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Abstract: In this paper we prove that almost all, in Baire sense, differential
equations with Scorza Dragoni right-hand side, defined on closed convex cone
of a Banach space, have unique solution. This solution depends continuously
on the right-hand side and on the initial condition. The results are applied to
fuzzy differential equations and to differential inclusions.
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1. Introduction
In this paper we study the following differential equation:
ẋ(t) = f (t, x(t)), x(0) = x0 , t ∈ I = [0, T ].

(1.1)

Here f maps I × K into K, where K is (arbitrary) nonempty closed convex
cone in a nonseparable Banach space X.
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It is proved in [10] that for almost all in Baire sense jointly continuous
functions f : I × X → X the problem (1.1) has unique noncontinuable solution,
which depends continuously on x0 and on f . The existence and uniqueness
of solutions are proved for almost all Caratheodory functions f , when X is a
separable Hilbert space in [3], and in [4] when X is a separable Banach space.
The result of [10] is extended to the case of functional differential equations in
[11]. In [16], using the theorem of Forth, the authors proved that for almost all
jointly continuous with convex compact valued right-hand sides, the solution set
of the corresponding differential inclusion depends continuously on the initial
condition.
The extension of these results to the case of Caratheodory right hand sides
in arbitrary (nonseparable) Banach space has not been investigated so far. This
question is interesting itself, moreover, the extensively studied fuzzy differential
equations as well as multivalued differential equations with Hukuhara derivative
can be represented as abstract differential equations on closed convex cone in
a (nonseparable) Banach space.
The function p : I → K is said to be strongly measurable if it is a limit
of step functions for a.a. t ∈ I. Due to Lusin’s property p(·) is strongly
measurable if and only if for every ε > 0 there exists an open set Iε with
measure meas(Iε ) < ε such that p is continuous on I \ Iε .
Recall that the function f : I × K → K is said to be continuous at (t, x)
if for every ε > 0 there exists δ > 0 such that |f (t, x) − f (s, y)| < ε when
|t − s| + |x − y| < δ. The function f (·, ·) is said to be Caratheodory if f (·, x)
is strongly measurable for every x ∈ K and f (t, ·) is continuous for a.a. t ∈ I.
Further, f (·, ·) is said to be almost continuous (Scorza Dragoni) when for every
ε > 0 there exists an open set Iε with Lebesgue measure meas(Iε ) < ε such
that f (·, ·) is continuous on (I \ Iε ) × K.
Let B ⊂ K. Denote by Car(B) and CSD (B) the set of all Caratheodory,
respectively Scorza Dragoni functions from I × B into K, which are integrally
bounded on bounded sets (i.e. for any bounded subset U ⊂ B there exists
λ ∈ L1 (I) such that |f (t, x)| ≤ λ(t) for a.a. t ∈ I and all x ∈ U ).
Notice that K is cone and x − y ∈
/ K in general for x, y ∈ K, however,
x − y ∈ X and it is not a confusion. We will write x ⊖ y, to point out that the
difference belongs to K.
The goals of the paper are:
1) Defining of an appropriate metric such that Car(K) and CSD (K) become
complete metric spaces.
2) One of our (in some sense surprising) results states that either CSD (K) ≡
Car(K), or CSD (K) is closed nowhere dense subset of Car(K), i.e. of the first
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Baire category.
3) We prove that the existence and uniqueness of the solution is a residual
property w.r.t. the so defined metric in the space of Scorza Dragoni functions.
This result is then applied to the case of set valued differential equations and
differential inclusions and also to the case of fuzzy systems.
Next we give some definitions, notations and recall some needed results.
Suppose B is the unit ball in K, i.e. x ∈ K with |x| ≤ 1. The ball with
center at x0 and radius M is denoted by BM =: x0 + M B.
Let ψ : I → R+ be integrally bounded function. Then the upper Lebesgue
integral is:
Z

ψ(t)dt = inf

Z

I

I


α(t)dt, α(t) ≥ ψ(t), α(·) ∈ L1 (I, R+ ) .

Proposition 1.1. For every positive integrally bounded function ψ(·)
there exists α(·) ∈ L1 (I, R+ ) such that α(s) ≥ ψ(s) for a.a. s ∈ I and
Z t
Z t
α(s)ds =
ψ(s)ds, for every t ∈ I.
0

0

1
, then there exists αn (·) ∈ L1 (I, R+ ) such that αn (t) ≥
2nZ
Z
ψ(t) for a.a. t ∈ I and αn (t)dt ≤
ψ(t)dt + εn , for any n ≥ 1.
I
I
Z
Z
α(t)dt ≤
Define α(t) = inf {αn (t)}. Then α(t) ≥ ψ(t) and
ψ(t)dt +
n≥1
I
Z tI
Z
Z
α(s)ds =
ψ(t)dt. Consequently,
α(t)dt =
εn , for any n ≥ 1, hence
0
I
I
Z t
ψ(s)ds, for every t ∈ I.
Proof. Let εn =

0

The metric in Car(BM ) is defined by the upper Lebesgue integral, i.e. for
f, g ∈ Car(BM ),
ρM (f, g) =

Z
I

sup |f (t, x) − g(t, x)|dt.
x∈BM

Notice that t → sup |f (t, x) − g(t, x))| is not measurable in general. However,
x∈BM

it is integrally bounded and hence the upper Lebesgue integral exists.
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The space Car(K) is provided with the metric:
ρ(f, g) =

∞
X

M =1

ρM (f, g)
.
+ ρM (f, g))

(1.2)

2M (1

Notice that f (·, ·) is Scorza Dragoni (f ∈ CSD (K)) if and only if it is Scorza
Dragoni on I ×BM (f ∈ CSD (BM )) for every natural M . Also, lim ρ(fn , f ) = 0
n→∞

if and only if lim ρM (fn , f ) = 0 for every natural M .
n→∞

2. The Set of Scorza Dragoni Functions
In this section we prove that the set of all Scorza Dragoni functions CSD (K)
is a complement of the set of all continuous functions from I × K into K.
Furthermore, we show that CSD (K) is in general closed nowhere dense subset
of the space of Caratheodory functions Car(K).
Theorem 2.1. The class CSD (K) is a complete metric space w.r.t. ρ.
Proof. First, we show that ρ is a distance, i.e. CSD (K) is a metric space.
Let ρ(f, g) = 0, then sup |f (t, x) − g(t, x)| = 0 for a.a. t ∈ I and every
x∈BM

M ∈ N, i.e. there exists a null set NM such that f (t, x) = g(t, x), for every
∞
[
NM , then it is easy to see that
t ∈ (I \ NM ) and every x ∈ BM . Let N =
M =1

f (t, x) = g(t, x) for (t, x) ∈ (I \ N ) × K. Since ρ(f, g) = ρ(g, f ), it remains to
prove the triangle inequality. Fix M ∈ N for our purpose and then should prove
that the triangle inequality holds for ρM (·, ·). Let f, g, h ∈ CSD (BM ). Clearly
sup |f (t, x) − g(t, x)| ≤ sup |f (t, x) − h(t, x)| + sup |h(t, x) − g(t, x)|.
x∈BM

x∈BM

x∈BM

Consequently, ρM (f, g) ≤ ρM (f, h) + ρM (h, g).
Now we will prove that CSD (BM ) is complete and at the same time will actually show that it is completion of the space of the jointly continuous functions
w.r.t. ρM .
First, we will prove that every Scorza Dragoni function is a limit of a sequence of continuous functions.
Let f (·, ·) ∈ CSD (BM ). Then having in mind the Proposition 1.1, conclude that there exists a real valued Lebesgue integrable function λ(·) such that
Z t
Z t
sup |f (s, x)|ds for
λ(s)ds =
sup |f (t, x)| ≤ λ(t) for a.a. t ∈ I and
x∈BM

0

0 x∈BM
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every t ∈ I. Furthermore, for every ε > 0 there exists an open set Iε ⊂ I with
Lebesgue measure meas(Iε ) < ε such thatZf (·, ·) is continuous on (I \ Iε ) × BM .
δ
λ(t)dt <
for every J ⊂ I with
Fix δ > 0 and choose ε to be such that
10
J
meas(J) < ε.
We can assume without loss of generality that λ(·) is continuous on I \ Iε
and hence there exists µ > 0 such that λ(t) ≤ µ for every t ∈ (I \ Iε ).
∞
[
Ik , where Ik = (ak , bk ) are open pairwise disjoint
It is known that Iε =
k=1

intervals. Then take ãk > ak and b̃k < bk , for every k ≥ 1, such that

∞
X

|ãk −

k=1

∞
X
δ
δ
ak + bk − b̃k | <
(b̃k − ãk ) <
. There exists m ≥ 1 such that
.
10µ
10µ
k=m+1

Next for I˜ =

m
[

[ãk , b̃k ] the known Theorem of Dugundji (see [6]) implies

k=1

that there exists a continuous function f˜(·, ·) on I × BM such that
(
f (t, x) (t, x) ∈ (I \ Iε) × BM ,
f˜(t, x) =
0̂
(t, x) ∈ I˜ × BM .
Consequently,
Z
I

sup |f˜(t, x)−f (t, x)|dt ≤
x∈BM

Z
I˜

λ(t)dt+2µ

m
X
k=1

(ãk −ak +bk −b̃k )+µ

∞
X

(b̃k −ãk ).

k=m+1

δ
2µδ
µδ
Thus ρM (f˜, f ) <
+
+
< δ.
10 10µ 10µ
Second, we will prove that every Cauchy sequence {fm (·, ·)}∞
m=1 of continuous functions has a limit w.r.t. ρM , which belongs to CSD (BM ).
Let ε > 0, then there exists N0 such that ρM (fn , fm ) < ε when m, n ≥ N0 .
ε
We set g0 (t, x) = fN0 (t, x), and by induction take εk = k . There exists Nk
2
such that ρM (fn , fm ) < εk for n, m ≥ Nk . Denote gk (t, x) = fNk (t, x), thus
∞
X
ρM (gm , gm+1 ) ≤ εk .
m=k+1

Next fix x ∈ BM and then since kgm (·, x)−gm+1 (·, x)kL1 ≤ εm , one has that
{gm (·, x)}∞
m=1 is a Cauchy sequence in L1 (I, BM ). Thus there exists gx (t) =
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lim gk (t, x) for a.a. t ∈ I. Define f (t, x) = gx (t) (recall that x is fixed).

k→∞

Therefore
lim

k→∞

Z
I

sup |fk (t, x) − f (t, x)|dt = 0.
x∈BM

Then, for any k ≥ 1 there exists λk (·) ∈ L1 (I) such that sup |fk (t, x) −
x∈BM
Z
λk (t)dt = 0. Passing to subsequences if necessary
f (t, x)| ≤ λk (t) and lim
k→∞ I

λk (t) → 0 for a.a. t ∈ I as k → ∞. Thus by Egorov’s theorem for every ε > 0
there exists an open set Iε ⊂ I with meas(Iε ) < ε such that λk (t) → 0 uniformly
on (I \Iε ) and hence fk (·, ·) converges to f (·, ·) uniformly on (I \Iε )× BM . Thus
f (·, ·) is continuous on (I \ Iε ) × BM , hence f (·, ·) ∈ CSD (BM ).
Now we will prove a similar result for Car(BM ).
Theorem 2.2. The set Car(BM ) is a complete metric space w.r.t. ρM .
Proof. Let {fk (·, ·)}∞
k=1 be a Cauchy sequence in Car(BM ). Fix x̄ ∈ BM
and then conclude that {fk (·, x̄)}∞
k=1 is a Cauchy sequence in L1 (I), because
|fk (t, x̄) − fm (t, x̄)| ≤ sup |fk (t, x) − fm (t, x)|. Thus fk (·, x̄) → yx̄ (·), which is
x∈BM

L1 function and hence strongly measurable.
Define f (t, x) = yx (t). As it was shown in the proof of Theorem 2.1, for
every ε > 0 there exists a compact set Iε ⊂ I with meas(I \ Iε ) < ε such
that fk (t, x) → f (t, x) uniformly on Iε × BM . The latter implies that f (t, ·)
is continuous for every t ∈ Iε . Since ε > 0 is arbitrary, one has that f (t, ·) is
continuous for a.a. t ∈ I.
The next theorem is interesting itself and can be considered as the first
main result of the paper.
Theorem 2.3. CSD (BM ) is either a closed with empty interior subset of
Car(BM ) w.r.t. ρM or CSD (BM ) ≡ Car(BM ).
Proof. Since CSD (BM ) is complete, then it is a closed subset of Car(BM ).
It is well known that CSD (K) ≡ Car(K) when K is separable, however, in
general this is not the case when K is not separable.
Let Car(BM ) \ CSD (BM ) 6= ∅.
Notice that the sum of Scorza Dragoni functions is also Scorza Dragoni .
Let f (·, ·) be Scorza Dragoni and g(·, ·) be Caratheodory
(not Scorza Drag
1
1
f (t, x) + g(t, x). The funconi). Consider the sequence fk (t, x) = 1 −
k
k
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tion fk (·, ·) is Caratheodory, but not Scorza Dragoni for every k. Furthermore, lim ρM (fk , f ) = 0 and hence the set CSD (BM ) is with empty interior in
k→∞

Car(BM ) w.r.t. ρM .
Notice that Theorem 2.3 implies that the set CSD (BM ) is either of first
Baire category on Car(BM ) or the both sets coincide as in the case of separable
K.
Corollary 2.4.
dense in CSD (BM ).

The set of all locally Lipschitz functions on I × BM is

Proof. Actually, using the proof of Lemma 1 in [10] with obvious modifications where it is needed, one can show that for every continuous f (·, ·) and
every ε > 0 there exists a locally Lipschitz g(·, ·) such that |f (t, x)− g(t, x)| < ε,
∀(t, x) ∈ I × BM , which implies that ρM (f, g) ≤ T ε. However C(I × BM , K) is
dense in CSD (BM ). The proof is therefore complete.

3. Existence and Uniqueness for Differential Equations on Cones
In this section we will show that every differential equation on cone admits
local ε–solution. Further we show that for almost every (in Baire sense) f ∈
CSD (BM ) the equation (1.1) admits an unique solution extendable to the boundary of I × BM , for every natural M .
Denote by M the set of all f (·, ·) ∈ CSD (K) such that (1.1) has a unique
(noncontinuable) solution. Also, MM is the set of f (·, ·) ∈ CSD (BM ) such that
(1.1) has unique solution y(·) defined on [0, Tf ] with Tf = T or |y(Tf )−x0 | = M .
We estimate the distance between two such solutions on the interval where both
solutions are defined, i.e. the shorter interval.
The following theorem is the main result of this section.
Theorem 3.1. The set M is residual in CSD (K), i.e. for almost all Scorza
Dragoni right-hand sides (1.1) admits an unique (noncontinuable) solution.
The proof of Theorem 3.1 is given in the end of this section.
Corollary 3.2. Let {yi (·)}∞
i=1 be sequence of εi –solutions of (1.1) with
right-hand side f (·, ·) ∈ MM . If εi → 0+ as i → ∞, then yi (·) converges
uniformly to the unique solution y(·) of (1.1).
Notice that Corollary 3.2 implies continuous dependence of the solution on
the right-hand side. Using the same method as in the proof of Theorem 3.1 one
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can prove that for every f (·, ·) ∈ M if {xm (·)}∞
m=1 is a sequence of solutions of
(1.1) with initial conditions xm respectively such that lim xm = x0 , then y m (·)
m→∞

converges uniformly to the unique solution x(·) of (1.1) with initial condition
x0 .
The following result is a trivial consequence of Theorem 3.1.
Corollary 3.3. Let K be separable. Then for almost every Caratheodory
right-hand side the differential equation (1.1) has unique (noncontinuable) solution.
The proof follows from the fact that every Caratheodory function is Scorza
Dragoni in case of separable K.
Definition 3.4. An absolutely continuous function x(·) is said to be ε–
solution of (1.1) if it satisfies
ẋ(t) = f (t, x(t)) + l(t) a.e. on I,

x(0) = x0 ,

where l(·) is a strongly measurable function with |l(t)| ≤ 2 sup |f (t, x)| such
x∈BM
Z
|l(t)|dt ≤ ε.
that
I

Proposition 3.5.
every f ∈ CSD (BM ).

System (1.1) admits ε–solution for every ε > 0 and

Proof. Let fix ε > 0, and f ∈ CSD (BM ). Then there exists a positive L1
function r(·) such that r(t) ≥ 3 sup |f (t, x)| for a.a. t ∈ I.
x∈BM
Z t
r(s)ds is strictly increasing.
Since r(t) > 0, then the function g(t) =
0

Thus the equation g(t) = M admits unique
solution TM . Next set TM = T
Z
ε
for every J ⊂ I with
r(t)dt <
it g(T ) < M . There exists δ such that
25
J
meas(J) < δ. Let Iδ ⊂ [0, TM ] be open with meas(Iδ ) < δ such that f (·, ·) is
continuous on (I \ Iδ ) × BM .
Let the required ε–solution y(·) exists on [0, b), where b ∈ (0, TM ). Since
|ẏ(t)| ≤ r(t), one has that the limit y(b) = lim y(t) exists. (It is possible that
t→b−0

b = 0 and in this case the interval is not semiopen.)
Consider now the case when y(·) is defined on [0, b] with b ∈ [0, TM ) and
|y(b) − x0 | < M . There are two opportunities:
∞
[
(ak , bk ); define y(t) = y(b).
1) b ∈ Iδ , i.e. b ∈ (ak , bk ), where Iε =
k=1
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t

ν(s)ds, where

b

(
T
f (b, y(b)) s ∈ [b, TM ] (I \ Iδ )
ν(s) =
T
f (s, y(b)) s ∈ [b, TM ] Iδ .

Since f (·, ·) is continuous on (I \ Iδ ) × BM , there exists τ > 0 such that
|f (b, y(b)) − f (t, y(t))| ≤ ε on [b, b + τ ]. Consequently y(·) is ε–solution on
[0, b + τ ].
One can extend y(·) up to the boundary of I × BM by simple application of
Zorn’s lemma. If y(·) is defined on [0, Tf ], where Tf < T and |y(Tf )−y(0)| < M ,
then one can consider the equation (1.1) on [Tf , T ] and extend y(·) on an interval
larger than [0, Tf ]. Applying Zorn’s lemma one can prove that y(·) exists on an
interval [0, Ty ] such that Ty = T or |y(Ty ) − x0 | = M .
The following theorem is proved in [10].
Theorem 3.6. If f (·, ·) is locally Lipschitz, then (1.1) has unique solution
x(·) and if {xε (·)}ε>0 is a net of ε–solutions then xε (t) → x(t) as ε → 0,
uniformly on some interval [0, a].
Now we are ready to prove the main result using Proposition 3.5 and Theorem 3.6.
Proof. (of Theorem 3.1.) First, we will prove that MM is residual in
CSD (BM ).
Let h ∈ CSD (BM ). Denote by Sol(ε, h), the set of all ε–solutions of (1.1)
with right-hand side h. Here note that different ε–solutions can be defined on
different intervals. Denote by [0, Thε ] the maximal interval where all elements of
Sol(ε, h) are defined and the distance between two different ε–solutions is the
supremum norm of their difference on [0, Thε ].
Denote by SS(m) the set of all h(·, ·) ∈ CSD (BM ) such that diam(Sol(ε, h)) ≥
1
, for every ε > 0, where m is a natural number. Clearly, the differential equam
tion (1.1) admits an unique solution if and only if h ∈
/ SS(m) for every natural
m.
Suppose g(·, ·) ∈ CSD (BM ). Let y(·) be an ε–solution of
ẏ(t) = g(t, y(t)), y(0) = x0 .
If ρM (h, g) < δ, then y(·) is ε + δ–solution of (1.1) with right-hand side h,
because:
Z
Z
|ẏ(t) − h(t, y(t))|dt ≤ |ẏ(t) − g(t, y(t))|dt + ρM (h, g).
I

I
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1
for every ε > 0. Let
m
gk (·, ·) → g(·, ·) w.r.t. ρM . If ρM (gk , g) < δ, then Sol(ε, gk )) ⊂ Sol(ε + δ, g).
1
However, δ > 0 is arbitrary and diam(Sol(ε, gk )) ≥ , hence diam(Sol(ε, g)) ≥
m
1
, i.e. g ∈ SS(m). So, SS(m) is closed w.r.t. ρM . Furthermore, if f (·, ·) is
m
locally Lipschitz on I × BM , then f ∈
/ SS(m). Therefore, SS(m) has empty
interior, thanks to Corollary 2.4.
∞
\
MM = M, thus the proof is complete.
It is standard to show that
Let {gk (·, ·)}∞
k=1 ⊂ SS(m), then diam(Sol(ε, gk )) ≥

M =1

4. Applications
In this section we apply our result to set differential equations, differential
inclusions and also to fuzzy differential equations.
4.1. Set Differential Equations
The set differential equations have been studied since more than 40 years (see
[2]). We refer the reader to [8], where these equations are comprehensively
studied. The recent interesting (unfortunately in Russian) book [12] studies set
valued and fuzzy differential equations.
Further they have been applied to theory of differential inclusions (cf. [15])
and fuzzy differential equations [12].
Let E be Banach space. The Hausdorff distance between closed bounded
subsets of E is
DH (A, B) = max{sup inf |a − b|, sup inf |a − b|}.
a∈A b∈B

b∈B a∈A

The continuity concepts will be understood w.r.t. Hausdorff metric.
Denote by CC(E) the set of all convex compact subsets of E. Given a
function F : I → CC(E), F is said to be differentiable in the sense of Hukuhara
at the point t′ if there exists A ∈ CC(E) such that
A = lim

h→0+

F (t′ ) ⊖ F (t′ − h)
F (t′ + h) ⊖ F (t′ )
= lim
,
h
h
h→0+

where B ⊖ C = D implies C + D = B. The Hukuhara derivative is denoted by
Dh .
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Consider the following set differential equation:
D h Y (t) = G(t, Y (t)), Y (0) = Y0 ,

(4.1)

where G : I × CC(E) → CC(E). It is well known (cf. [14]) that the set of all
convex compact subsets of E can be embedded as a closed convex cone in a
(nonseparable) Banach space X. The metric ̺ on CSD (CC(E)) is defined as
in (1.2), where ̺M is given by
Z
̺M (F, G) =
sup DH (F (t, x), G(t, x))dx.
I

|x|≤M

By Theorem 3.1 we get the following
Corollary 4.1. The set of all Scorza Dragoni multifunctions G for which
(4.1) admits unique solution is residual in CSD (CC(E)).
Now we will study the following differential inclusion:
ẋ(t) ∈ F (t, x(t)), x(0) = x0 , t ∈ I.

(4.2)

Here F : I × E → CC(E) is a Scorza Dragoni multifunction.
As usual, a solution of (4.2) is an absolute continuous function x(·) which
satisfies (4.2) for a.a. t ∈ I. We associate to (4.2) the following set differential
equation
D h Y (t) = G(t, Y (t)), Y (0) = x0 ,
(4.3)
where G : I × CC(E) → CC(E) is defined as G(t, A) = co F (t, A). It is shown
in [15] that G is Scorza Dragoni if F is. Let lim ̺(Fn , F ) = 0. Then it is
n→∞

easy to see that DH (Gn (t, A), G(t, A)) ≤ sup DH (Fn (t, x), F (t, x)) for every
x∈BM

A ⊂ BM . Consequently ̺M (Gn , G) → 0 as n → ∞.
Using the same method (with obvious modifications) as in previous section
one can show that the set of all Scorza Dragoni multifunctions F for which the
set differential equation (4.3) admits unique solution is residual. From Theorem
2.8.1 of [15] we know that the differential inclusion
ẋ(t) ∈ ext F (t, x), x(0) = x0

(4.4)

admits a solution if (4.3) has a solution. Here ext A denotes the set of all
extreme points of A. Therefore the following theorem is true:
Theorem 4.2. The set of all (integrally bounded) Scorza Dragoni maps
F (·, ·) with convex compact values such that the differential inclusion (4.4) has
a (global) solution, is residual.
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Remark 4.3. It is proved in [5] that in case E ≡ Rn for almost all Scorca
Dragoni F (·, ·) with convex compact values the solution set of (4.4) is dense in
the solutions set of:
ẋ(t) ∈ F (t, x(t)), x(0) = x0 .
A very interesting and open question is the extension ot that result in case of
infinite dimensional spaces.
4.2. Application to Fuzzy Differential Equations
Theory of fuzzy differential equations rapidly grows. We recall only the main
concepts and refer the reader to [9] or [12].
Denote the space of fuzzy numbers by E = {x : Rn → [0, 1]; x satisfies 1)– 4)}:
1) x is normal, i.e., there exists y0 ∈ Rn such that x(y0 ) = 1,
2) x is fuzzy convex i.e. x(λy + (1 − λ)z) ≥ min{x(y), x(z)} whenever
y, z ∈ Rn and λ ∈ [0, 1],
3) x is upper semicontinuous i.e. for any y0 ∈ Rn and ε > 0 there exists
δ(y0 , ε) > 0 such that x(y) < x(y0 ) + ε whenever |y − y0 | < δ, y ∈ Rn ,
4) The closure of the set {y ∈ Rn ; x(y) > 0} is compact.
The set [x]α = {y ∈ Rn ; x(y) ≥ α} is called α-level set of x.
It follows from 1) – 4) that the α-level sets [x]α are in CC(Rn ) for all
n ) denotes the compact convex subsets of Rn . The
α ∈ (0, 1], where CC(R

0 if y 6= 0,
fuzzy zero is 0̂(y) =
1 if y = 0.
The metric in E is defined by D(x, y) = sup DH ([x]α , [y]α ), where DH (·, ·)
α∈(0,1]

means the Hausdorff distance in CC(Rn ).
The map x : I → E is said to be differentiable at t̂ ∈ I if there exists a fuzzy
number u such that



lim max D x(t̂ + h), x(t̂) + hu , D x(t̂), x(t̂ − h) + hu = 0

t→0+

(4.5)

(compare to [13]). The fuzzy differential equations are comprehensively
studied in [9] (see also [12]).
The set E is a complete semilinear metric space with respect to metric
D(·, ·). This space is not locally compact and nonseparable. We know from
Theorem 2.1 in [7] that E can be embedded as a closed convex cone in a Banach
space X. The embedding map j : E → X is isometry and isomorphism and hence
f : I → E is continuous iff j(f )(·) is continuous. Furthermore, j(·) preserves
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differentiation and integration. Namely if f˙(t) exists then j(f )(t) also exists
dt
 
d
d
˙
and j f (t) = j(f )(t), where
is the usual differential operator.
dt
dt
Now if g(·) : I → E is strongly measurable and integrable then j(g)(·) is
strongly measurable and Bochner integrable and


j

Zt
0



g(s)ds =

Zt

j (g) (s)ds for all t ∈ I.

(4.6)

0

Consider the fuzzy differential equation:
ż(t) = g(t, z(t)), z(0) = z0 , t ∈ [0, T ].

(4.7)

Associate to (4.7) the ordinary differential equation
ẋ(t) = f (t, x(t)), x(0) = x0 ,
where x(t) = j(z(t)) and f (t, x) = g(t, j(z)).
The following result is a corollary of Theorem 3.1.
Theorem 4.4. The fuzzy differential equation (4.7) has an unique solution
for almost all (in Baire sense) Scorza Dragoni function g(·, ·). This solution
depends continuously on g and z0 .
Remark 4.5. Due to some bad properties of Hukuhara derivative, new
concept of generalized derivative of fuzzy maps is studied (see [1]). In this case
x(·) is said to be differentiable at t̂ with derivative u ∈ E if (4.5) or



lim max D x(t̂ − h), x(t̂) + (−h)hu , D x(t̂), x(t̂ + h) + (−h)u = 0

t→0+

holds true, that is, however out of the scope of the paper. Notice only that
it is impossible to prove stronger existence result with the help of generalized
derivative.
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