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A NOTE ON A SPECIAL CLASS OF HERMITE POLYNOMIALS
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Abstract: This paper is devoted to the description of a special class of Hermite
polynomials of five variables. It can be seen as an extension of the generalized
vectorial Hermite polynomials of type H,, n(x,y) and at the same time as a
generalization of the Gould-Hopper Hermite polynomials of type H,(z,y). We
use the five-variable Hermite polynomials to derive reformulations of the well
known operational relations satisfied from the generalized Hermite polynomials
of different types.

AMS Subject Classification: 42C05, 33C45, 33C47
Key Words: Hermite polynomials, orthogonal polynomials, generating func-
tions

1. Introduction

In a previous article (see [1]) we have discussed the generalized Hermite polyno-
mials with two indices and two variables H ,, »)(z,¥), which come from ordinary
Hermite polynomials of type Hey(z) (see [2, 3, 4]). We have then seen that
the structure of polynomials H,, ,y(z,y) is based on the fact that a couple of
indices act on a two-dimensional variable.
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We remind that, let the positive quadratic form:

q(z,y) = ar’® + 2bxy + cy2 (1)
a,c > 0
ac—b> > 0

where a, b, ¢ are real numbers, the associated matrix reads:

~ a b
M= < b ¢ ) 2)
and, since the (1), |M| > 0, that is an invertible matrix. Let now a vector

z = (%) in space R?, it immediately follows that:
y

qz) = Z'Mz (3)

b
(:1: y)(Z c)(j)—aer—l—bey—i-cyQ

Definition 1. Let z = (;) and w = (t) be two vectors of space RZ.
We will name as two-index, two-variable Hermite polynomials Hy, ,(x,y) the
polynomials defined by the following generating function:

<
—
2
N—
I

+0o +00 u”

o2 th——w Muw Z Z m‘ {L’ y) (4)

m=0n=0

By using the properties of matrix M , in particular its invertibility, we can
define the associated polynomials of H,, ,(x,y). By noting in fact that the
adjunct quadratic form of g(z) writes:

7(z)=2'M"'z (5)
we have that the two-index, two-variable associated Hermite polynomials G, ,(z,
y), are defined by the following generating function:

+o0o oo

ol vt N~ 1k—lkM e Z Z__Gmn T y) (6)

m=0n=0

where k = (;) and (757) such that v = Mz.
After manipulating the exponent of the l.h.s, we can write the above relation
in a more convenient form:

sth—LEn—1 r_s
2 KoM — Z Z _me,n(x,y) "
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The Hermite polynomials Hy, ,,(z,y) and their associated Gy, »(z,y) satisfy
some important recurrence relations [1, 5], for instance:

Hypi1.0(2,y) = (az + by)Himn(2,y) — am Hp—1n(2,y) —bn Hy, p—1(,y) (8)

and:

Hm,n+1(5€,y) = (b.’E + Cy)Hm,n(-Tay) - bmHm—l,n(xay) - anm,n—l(xuy) (9)

where a, b, ¢ are the real numbers defined in (1), and also:

0

%Hm,n(xa y) = amHm—l,n(xa y) + anm,n—l(xa y) (10)
and 9

8_yHm,n(x7 Z/) = bmHm—l,n(xa y) + CTLHmm—l(QZ‘, y) (11)

Their proof can be viewed in a recent paper [6]. It is possible to simplify
the operational techniques shown above by using a new class of Hermite poly-
nomials.

2. A Special Class of Hermite Polynomials

In this section we present a special class if Hermite polynomials and we derive
some relevant relations.

Definition 2.

We will call the polynomials defined by the following generating function
as five-variable, two-index Hermite polynomials Hy, ,, (z,y; &, 1|x):

+o0o +oo Fm n

YT HET T fxtr Z Z Hopn (2,958, 1)x) (12)
m' b b

m=0n=0

where ¢ and 7 are continuous variables such that |t[, |7] < +o0.

From the above definition, by exploiting the lLh.s., we can immediately
obtain the explicit form of the polynomials H,, ,, (z,y;&,n]x). In fact, by noting
that [3, 7, 8]

e:ttert2 ’ €§T+n7'2

are the generating functions of the two-variable Hermite polynomials of the
type Hy,(x,y), we have:

min(m,n)

Hm,n (xaya 5777’)() = ml!n! X —4q -q
ng g(m —q)!(n — q)

(13)
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Theorem 3. Hermite polynomials H,, »(x,y) can be written as Hy, »(x,y;
&,nlx), according to:

1 1
Hyn(z,y) = Hpn <a:1: + by, —Ea; bx + cy, —56’ — b) (14)

Proof
By manipulating the generating function of polynomials H,, ,(z,y), given
in (4), we can write:

exp [thw — %thw} = (15)
1
= exp {(ax + by)t + (bx + cy)u — 3 [(at + bu)t + (bt + cu)u]}

by rembering that z = (z) and w = (Z) are two vectors of space R? and:

M_(g ﬁ) (16)

with a, b, ¢ real numbers, such that:

a,c > 0
ac—"b > 0

and then we obtain:
~ 1 ~
exp [thw - §thw} = (17)
L o L o9
exp | axt + byt — Eat + bxu + cyu — o — but

We can rearrange the r.h.s. of the above equation in the following way:

. 1 ..
exp [thw— §th4 = (18)

1 1
= exp [(a:c +by)t — iatQ] exp [(bx +cy)u— chﬂ exp (—but)

and by opportunity treating the variables in the exponential of the r.h.s., we
write:

. 1.
exp [thw— iwtl\/-@} = (19)
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+o0o 400 4o
trJrq uerq b 1 1
= Z; Z; 2(—1) R q!H (ax + by, —§a> Hy <bx + cy, —§c> .

S+q=mn
relation (19) can be written in a more convenient form:

. 1.
exp [thw - iwtl\/-@} = (20)

_+Z°°+Z°°tm nZ|: (_ )qbq
l(m—q)!(n—q)!

m=0n=0

1 1
N & — (a:r + by, —Ea) H,—, (bx + cy, —50)]

and from the (4), after equating the like ¢t and u powers, we obtain the state-
ment.

The opposite is not true, since the conditions:

ac—b> >0

a,c>0
are not ensured.

It is also interesting to note that polynomials Hy, ,, (z,y;&,n|x) help us to
write some interesting summing relations related to the generalized Hermite
polynomials [3, 8]. In fact, by setting:

z=£

y=mn

X =2y

the five-variable, two-index Hermite polynomials become:
Hm,n (fb“,y;fﬂﬂX) = Hm,n (‘T7y|2y) = (21)
min(m,n)
min! Z (2y)qu_q(:1:,y)Hn_q(:1:,y)
= g(m —g)!(n — q)!

and immediately follows from the identity

min(n,m)

Hevm(a) =mint Y, (29 FolEpionsi ) (o)
> sl
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that
Hm,n (377 y‘2y) = Hm-i—n(xv y) (23)
In equation (6) we have introduced the two-index, two-variable associated

Hermite polynomials Gy, ,,(x,y) by their generating function [9] through the
following relation:

11 rms
2 k=3 kM k _ Z Z —me,n(xay) (24)

where z = (Z) and k = (7) are the two vectors from the adjoint quadratic form

7(2)=2'M""2 (25)

We can now explore how it is possible to represent the associated Hermite
polynomials Gy, »(z,y) in terms of the five-variable Hermite polynomials of the

form Hm,n (Qﬁ', Y 57 n‘X)

Corollary 4. Associated Hermite polynomials G, »(z,y) can be written
in ter of the five-variable, two-index Hermite polynomials H,,  (x,y;&,n|x).

Proof. Expliciting the generating function of polynomials Gy, (z,y), we
have:

1 ~
exp [ﬁ— §EtM_14 - (26)

wlen (1)1 (30 (0)

xT

y) and k = (’;) with x,y,r, and s are real numbers and matrix

where z = (

b
By manipulating the r.h.s of equation (21), we obtain:

exp[(my)(i)—%(r5)<Zi>_1(2)]: (27)
:exp[:cr—l—ys—%(r ﬂ%(_cb ;b)<z)}:

1 T
= exp [:cr—i—ys—ﬁ( cr —bs —br+as ) ( 5 )]

M = < “ i > is invertible.
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and then:

1., 1 1
exp [gtﬁ — §EtM 14 = exp [:cr + ys — Ecr + Zbrs ECLSQ] (28)
The expression on the r.h.s. of the above relation can be recast in a conve-
nient form, by setting:

1 1 1,
exp [mr +ys — ﬁcr + Zbrs gA 08 } = (29)

1 1 9 1
= exp [ac?“ + (—ﬁc) r } exp [ys + (—ﬂa> S } exp [Kbrs}

The first two exponential on the r.h.s of the previous equation are the gen-
erating function of the generalized two-variable Hermite polynomials H,(x,y)
[2, 3] and since the third exponential could be expanding in Taylor series, we
get:

O

1 . .
exp [z% —gk'M _14 = (30)

2 m =2
32 it ~gige) 3 5 (ngie) S5
n=0 =0

The r.h.s. of the above equation can be recast in the form:
R IRER pmta s”*q 1 b4 1 1
>3 e (= age) i (ngge) @
m=0n=0 ¢g=0

By setting m + ¢ = k and n + ¢ = j, we can write:

o0 400 oo ;
SJ 1 b9 1 1
Z Z Z —id AH (.’E, —ﬁc> H;—, <y, —ﬁa> (32)

kO]OqO

Without prejudicing the generality, we can set £k = m and j = n and then:

1 ~
exp [ztﬁ - Sk'M _14 = (33)

400 400 400
s" 1 b4 1 1
=SSy e e (55 B (5550

mOanO
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In Definition 2 we have introduced the five-variable, two-index Hermite
polynomials of the form Hy, ,, (z,y;&,n|x), that is:
min(m,n) q
H,— H,—
= dm—qln—q)

Hpm (2,y:6,0|x) =

We can observe that expression on r.h.s. of equation (28) can be recongnized
as an Hermite polynomials H,, , (x,y;&,n|x), by setting:
T =X
Y= —3x
§—y
n— —3x
X— &
and then we can conclude that:

400 +oo
‘ c a b
oxp 21— ghNE| = 3230 Tt (n g gy ) 69

Since the generating function of the associate Hermite polynomials Gy, ,(z, y)

has the form:
+o0o +o00

2tk—1k
G—E 2k mZOT;]m' mnx y) (36)

we can easily obtain the thesis of the statement:

c a b
Gm,n(%y) — Hm,n <.I, _ﬁagﬁ _ﬁ K) (37)

3. Further Generalizations of Hermite Polynomials

The operational results on the two-index, two-variable Hermite polynomials of
type Hy,n(2,y) and for their associate Gy, n(x,y) in terms of the five-variable,
two-index Hermite polynomials H,, ., (z,y;&,n]x), suggest us to generalize this
special class of Hermite polynomials, to explore other relevant identities in-
volving the Hermite polynomials of different type. Let us remember that the
two-index, two-variable Hermite polynomials H,, ,(z,y) have been introduced
in Definition (1), through their generating function [3, 1], that is:

+0o0 400 un

o2 Mw——w Tw Z Z — mn {L‘ y) (38)

m=0n=0
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We can generalize the polynomials H,, ,(z,y), by acting directly on the
above expression.

Definition 5.

Let p be a real number such that |p| < 0 and let z = (Z) and w = (Z) be two
vectors of space R2. We will call generalized two-index, two-variable Hermite
polynomials H,, »(z,y; p) the polynomials defined by the following generating

function:
2 52 umn

ez Mw+2pw w Z Z m' mn -T » Y p) (39)

m=0 n=0

By exploiting the generating function on the above definition, we have:

. 1.
exp [th w+ prtM w] = (40)

cenfte ) (30 (L) ko (3 0) (1)

and by setting as A the argument of the exponetial on the r.h.s. of the previous
identity, we get:

1
~peu® (41)

1 5 1 1
—pat® + —putb + —ptb
pa +2pu +2p u+2

A = (az + by)t + (bx + cy)u + 5

It is immediate to note that the terms in the above relation could be recast
in a convenient form, after remembering the structure of the generating function
of the two-variable Hermite polynomials H,,(z,y) [3]:

foo

t
2 — J—
exp (ﬂct + yt ) = Z n!Hn(ﬂc, Y) (42)
n=0
We have indeed: .
exp [ztﬁw + 5@*@} = (43)

exp [(ax +by)t + (%pa) tQ] exp [(bx bey)ut (%pc) uﬂ exp (pbtu)

and then, by expliciting the exponentials:

A T
exp [&tH w+ prtﬂw} = (44)
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oo ym
Z i
m=

that is:

+oo +oo
1 u" 1 plbe
(ax + by, 5pa> E HH” (b:): + cy, 5pc> E th a
n=0 q=0
tF Loy
exp [z Hu + 5pw Hw} = (45)

400 400 400
tm+q n+q apd 1 1
= ZZZ urtrp p L H, (a:):—l—by, §pa>Hn (bx—i—cy, §pc>

m=0n=0 ¢=0 n!

By setting m+ ¢ = k and n+ ¢ = j, we can rearrange the above expression
in the form:

N 1 ~
exp [thw + §pthw} = (46)
IN X j apa 1
S ety () (4 )
k=0 j=0 q= O ‘] q q'
and by manipulating the terms involving the factorial, we end up with:
t 7 L
exp |z Hw + gpw Hw| = (47)
- 1k _
el G —a)!
4o .
k5! 1 1
. Z —‘?Hk_q <a:c + by, 5pa> H;—, <bx + cy, 5,oc> pib?
=0 T
that is: .
exp [ztﬁw + 5@*@} = (48)
—+oo +oo
) n
k=0 5=0

min(k,j) 2 ) 1 1
: Z q ( ¢ > ( . > Hj—q (aﬂc+by, pa> <bx+cy, 2pc> pIb?
q=0

Without prejudicing the generality, we can set k = m and j = n.

A T
exp [&tH w+ 5/@%@} = (49)
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+oo0 oo . min(m,n)

=X w2

m=0n=0 q=0

() () oot o3 o]

From Definition (3) we can conclude that the explicit form of the generalized
two-index, two-variable Hermite polynomials of the type Hy, »(z,y; p) is given
by the following relation:

Hm,n (xvyS P) = (50)

min(m,n)
1 1
= Z q! < m ) < " > H,—q (aac + by, —pa> H,—, <bx + cy, —pc) pIb?
= q q 2 2

We note that the polynomials Hy, ,(x,y; p) are also a generalization of the
five-variable, two-index Hermite polynomials H,,,, (x,y;&,n|x) whose the ex-
plict form is stated in equation (13):

min(m,n)
X H - (:c,y)Hn—q(f 1)
Hp o (2,95 §,m|x) = m!n! 51
In fact, by setting n = p, we immediately obtain:
1 1
Hopn (2,93 9) = Hy (ax + by, 5 pai b + cy, 5pc!pb> (52)

The same considerations could be done relatively to the associate Hemrite
polynomials of the form Gy, ,(z,y). We can in fact introduce the generalized
two-index, two-variable Hermite polynomials by setting:

400 +oo

1
o2 kmPkM Tk sz, G, 5 p) (53)

m=0n=0

where, again, p is a real number and z = (z) and k = (;) two vectors of the
space R2.

By following the same procedure showed above, for the polynomials Hy, ,,(x,
y; p), we can easily state the explicit form of the polynomials G, (z,y; p):

Gm,n (377 Y3 p) =
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min(m,n)

3 @(?)(Z)fmw<@—%m)mm4@—%m)mw (54)

q=0

In Corollary 4 we have shown that the associate Hermite polynomials G, (z,

y) can be written in terms of polynomials H,, ,, (z,y;&,n|x) and we have just
seen the same, relatively to the generalized Hermite ploynomials H,, »(z,y; p);
it is evident that we can represent the generalized associate Hermite polyno-
mials of the form Gy, ,,(x,y; p) in terms of the five-variable, two-index Hermite
polynomials H,, », (x,y;&,n|x). In fact, by setting:

T =T

y——%

§—=y

n——%

X — bp
we can easily conclude with:

) — .,
G (2,99) = Hunn (2.~ 25, C1b) (55)

The results shown above point out the relevant contribution of this new
class of Hermite polynomials. It is important to note that the vectorial Her-
mite polynomials are very useful in description of the quantum treatment of
coupled harmonic oscillator; the five-variable Hermite polynomials presented in
this paper could simplify the operational relation satisfied by vectorial Hermite
polynomials and many other classes of orthogonal polynomials.

Then, since it is possible to represent the Generalized two-variable Bessel
functions in terms of two-variable Hermite polynomials [10, 11, 12, 13], in a
forthcoming paper we will investigate how it is possible to obtain different
expressions of the above results by using special families of Bessel functions.
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