzy topology.

(5) If H is an upper approximation operator, then %! is an upper approx-
imation operator such that

Ty(H ¥(T.) = Ty (H(T.) = T.
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Proof. (1) For a =V, cx(a(y)©Ty)
Vyex(@(y) ©H(Ty)(x)) = 2O Vyex H

—

Ta(Vier Ai) = No(H(Vier Ai) () = Viep Ai(2))
= NoVier H(Ai)(2) = Viep Ai(2))
> Ne(Nier(H(Ai)(z) = Ai(z))) (by Lemma 2.10(8))
= /\ieF TH(Ai)'

Since H(/;er Ai)
TH(/\iEF Aj)

In

=

m

a
=X
N
£
@
g
3

:(H(Nier 4i) (@) = Njer Ai(2))

+(Nier H(Ai)(x) = Njer Ai(z))

+(Nier (H(Ai)(z) = Ai(x))) (by Lemma 2.10(8))
er TH(Ai)-

I AVARAVARI
>>>>

Since

Since
a® (o — A(x) © (A(z) — Ay)) < A(z) © (A(z) — Ay)) < Aly)
iff A(z) = A(y) < (a = A(z)) = (o — A(y))
)

a®OH(a—A)=Hao (a— A) <H(A)
iff H(aw— A) <a—H(A)

Ty(a— A) L(Ha— A)(z) = (o = A(x)))

AW

Ne((@ = H(A)(z)) = (o = A(x)))

N, (H(A)(x) = A(z)) = T (A). (by Lemma 2.10(10))
Ta),

(2) For A=V cx(A(z) ©
Th(A)

VIV

we have

Nyex(H(A)(y) = Aly))

Nyex (H(Vpex (A(z) © T2))(y) = A(y))
Nyex (Vaoex (A(z) © H(T2)(y) = Aly))
Neyex H(T2)(y) = (Az) = Aly))
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TH(H(TZ))

Example 3.9. Let R € L**¥ be a fuzzy relation. By Example 2.2,
Hp is a join preserving map with Hr(A)(y) = V,ex(A(x) © R(z,y)). Define
Thy, : LX — L as

Tia(A) = )\ Hr(A)(z) = Alz)) = e x (Hr(A), A).
reX

From Theorem, we obtain the following results.

(1) Thy, is an Alexandrov fuzzy topology on X.

(2) Since Hr(T2)(y) = R(z,y), we have Ty,(A) = A, ex(R(z,y) —
(A(2) = A(y))) such that Ty, (4) > A,y x B (2,9).

(3) If R is a preorder, then Hp is an upper approximation operator such
that Ty, (RY) =T for all z € X.

(4) If R~Y(x,y) = R(x,y) for all z,y € X, then Hp1 is a join preserving
map. Define T (A) = Ty,(A4%). Then T} =Ty
topology.

o1 18 an Alexandrov fuzzy
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(5) If R is a fuzzy preorder, then R is a fuzzy preorder. Since HI_%I*(T;E) =
Ry and H3(T,) = (R¥)*, then Hr and Hz-1 are upper approximation opera-
tors such that
Thgp(R;) = Th,  (R)) =T.

Theorem 3.10. Let H,H ' : LX — L¥ be join preserving maps. Then
we have the following properties.

(1) TH(A) < TH—1(A — a) and TH—1 (A) < TH(A — a).

(2) Ty(A) < Tpg-1(A — a) < Ty-1((A - o) — B) and Ty-1(A) =

Proof. (1)

Afw) © (A(z) > A@)) © (A(y) = a) < a

iff (A(z) = A(y)) © (Aly) = a) < Az) = @

iff (A(z) = Aly)) < (A(y) = @) = (A(z) = )

Tu(A) =N,y (H(Ta)(y) = (Alx) = A(y))

< Nay H(T2)(y) = ((Aly) = @) = (A(z) = o))
< Ny HTHTY(@) = (Aly) = @) = (A@) = a))
= TH—I(A — a).

Tp(A) < Tpo1(A%) < Ty(A™) = Ty(A).

Theorem 3.11. Let H,H ' : LX — L¥X be join preserving maps.

(1) H(T2)(W) < Asepx (Tu(A) = (A(z) — A(y)). for all z,y € Lx.
(2) H(T2)(y) < Nacrx(Tu-1(A) = (A(y) — A(x)). for all z,y € X,
(3) If H is an upper approximation operator, then, for all z,y € L¥,

H(T2)(W) = Naerx(Tu(A) = (Alz) = A(y))
Nacrx(Tr-1(A) = (Aly) — A(x))
Neex(H(T2) (@) = H(T:)(y))

Ncex (" (T z)(y)—>7i*( 2)())
/\ze (H™ (Tz)() H(T2)(2))
Neex HTH(T2)(@ )—>H " (T2)())

zeX
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Proof. (1) Since a < (a — b) — b, we have

)
H(T2)(y) < Naerx (H(T2)(y) = (Alx) = Aly)) = (A(z) = A(y)))
< Aaerx (N o(H(T5)(8) = (A(s) = A1) = (A(z) = A(y)))
= Nacrx(Tu(A) = (A(z) = A(y)))

(2)
H(Ta) () =H H(Ty)(@) < Aserx(Tu-1(4) = (Aly) — A(z)))
(3) Since Ty (H(T4)) = Ty (HH(Te) = Ta(H(T2)) = Ty (H*(TL))

2ex(Ta(H(T2)) = (
ex (H(T2)(x) = H(
erx(Tu(A) = (A(z) — A(y))
zeX(TH(H_l*(TZ)) — !
cex(HTH(To)(y) = H™
y(y) = HH(Ty)(x)
aerx (Tr-1(A) = (
cex(Tr-1 (H*(T2))
x(H*(T2)(y) = H

o

* W

—~mM
i
8
N—
—
S
N—
X
*
—
8
N—

(
aerx(Ty-1(A) — (A
zeX (TH*l (Hfl

E>S>S>S>>S>S> A>S>S>S>>>

(VA VAN VAN VAN VAN VAN VAN VAN VAN 1 VAN VANRN | B VANR VAN

0
=
o
s -
=1
IA ]
X

3
gb

Example 3.12. Let R € LX*X be a fuzzy relation and Hpg, Hp-1 be join
preserving maps in Example 3.5.

(1) R(z,y) < Aacrx (Taz(A) = (A(z) = A(y)). for all z,y € LX.

(2) R(z,y) < /\AELX(THR—I(A) — (A(y) — A(z)). for all z,y € LX.

(3) If R is a fuzzy preorder, then for all z,y € L,

R(z,y) = Naerx(Tup(A) = (A(z) — A(y))
= Naecrx (T, (A) = (A(y) — A(z))
= Neex (B (z) = R*(y))

= Noex ()" (y) — (R*)*(2))

= /\zEX(Rz(y) — Rz(x))

= Neex(BI(z) = RZ(y)).
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Example 3.13. Let (L = [0,1],®,—,*) be a complete residuated lattice
with a strong negation which is defined by

rOy=(x+y—1)V0, z—=y=1-z4+y) Al 2" =1—u.
Let X = {z,y,2} and A, B € LX as follows:
A(x) =0.9,A(y) =0.8,A(2) = 0.3, B(z)=0.3,B(y) =0.7,B(z) =0.8

Let 7-[ HL LK —> LX be a join preserving map such that, for all z,y € X,

H(1y =H"1(1,) () as follows
H(lx ) =05 H(l)(y) =02 H(ly)(z)=1
( H(1,)(x) = 0.8 H(1,)(y) =0.6 H(1,)(z) =09
H(12) ) =1 H(l:)(y) =05 H(1:)(z) =0.7 /
1) Since 1 =V e x (H(1e)(y) ©H(1y)(z) = H(H(L:))(z) # H(l:)(x) = 0.5
and 7—[( 2)(x) = 0.5 # 1, then H is not an upper approximation operator.
Since H(A)(y) = V,ex (A ( ) © (H(12)(y)), we have

#H(A) = (0.6,0.4,0.9), H(B) = (0.8,0.3,0.6).

Moreover, by Theorem 3.8,

Ty(A) = epx (H(A), A) = 04, Ty(B) = ey x (H(B),B) = 0.5.
H(T,) = (0.5,02,1), H(H(T)) = (1,0.5,0.7)
H(T,) = (0.8,0.6,0.9), H(H(T,)) = (0.9,0.4,0.8)
H(T.) =(1,05,0.7), H(H(T,))=(0.7,0.2,1)

Ty (H(Ta)) = epx (H(H(T2)), H(T:)) = 0.5.
T (H(Ty)) = epx(H(H(Ty)), H(Ty)) = 0.8.
T (H(T2)) = epx (H(H(T2)), H(T2)) = 0.7.
0.9 =H(Ty)(z) # /\xeX(TH(H( ) = (H(T2)(y) = H(T2)(2)))

( (
(05—>(‘162 1)) A (0.8 = (0.6 — 0.9)) A (0.7 — (0.5 — 0.7))
=1

Hence, by Theorems 3.8 (3) and 3.11 (3), if H is not an upper approximation
operator, the results does not hold.

(2) We obtain H~1(1,)(y) = H(1,) () as follows
H 1) () =05 H Y 1)(y) =08 H1(1)(z) =1
( HY1,)(z) =02 H Y (1L,)(y) =06 H(1,)(z) =05
H(L)(z) =1 H(L)(y) =09 H'(L:)(x) =07 /
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Since 1=V, ex(H (1) (y) OH (L) (@) = HH(H T (Lo)(2) # H ™ (1e)(2)
0.5, then %! is not an upper approximation operator. Since H™1(A)(y)

Vaex(Az) © (K71 (1) (y)), we have
1Y (A) = (0.4,0.7,0.9), H~'(B) = (0.8,0.7,0.5).

Moreover, by Theorem 3.8,
Ty-1(A) = e x(H1(A),A) =04, Ty-1(B) =e x(H 1(B),B) =0.5.
For A* = (0.1,0.2,0.7), H~'(A*) = (0.7,0.6,0.4), H(A*) = (0.7,0.2,0.4) and
Ty-1(A) = Th(A%) = epx (H(AY), A7) = 0.4,
Ty(A) =Ty 1(A") = e x(H 1 (AY), A*) = 0.4.

H(H (1)) = (0,0,0.5) # H (1) = (0.5,0.2,0)
H(H™(1,)) = (0.5,0,0.8) # H~1*(1,) = (0.8,0.4,0.5)
H(H1(1,)) = (0.3,0,0) # H~(1,) = (0,0.1,0.3)
Ty(H(1,)) = e x (HH™ 1*(195)),771 (1,))) = 0.5
Tr(H ™" (1y)) = epx (H(H (1)), H™(1y))) = 0.7
Tr(H(12)) = epx (H(H (1)), H*(12))) = 0.7.

0.9 = H( y) 2) # Noex(Tu(H (1)) = (H7 1 (La)(y) — H™ ™ (12)(2)))
A (0.7 = (0.4 = 0.5)) A (0.7 = (0.1 — 0.3))

Il
—~
=]
ot
=
—~
o
[\’) —~
{
(]
~—
~—
—~

Example 3.14. Let (L = [0,1],®,—,* ) be a complete residuated lattice
as in Example 3.13. Let X = {z,y,2} and A, B € LX as follows:

A(x) =0.9,A(y) =0.8,A(z) = 0.3, B(z)=0.3,B(y) =0.7,B(z) =0.8
Define H(1;)(y) as follows
1

H(l)(x) =1 H(L:)(y) =08 H(l)(2) = 0.6
H(1ly)(x) =0.7  H(1y)(y) = H(ly)(z =03
H(L:)(x) =05 H(L)(y) = H(1:)(2) =1 /
) © H(1y)(2) = H(H(12))(2) = H(1:)(2) and 1, <

(1) Since Ve x (H(12)(y
H(1;) for all x,y € X, then H is an upper approximation operator. Since

H(A)(Y) = V,ex(Alz) © (H(12)(y)), we have
H(A) = (0.9,0.8,0.5), H(B) = (0.4,0.7,0.8).
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Moreover, by Theorem 3.8,

Ti(A) = epx (H(A), A)) = 0.8, Ty(B) = epx (H(B), B)) = 0.9.

(2) We obtain H~(1,)(y) = H(1,)(z) as follows
H 1) (x) =1 H 1) (y) =07 H 1 (1.)(2) =0.5
( H_l(ly)(x) =038 H_l(ly)(?/) =1 H_l(ly)(z) =06
M) =06 HL) ) =03 MA@ =1 )

Since Ve x (71 (1) (y) © H ™1 (1,)(2) = H 1 (1)(2) and 1, < H7L(1,) for all
x,y € X, then H~! is an upper approximation operator. Since H~1(A)(y) =
Vaex(A@) © (H1(12)(y)), we have

H1(A) = (0.9,0.8,0.4), H (B) = (0.5,0.7,0.8).
Moreover, by Theorem 3.8,
Ty-1(A) = e x(H 1 (A),A) =09, Ty-1(B) =e x(H (B),B)) =0.28.
For A* = (0.1,0.2,0.7), H~Y(A*) = (0.3,0.2,0.7), H(A*) = (0.2,0.3,0.7) and
Ty-1(A) = Th(A%) = epx (H(AY), A7) = 0.9,

Ti(A) = Ty1(A%) = epx (H™1(A*), A%) = 0.8.

H(H (1)) = H1*(1,) = (0,0.3,0.5)
H(H (1)) = H*(1,) = (0.2,0,0.4)
H(H(1,)) = H1(1.) = (0.4,0.7,0).

0.3 =H(Ty)(2) = Npex(Tu(H(12)) = (K (1a)(y) = H ™ (12)(2)))
=(1—-(03—=05))A(1—=(0—04)A(1—(0.7—0)).
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