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Abstract: The aim of this paper is to study the stability analysis of q-
deformed chaotic map under Mann iterative scheme. We also plot the time
series and Lyapunov exponent for changing values of the parameters.
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1. Introduction

Verhulst postulated that the growth rate at any time should be proportional
to the fraction of the environment that is not yet used up by the population at
that time. The discrete version of the Verhlusts model was further expressed
by R. May [12] by the following difference equation

xn+1 = rxn(1− xn), (1)

where xn (a real number between 0 and 1) represents population density at
time n = 1, 2, 3, ... and r is used for the combined rate for reproduction and
starvation (see also [13] and [15]).
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This is one of the most popular nonlinear models used to describe various
physical and natural systems. For a details discussions and applications of lo-
gistic map one may refer [2], [3], [5], [6], [7], [8], [10], [14], [16], [17] and several
references therein. A deformation of the logistic map has been proposed by
Banerjee and Parthasarathy [1]. Some of the physical problems show quan-
tum group structures therefore the q-deformed physical systems has been the
subject of intense research in the recent past (see, for e.g., [4] and references
therein). In q-deformation of a function there is some modification in function
such that in the limiting case q → 1 the modified function changes to original
function. Theory of quantum integrable systems has initiated a new type of
symmetry and the mathematical objects associated with it are called quantum
groups. These groups are related to the usual Lie groups in the same manner
as quantum mechanics is related to its classical limit. It is believed that the
various interactions in many physical systems are taken into account through
q-deformation more effectively. The q-deformed logistic map may also be used
to show the exceptional phenomena of the co-existence of the chaotic and nor-
mal behaviour of a system. In this paper, we study the stability of this map
through time series analysis and visualize the Lyapunov exponent patterns of
such map for varying values of the parameters under Mann iteration scheme.

2. Preliminaries

In this section, we present the basic concepts required for our work.

Definition 1. [2]. Let X be a non empty space and f : X → X. A point
p ∈ X is called a periodic point of f of period n ≥ 1, n ∈ N , iff fn(p) = p and
fk(p) 6= p for all k = 1, 2, ..., n − 1, where fk(p) := f(f(...(f

︸ ︷︷ ︸

ktimes

(p))...)).

A periodic point of f of period 1 is simply a fixed point of f .

Definition 2. [2]. Let (X, d) be a metric space and f : X → X. The
orbit of a point x in X under the transformation f is defined as a sequence
{fn(x) : n = 0, 1, 2, . . .}. This transformation f may also be called a dynamical
system denoted by {X, f}.

Let X be a non empty set and f : X → X. Then for any point x0 in X,
the iterative scheme xn+1 = f(xn), n = 0, 1, 2, . . . is called Picard iterate and
an Picard orbit is defined as

O(f, x0) = {xn : xn = f(xn−1), n = 0, 1, 2, . . .} (2)

Now we define a two step feedback scheme essentially due to Mann [11].
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Definition 3. Let X be a non empty set and f : X → X. For a point x0
in X, construct a sequence {xn} in the following manner:

xn+1 = αnf(xn) + (1− αn)xn (3)

for n = 0, 1, 2, . . ., where 0 < αn ≤ 1. Then sequence {xn} is called Mann
iterate of a point x0 and it is denoted by MO(f, x0, αn).

It is remarked that (3) with αn = 1 is the Picard iteration (2).
Prasad and Katiyar [18], [19], [20], [21] and [22] studied the map (1) for

different iterative schemes and interesting fractal patterns are generated in [19],
[20] and [22] .

Definition 4. Let f be a continuous map of the real line R. The Lyapunov
exponent LE(x1) of the orbit {x1, x2, x3, . . .} is dened as

LE(x1) = lim
n→∞

(1/n)[ln |f ′(x1)|+ ln |f ′(x2)|+ . . .+ ln |f ′(xn)|],

if this limit exists. The orbit {xn} is generated by the rule (3).

3. Stability Analysis

Banerjee and Parthasarathy [1] proposed the following Quantumgroup (Qu-
group) type deformation, called q-deformation of the logistic map.

[xn+1] = r[xn](1 − [xn]) (4)

where [x] = 1−qx

1−q
. such that [x] → x when q → 1. Here q is real and x is in the

interval [0, 1].
The q-deformed logistic map with Mann iteration (3) with αn = α is given by

[xn+1] = αr[xn](1− [xn]) + (1− α)[xn], (5)

where 0 < α ≤ 1 and [x] = 1−qx

1−q
Notice that the deformed map (4) is concave

in parts of x-space while (1) is always convex.

3.1. Stability Analysis through Time Series

In this section, we attempt to investigate the behaviour of q-deformed logistic
map by time series analysis. We first study the behavior of q-deformed logistic
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(a). (r, α) = (3.6, 1) (b). (r, α) = (3.5, 0.7)

(c). (r, α) = (3.6, 0.5) (d). (r, α) = (3.5, 0.3)

Figure 1: Time-Series for x0 = 0.1 and q = 0.5.

orbits generated by (5) using time series. For comparing the behaviors of the
model via new iterative scheme, we consider the same values of x0, q and r
as taken by Banerjee and Parthasarathy [1] and vary α from 1 to 3. It is
observed that the cyclic behavior of logistic map as in case of [1] changes to
stable behavior as shown in Figures 1(a)-(d) .

3.2. Stability Analysis through Lyapunov Exponent

In this section, we investigate the behaviour of q-deformed logistic map through
its Lyapunov exponent (LE). Besides measuring the sensitive dependence upon
the initial condition, the LE of a function also measures the stretching rate per
iteration averaged over the trajectory. It gives an indication of divergence or
convergence of the orbits starting close together. Thus it has an important
role in identifying the behaviour of a dynamical system. The orbit is attracted
towards a stable fixed point or stable periodic orbit when LE is negative for a
given r. The system exhibits some sort of steady state mode when LE is zero.
The positive value of the LE characterizes an unstable and chaotic behavior
of the system for a given r. A number of authors have explored the LE and
studied the behaviour of the dynamical systems see for instance, Huberman
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Figure 2: Lyapunov Exponents for x0 = 0.1 and q = 0.5.

and Rudnick [7], Giesel et al [9] and McCartney [14] and references thereof.
We obtain the LE of the q-deformed logistic map for the same values of the
parameters α as taken in section 3.1 by varying the parameter α and fixing x0
at 0.1 and q = 0.15. The Lyapunov exponents and the expected behavior of
the orbits at the chosen values of the parameters are shown in Figures 2(a)-(d)
and Table 1.

4. Conclusion

The time series and Lyapunov exponent analysis for q-deformed logistic map-
ping under Mann iterative scheme are studies for same specific choices of the
parameters α and q. The chaotic behavior of the mapping shown for Picard
iterative scheme is found to be stable when we use the two steps Mann iterative
scheme.
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α r LE Nature of orbit

1

3.5106 < r < 3.5218

Positive Chaotic orbit
3.5249 < r < 3.3614
3.6126 < r < 3.3819
3.8959 < r < 3.9999

0 < r < 3.5106

Negative Stable orbit
3.5218 < r < 3.5249
3.3614 < r < 3.6126
3.3819 < r < 3.8959

r = 1.1662 Least negative More stable orbit
r = 4 — Unstable orbit

0.7

5.5962 < r < 5.6938

Positive Chaotic orbit
5.7200 < r < 5.9818
5.9929 < r < 6.1343
6.1544 < r < 6.2923

0 < r < 5.5962

Negative Stable orbit
5.6938 < r < 5.7200
5.9818 < r < 5.9929
6.1343 < r < 6.1544

r = 2.6747 Least negative More stable orbit
r > 6.2923 — Unstable orbit

0.5

8.9173 < r < 9.1929
Positive

Chaotic orbit
9.2166 < r < 9.4135
9.4545 < r < 9.6296

0 < r < 8.9173

Negative Stable orbit
9.1929 < r < 9.2166
9.4135 < r < 9.4545

r = 2.3524 Least negative More stable orbit
r > 9.6296 — Unstable orbit

0.3
0 < r < 17.8378 Negative Stable orbit

r = 5.6036 Least negative More stable orbit
r > 17.8378 — Unstable orbit

Table 1: The expected behavior of the orbits for r and α
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