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Abstract: In this paper, a harvesting Leslie-Gower equations is discretized
using the forward Euler method. The dynamical properties of the resulted
discrete system is then analysed. It is shown that the discrete system has
exactly the same equilibria as those of original continuous equation. However,
the stability of positive equilibrium is dynamically consistent with its continuous
version only for relatively small time step. Such behaviour is confirmed by our
numerical simulations. Furthermore, our numerical simulations show when the
time step does not satisfy the stability condition, the discrete system has more
complicated dynamics such as period-2n-orbits and chaos.
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1. Introduction

Recently, Zhang et al. [1] introduced the following Leslie-Gower predator-prey
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model with harvesting

dH

dt
= (r1 − a1P − b1H)H − c1H, (1a)

dP

dt
=

(
r2− a2

P

H

)
P − c2P, (1b)

where H and P denote the density of prey and predator, respectively. The
growth of prey obeys the logistic law with intrinsic growth rate r1 and carrying
capacity r1/b1. The predator is also assumed to grow logistically with intrinsic
growth rate r2 but its carrying capacity depends on the number of prey. Here a1
and a2 are the predation rate and the measure of the food quantity that the prey
provides converted to predator birth. To ensure the sustainable development,
it is assumed that the harvesting coefficients should satisfy 0 < ci < ri, i = 1, 2.
Due to biological nature and to avoid the singularity, the solutions of system
(1) has to satisfy the positivity condition that H (t) > 0 and P (t) ≥ 0 for all
t ≥ 0.

Zhang et al. [1] showed that system (1) admits a unique positive equilibrium
E∗ (H∗, P ∗) where

H∗ =
(r1 − c1) a2

a1 (r2 − c2) + a2b1
;P ∗ =

(r1 − c1) (r2 − c2)

a1 (r2 − c2) + a2b1
.

The positive equilibrium E∗ (H∗, P ∗) obviously satisfies the equalities

r1 − c1 = a1P
∗ + b1H

∗, r2 − c2 = a2
P ∗

H∗
.

Model (1) also has a boundary equilibrium E0
(
H0, 0

)
whereH0 = (r1 − c1) /b1.

Zhang et al. [1] proved that the positive equilibrium E∗ (H∗, P ∗) is asymptoti-
cally stable while the boundary equilibrium is unstable.

Considering the need of scientific computation and real time simulation, it
is often necessary to discretize model (1) in order to obtain its numerical so-
lutions. The are a number of numerical methods for solving a system of first
order nonlinear differential equations. Basically the numerical discretizations
transform the continuous dynamical system into a discrete dynamical system.
Hence, the obtained discrete model should maintain the dynamical properties of
the original continuous model. Darti and Suryanto [2] has implemented a non-
standard finite difference (NSFD) method to solve system (1). It is shown that
the discrete system derived from the NSFD method preserves some important
features of model (1), irrespective of the size of numerical time step. Recently,
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Fayeldi [3] has implemented much simpler numerical method, i.e., the forward
Euler method, to discretize model (1) and studied the dynamical behaviours
of the resulted discrete model. When applying the forward Euler method, he
used a specific numerical time step, i.e., (h = 1) and showed that the stability
of the positive equilibrium is determined by parameters of model (1). However,
it is known that the stability properties of a discrete model obtained by the
Euler method are dependent on the numerical time step (see [4], [5], [6], [7], [8],
[9], [10]). Hence, in this paper we will apply the forward Euler method with
arbitrary time step and establish the sufficient condition such that the Euler
discretization of system (1) maintains the stability properties of the original
continuous system.

2. Discrete Model: Equilibria and Their Stability

Applying the forward Euler scheme to model (1) we obtain the following discrete-
time Leslie-Gower predator-prey model with harvesting

Hn+1 = (1 + h (r1 − a1Pn − b1Hn − c1))Hn, (2a)

Pn+1 =

(
1 + h

(
r2 − a2

Pn

Hn

− c2

))
Pn, (2b)

where h is the step size.
We firstly discuss the existence of the equilibria of discrete model (2). From

system (2), we obviously have the following results.

Lemma 1. The discrete model (2) has two equilibria, namely the bound-
ary equilibrium E0

(
H0, 0

)
and the positive equilibrium E∗ (H∗, P ∗) which are

independent of h.

Hence, the equilibria of discrete model (2) are exactly the same as those of
continuous model (1). The stability of these equilibria will be studied locally
by using a linearization method and Jacobian matrix. Jacobian matrix of the

linearized discrete model (2) at an equilibrium Ê
(
Ĥ, P̂

)
is

J
(
Ê
)
=




1 + h
(
r1 − a1P̂ − 2b1Ĥ − c1

)
−ha1Ĥ

ha2

(
P̂

Ĥ

)2
1 + h

(
r2 − 2a2

P̂

Ĥ
− c2

)


 . (3)

The equilibrium
(
Ĥ, P̂

)
is asymptotically stable if all eigenvalues (λi, i = 1, 2)

of the associated Jacobian matrix (3) satisfy |λi| < 1.
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If the boundary equilibrium E0
(
H0, 0

)
is substituted into the Jacobian

matrix (3), then it can be check easily that its eigenvalues are λ1 = 1+h (c1 − r1)
and λ2 = 1 + h (r2 − c2). Since ci < ri, i = 1, 2, then it is obvious that λ1 < 1
while λ2 > 1. Therefore the boundary equilibrium E0 is unstable for any h.

The Jacobian matrix of model (2) at the positive equilibrium E∗ (H∗, P ∗)
is

J (E∗) =




1− ha2b1 (r1 − c1)

a1 (r2 − c2) + a2b1
− ha1a2 (r1 − c1)

a1 (r2 − c2) + a2b1

h
(r2 − c2)

2

a2
1− h (r2 − c2)


 .

The corresponding characteristic equation of Jacobian matrix J (E∗) is

F (λ) = λ2 − pλ+ q, (4)

where p = 2−
(
h (r2 − c2) +

a2b1(r1−c1)
a1(r2−c2)+a2b1

)
and q = q2h

2 + q1h+ 1 with

q1 = −a2b1 (r1 − c1 + r2 − c2) + a1 (r2 − c2)
2

a1 (r2 − c2) + a2b1
< 0

and

q2 =
a2b1 (r1 − c1) (r2 − c2)

a1 (r2 − c2) + a2b1
+

a1 (r1 − c1) (r2 − c2)
2

a1 (r2 − c2) + a2b1
> 0.

The stability properties of positive equilibrium E∗is determined by the roots of
this characteristic equation. To study these characteristic roots, we recall the
following lemma [11, 12].

Lemma 2. Roots of the quadratic equation λ2 − pλ + q = 0 satisfy
|λi| < 1, i = 1, 2 if and only if the following three conditions hold:

1. 1 + p+ q > 0

2. 1− p+ q > 0

3. q < 1

Hence, the positive equilibrium E∗ is asymptotically stable if and only if
Equation (4) satisfies three conditions in Lemma 2. From equation (4), it can
be shown that

1− p+ q =
a2b1h

2 (r1 − c1) (r2 − c2)

a1 (r2 − c2) + a2b1
+

a1h
2 (r1 − c1) (r2 − c2)

2

a1 (r2 − c2) + a2b1
.
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Since 0 < ci < ri, i = 1, 2, we always have that 1− p+ q > 0. Condition q < 1
is equivalent to q2h+ q1 < 0 which is also equivalent to condition h < h∗ where

h∗ = −q1/q2 =
a2b1 (r1 − c1 + r2 − c2) + a1 (r2 − c2)

2

(r1 − c1) (r2 − c2) (a2b1 + a1 (r2 − c2))
.

Finally, condition 1+p+q > 0 is equivalent to q2h
2+2q1h+4 > 0. By denoting

D = q21 − 4q2, we consider the following three cases.

Case i: Suppose that D = 0, then 1 + p+ q > 0 is satisfied if h 6= h∗.

Case ii: Suppose that D < 0, then 1 + p + q > 0 is satisfied for any value of
h > 0.

Case iii: Suppose that D > 0, then 1+p+ q > 0 holds if 0 < h < h1 or h > h2

where h1 =
−q1−

√
q2
1
−4q2

q2
> 0 and h2 =

−q1+
√

q2
1
−4q2

q2
> 0.

It can be checked that h1 ≤ h∗ ≤ h2. Based on the above discussion, we
immediately obtain the following theorem.

Theorem 3. The boundary equilibrium E0 is always unstable, while the
positive equilibriumE∗ is asymptotically stable if one of the following conditions
holds:

1. q21 − 4q2 ≤ 0 and 0 < h < h∗

2. q21 − 4q2 > 0 and 0 < h < h1

By comparing the equilibria of discrete model (2) and their stability prop-
erties with those of continuous model (1), we conclude that the discrete model
is dynamically consistent with the continuous model only for relatively small h.

3. Numerical Simulations

To illustrate the previous analytical results, we show some results of our nu-
merical simulations. For the simulations, we adopt parameters from Zhang et
al. [1], i.e., r1 = 1.6, r2 = 1.0, a1 = 0.7, a2 = 1.5, b1 = 0.3, c1 = 0.821 and
c2 = 0.859 with initial condition H (0) = 2.0 and P (0) = 0.5. Using these
parameters we have that D = 0.1688 > 0 and therefore, based on the previous
analysis, the positive equilibrium E∗ (2.1296, 0.2002) is asymptotically stable
only for h < h1 ≈ 3.359. This behaviour can be seen clearly in the bifurca-
tion diagram, see Figure 1. Here we see that E∗ is stable for h < h1. When
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Figure 1: Bifurcation diagram of (a) H and (b) P obtained from system
(2) with r1 = 1.6, r2 = 1.0, a1 = 0.7, a2 = 1.5, b1 = 0.3, c1 = 0.821,
c2 = 0.859 and initial condition H (0) = 2.0 and P (0) = 0.5.

h1 < h < 3.68, there is the period-2 orbits. In the range h ∈ (3.68, 3.835) there
appear period-4 orbits and period-8 orbits. At last, the 2n period orbits disap-
pear and the dynamical behaviours are from non-period orbits to the chaotic
set with the increasing of h. For examples, we plot in Figure 2 and Figure 3
the numerical solutions H (t) and P (t) using h = 3.0, 3.5, 3.75 and h = 3.88
respectively. From these figures we see that E∗ is a stable equilibrium when
h = 3.0, the solution is convergent to period-2 orbits when h = 3.5, the solution
is convergent to period-4 orbits when h = 3.75 and the solution is non-periodic
when h = 3.88.

4. Conclusions

In this paper we discuss the dynamical properties of a discrete Leslie-Gower
predator-prey model with harvesting which is derived from the forward Euler
method. The discrete model has two equilibria, namely the boundary equilib-
rium and the positive equilibrium. The boundary equilibrium is always unstable
while the stability of positive equilibrium is dependent on the time step h. For
relatively small time step h, the positive equilibrium is asymptotically stable
while for higher value of h, there appears complex dynamical behaviours such
as cascade period-doubling orbits or chaotic orbit.
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Figure 2: Time series of prey (H) as solutions of system (1) using the
forward Euler scheme (2) with r1 = 1.6, r2 = 1.0, a1 = 0.7, a2 = 1.5,
b1 = 0.3, c1 = 0.821, c2 = 0.859 and initial condition H (0) = 2.0
and P (0) = 0.5 using (a) h = 3.0; (b) h = 3.5; (c) h = 3.75 and (d)
h = 3.88.
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Figure 3: Time series of predator (H) as solutions of system (1) using
the forward Euler scheme (2)with r1 = 1.6, r2 = 1.0, a1 = 0.7, a2 = 1.5,
b1 = 0.3, c1 = 0.821, c2 = 0.859 and initial condition H (0) = 2.0 and
P (0) = 0.5 using (a) h = 3.0; (b) h = 3.5; (c) h = 3.75 and (d)
h = 3.88.
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