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Abstract: This paper addresses decentralized exponential stabilization prob-
lem for a class of linear large-scale systems with time-varying delay in inter-
connection is considered. The time delay is any continuous function belonging
to a given interval, but not necessary to be differentiable. By constructing
a suitable augmented Lyapunov-Krasovskii functional combined with Leibniz-
Newton’s formula, new delay-dependent sufficient conditions for the existence
of decentralized exponential stability is established in terms of LMIs.
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1. Introduction

Decomposition methods in the stability analysis of large-scale systems are be-
coming increasingly popular in the recent times and criteria for both asymptotic
stability (in a Lyapunov setting) and input-output stability (in a functional
analysis framework) have been obtained by treating the original system as an
interconnection of several simpler subsystems. The problem of decentralized
control of large-scale interconnected dynamical systems has been receiving con-
siderable attention, because there are a large number of large-scale intercon-
nected dynamical systems in many practical control problems, e.g., transporta-
tion systems, power systems, communication systems, economic systems, social
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systems, and so on. [1–9]. The operation of large-scale interconnected systems
requires the ability to monitor and stabilize in the face of uncertainties, distur-
bances, failures and attacks through the utilization of internal system states.
However, even with the assumption that all the state variables are available for
feedback control, the task of effective controlling a large-scale interconnected
system using a global (centralized) state feedback controller is still not easy
as there is a necessary requirement for information transfer between the sub-
systems [6–23]. To the best of our knowledge, there has been no investigation
on the exponential stabilization of large-scale systems with time-varying delays
interacted between subsystems. In fact, this problem is difficult to solve; par-
ticularly, when the time-varying delays are interval, non-differentiable and the
output is subjected to such time-varying delay functions.

In this paper, we consider a class of large-scale linear systems with interval
time-varying delays in interconnections. Compared to the existing results, our
result has its own advantages. (i) stabilization analysis of previous papers re-
veals some restrictions: The time delay was proposed to be either time-invariant
interconnected or the lower delay bound is restricted to being zero, or the time
delay function should be differential and its derivative is bounded. In our re-
sult, the above restricted conditions are removed for the large-scale systems.
In addition the time delay is assumed to be any continuous function belong-
ing to a given interval, which means that the lower and upper bounds for the
time-varying delay are available, but the delay function is bounded but not nec-
essary to be differentiable. This allows the time-delay to be a fast time-varying
function and the lower bound is not restricted to being zero. (ii) The devel-
oped method using new inequalities for lower bounding cross terms eliminate
the need for over bounding and provide larger values of the admissible delay
bound. We propose a set of new Lyapunov-Krasovskii functional, which are
mainly based on the information of the lower and upper delay bounds.

The paper is organized as follows. Section 2 presents definitions and some
well-known technical propositions needed for the proof of the main results.
Main result for decentralized exponential stabilization of large-scale systems is
presented in Section 3.

2. Preliminaries

The following noted in this paper. R+ denotes the set of all real non-negative
numbers; Rn denotes the n−dimensional space with the scalar product 〈., .〉
and the vector norm ‖ . ‖; Mn×r denotes the space of all matrices of (n ×
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r)−dimensions; AT denotes the transpose of matrix A; A is symmetric if A =
AT ; I denotes the identity matrix; λ(A) denotes the set of all eigenvalues of
A; λmin/max(A) = min/max{Reλ;λ ∈ λ(A)};C1([a, b] , Rn) denotes the set of
all Rn-valued differentiable functions on [a, b] ;L2 ([0,∞] , Rr) stands for the
set of all square-integrable Rr-valued functions on [0,∞]. xt := {x(t + s) :
s ∈ [−h, 0]}, ‖xt‖ = sups∈[−h,0] ‖ x(t + s) ‖; C([0, t], Rn) denotes the set of
all Rn−valued continuous functions on [0, t]; Matrix A is called semi-positive
definite (A ≥ 0) if 〈Ax, x〉 ≥ 0, for all x ∈ Rn;A is positive definite (A > 0) if
〈Ax, x〉 > 0 for all x 6= 0;A > B means A − B > 0. ∗ denotes the symmetric
term in a matrix.

Consider a class of linear large-scale systems with interval time-varying
delays composed of N interconnected subsystems i = 1, N of the form

ẋi(t) = Aixi(t) +

N
∑

j 6=i,j=1

Dijuj(t), t ∈ R+, (1)

xi(t) = ϕi(t), ∀t ∈ [−h2, 0],
where xT (t) = [xT1 (t), . . . , x

T
N (t)], xi(t) ∈ Rni , is the state vector , uj(t) ∈

Rmj ,mj ≤ nj, j = 1, N is the control input, the systems matrices Ai,Dij are of
appropriate dimensions.

We consider a delayed feedback control law

uj(t) = Fijxj(t− hij(t)), t ∈ R+, (2)

and Fij , i, j = 1, N is the controller gain to be determined.
Remark 1. Note that to implement the delayed state feedback controller

(1) the function hij(t) must be known in advance. Applying the feedback
controller (2) to the system (1), the closed-loop linear large-scale systems is

ẋi(t) = Aixi(t) +
N
∑

j 6=i,j=1

DijFijxj(t− hij(t)), t ∈ R+, (3)

The time delays hij(.) are continuous and satisfy the following condition:

0 ≤ h1 ≤ hij(t) < h2, t ≥ 0, ∀i, j = 1, N,

and the initial function ϕ(t) =
[

ϕ1(t), . . . .ϕN (t)T
]

, ϕi(t) ∈ C1([−h2, 0] , R
ni),

with the norm

‖ϕi‖ = sup
−h≤t≤0

{‖ϕi(t)‖ , ‖ϕ̇i(t)‖} , ‖ϕ‖ =

√

√

√

√

N
∑

i=1

‖ϕi‖2.
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Definition 1. Given α > 0. The zero solution of system (1) is α−exponentially
stable if there exist a positive number N > 0 such that every solution x(t, ϕ)
satisfies the following condition:

‖ x(t, ϕ) ‖≤ Ne−αt ‖ ϕ ‖, ∀t ∈ R+.

Definition 2. The linear large-scale control systems (1) is exponentially
stablilizable if there is a delayed feedback control (2) such that the linear large-
scale control systems (3) is exponentially stable.

We end this section with the following technical well-known propositions,
which will be used in the proof of the main results.

Proposition 1. For any x, y ∈ Rn and positive definite matrix P ∈ Rn×n,

we have

2xT y ≤ yTPy + xTP−1x.

Proposition 2. (Schur complement lemma [24]). Given constant matrices
X,Y,Z with appropriate dimensions satisfying X = XT , Y = Y T > 0. Then
X + ZTY −1Z < 0 if and only if

(

X ZT

Z −Y

)

< 0 or

(

−Y Z

ZT X

)

< 0.

Proposition 3. [25] For any constant matrix Z = ZT > 0 and scalar
h, h̄, 0 < h < h̄ such that the following integrations are well defined, then

−

∫ t

t−h

x(s)TZx(s)ds ≤−
1

h

(
∫ t

t−h

x(s)ds

)T

Z

(
∫ t

t−h

x(s)ds

)

,

−

∫ −h

−h̄

∫ t

t+θ

x(s)TZx(s)dsdθ ≤−
2

h̄2 − h2

(
∫ −h

−h̄

∫ t

t+θ

x(s)dsdθ

)T

Z

(
∫ −h

−h̄

∫ t

t+θ

x(s)dsdθ

)

.

3. Main Results

In this section, we investigate the decentralized exponential stabilization of
linear large-scale control system (1) with interval time-varying delays. It will
be seen from the following theorem that neither free-weighting matrices nor any
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transformation are employed in our derivation. Before introducing main result,
the following notations of several matrix variables are defined for simplicity.

M i
11 =AT

i Pi +AiPi + 2αPi −

(

2e−4βh2

h22 − h21

)

(h2 − h1)
2Wi

+

N
∑

j 6=i,j=1

Pi(DijFij)(DijFij)
TPi + Si3AiA

T
i S

T
i3,

M i
1k =− Si3Ai,∀k = 2, N,M i

1(N+1) = −Si1Ai,

M i
1(N+2) =Si2Ai,M

i
1(N+3) = 0,M i

1(N+4) =

(

2e−4βh2

h22 − h21

)

(h2 − h1)Wi,

M i
km =0,∀k 6= m,k,m = 2, N,

M i
kk =

N
∑

j 6=i,j=1

Si3(DijFij)(DijFij)
TST

i4 + 6I,∀k = 2, N,

M i
k(N+1) =0,M i

k(N+2) = 0,M i
k(N+3) = Si3,M

i
k(N+4) = 0,

M i
(N+1)(N+1) =

N
∑

j 6=i,j=1

Si1(DijFij)(DijFij)
TST

i1,M
i
(N+1)(N+2) = 0,

M i
(N+1)(N+3) =Si1,M

i
(N+1)(N+4) = 0,

M i
(N+2)(N+2) =

N
∑

j 6=i,j=1

Si2(DijFij)(DijFij)
TST

i2,M
i
(N+2)(N+3) = Si2,

M i
(N+2)(N+4) =Si1,M

i
(N+3)(N+3) = 2Si4 + (h2 − h1)h2Wi

+

N
∑

j 6=i,j=1

Si4(DijFij)(DijFij)
TST

i4,

M i
(N+3)(N+4) =0,M i

(N+4)(N+4) =

(

2e−4βh2

h22 − h21

)

Wi,

λi1 =λmin(Pi), λ1 = min
i=1,N

λi1, λ2 = max
i=1,N

λi2,

λi2 =λmax(Pi) + (h2 − h1)h
2
2λmax(Wi).

The following is the main result of the paper, which gives sufficient condi-
tions for the decentralized exponential stabilization of linear large-scale system
(1) with interval time-varying delays. Essentially, the proof is based on the
construction of Lyapunov Krasovskii functions satisfying Lyapunov stability
theorem for time-delay system [24].
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Theorem 1. Given α > 0. System (1) is α−exponentially stable if there
exist symmetric positive definite matrices Pi,Wi, i = 1, N , and matrices Sij, i =
1, N, j = 1, 2, 3, 4 such that the following LMI holds

Mi =











M i
11 M i

12 . . . M i
1(N+4)

∗ M i
22 . . . M i

2(N+4)

. . . . . .

∗ ∗ . . . M i
(N+4)(N+4)











< 0, i = 1, N. (4)

Moreover, the solution x(t, ϕ) of the system satisfies

‖ x(t, ϕ) ‖≤

√

λ2

λ1
e−αt ‖ ϕ ‖, ∀t ∈ R+.

Proof. We consider the following Lyapunov-Krasovskii functional for the
system (1)

V (t, xt) =

N
∑

i=1

2
∑

j=1

Vij(t, xt),

where

Vi1 = xTi (t)Pixi(t),

Vi2 =

∫ −h1

−h2

∫ 0

θ

∫ t

t+s

e2α(τ+s−t)ẋTi (τ)Wiẋi(τ) dτ ds dθ.

It easy to verify that

N
∑

i=1

λi1‖xi(t)‖
2 ≤ V (t, xt), V (0, x0) ≤

N
∑

i=1

λi2‖ϕi‖
2. (5)

Taking the derivative of V in t along the solution of system (1), we have

˙Vi1 = 2xTi (t)Piẋi(t)

= 2xTi (t)[A
T
i Pi +AiPi]xi(t) + 2xTi (t)PiDijFijxj(t− hij(t));

V̇i2 ≤ (h2 − h1)h2ẋ
T
i (t)Wiẋi(t)

− e−4βh2

∫ −h1

−h2

∫ t

t+θ

ẋTi (s)Wiẋi(s)dsdθ − 2αVi2.
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Note that when hji(t) = h1 or hji(t) = h2, we have

[xi(t− h1)− xi(t− hji(t))]
T = 0

or
[xi(t− hji(t))− xi(t− h2)] = 0,

respectively. Besides, using Proposition 3 again, we have

e−4βh2

∫ −h1

−h2

∫ t

t+θ

ẋTi (s)Wiẋi(s)dsdθ ≤

− e−4βh2
2

h̄2 − h2

(
∫ −h

−h̄

∫ t

t+θ

x(s)dsdθ

)T

Z

(
∫ −h

−h̄

∫ t

t+θ

x(s)dsdθ

)

≤

−2e−4βh2

h22 − h21

(

(h2 − h1)xi(t)−

∫ t−h1

t−h2

xi(θ)dθ

)T

Wi

(

(h2 − h1)xi(t)−

∫ t−h1

t−h2

xi(θ)dθ

)

.

Hence,

V̇i2 ≤(h2 − h1)h2ẋ
T
i (t)Wiẋi(t)− 2αVi2

−
2e−4βh2

h22 − h21

(

(h2 − h1)xi(t)−

∫ t−h1

t−h2

xi(θ)dθ

)T

×Wi

(

(h2 − h1)xi(t)−

∫ t−h1

t−h2

xi(θ)dθ

)

.

Therefore, we have

V̇ (.) + 2αV (.) ≤
N
∑

i=1

[xTi (t)[A
T
i Pi +AiPi + 2αPi −

(

2e−4βh2

h22 − h21

)

(h2 − h1)
2Wi

+

N
∑

j 6=i,j=1

Pi(DijFij)(DijFij)
TPi + Si3AiA

T
i S

T
i3]xi(t)

+
N
∑

j 6=i,j=1

xTi (t− h1)Si1(DijFij)(DijFij)
TST

i1]xi(t− h1)

+ xTi (t− h2)[

N
∑

j 6=i,j=1

Si2(DijFij)(DijFij)
TST

i2]xi(t− h2)
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+ ẋTi (t)[2Si4 + (h2 − h1)h2Wi

+
N
∑

j 6=i,j=1

Si4(DijFij)(DijFij)
TST

i4]ẋi(t)

+

N
∑

j 6=i,j=1

xTi (t− hji(t))[

N
∑

j 6=i,j=1

Si3(DijFij)(DijFij)
TST

i3

+ 6I]xi(t− hji(t))

+ 2xTi (t)[−Si1Ai]xi(t− h1)] +

N
∑

i=1

[2xTi (t)[Si2Ai]xi(t− h2)

+ 2xTi (t)[−Si4Ai]ẋi(t) + 2xTi (t− h1)Si1ẋi(t)

+ 2xTi (t− h1)Si2ẋi(t) + 2

N
∑

j 6=i,j=1

xTi (t− hji(t))Si3ẋi(t)

−

(
∫ t−h1

t−h2

xi(θ)dθ

)T [(

2e−4βh2

h22 − h21

)

Wi

](
∫ t−h1

t−h2

xi(θ)dθ

)

+ 2xTi (t)

[(

2e−4βh2

h22 − h21

)

(h2 − h1)Wi

](
∫ t−h1

t−h2

xi(θ)dθ

)

=

N
∑

i=1

ζTi (t)M
iζi(t),

where

ζTi (t) =
[

xTi (t), x
T
i (t− h1), x

T
i (t− h2),

(

xTi (t− hji)
)N

j 6=i,j=1
, ẋTi (t),

∫ t−h1

t−h2

xTi (θ)dθ

]

.

By condition (4), we obtain

V̇ (t, xt) ≤ −2αV (t, xt), ∀t ∈ R+. (6)

Integrating both sides of (6) from 0 to t, we obtain

V (t, xt) ≤ V (ϕ)e−2αt, ∀t ∈ R+.

Furthermore, taking condition (5) into account, we have

λ1 ‖ x(t, ϕ) ‖2≤ V (xt) ≤ V (ϕ)e−2αt ≤ λ2e
−2αt ‖ ϕ ‖2,
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then

‖ x(t, ϕ) ‖≤

√

λ2

λ1
e−αt ‖ ϕ ‖, t ∈ R+.

This completes the proof of the theorem.

Remark 2. Theorem 1 provides sufficient conditions for linear large-scale
system (1) in terms of the solutions of LMIs, which guarantees the closed-loop
system to be exponentially stable with a prescribed decay rate α. The developed
method using new inequalities for lower bounding cross terms eliminate the
need for over bounding and provide larger values of the admissible delay bound.
Note that the time-varying delays are non-differentiable, therefore, the methods
proposed in [1–5, 9–12, 15, 18, 20–23] are not applicable to system (1). The
LMI condition (4) depends on parameters of the system under consideration as
well as the delay bounds.

4. Conclusion

In this paper, the problem of the decentralized exponential stabilization for
large-scale time-varying delay systems has been studied. The time delay is
assumed to be a function belonging to a given interval, but not necessary to be
differentiable. The developed method using new inequalities for lower bounding
cross terms eliminate the need for over-bounding and provide larger values of
the delay bound.
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