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A NOTE ON A SPECIAL CLASS OF HERMITE POLYNOMIALS
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Abstract: This paper is devoted to the description of a special class of Hermite
polynomials of five variables. It can be seen as an extension of the generalized
vectorial Hermite polynomials of type Hm,n(x, y) and at the same time as a
generalization of the Gould-Hopper Hermite polynomials of type Hn(x, y). We
use the five-variable Hermite polynomials to derive reformulations of the well
known operational relations satisfied from the generalized Hermite polynomials
of different types.
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1. Introduction

In a previous article (see [1]) we have discussed the generalized Hermite polyno-
mials with two indices and two variables H(m,n)(x, y), which come from ordinary
Hermite polynomials of type Hen(x) (see [2, 3, 4]). We have then seen that
the structure of polynomials H(m,n)(x, y) is based on the fact that a couple of
indices act on a two-dimensional variable.

Received: October 11, 2014 c© 2015 Academic Publications, Ltd.
url: www.acadpubl.eu

§Correspondence author



262 C. Cesarano, C. Fornaro, L. Vazquez

We remind that, let the positive quadratic form:

q(x, y) = ax2 + 2bxy + cy2 (1)

a, c > 0

ac− b2 > 0

where a, b, c are real numbers, the associated matrix reads:

M̂ =

(

a b

b c

)

(2)

and, since the (1), |M̂ | > 0, that is an invertible matrix. Let now a vector
z =

(

x
y

)

in space R
2, it immediately follows that:

q(z) = ztM̂z (3)

q(z) =
(

x y
)

(

a b

b c

)(

x

y

)

= ax2 + 2bxy + cy2

Definition 1. Let z =
(

x
y

)

and w =
(

t
u

)

be two vectors of space R
2.

We will name as two-index, two-variable Hermite polynomials Hm,n(x, y) the
polynomials defined by the following generating function:

ez
tM̂w− 1

2
wtM̂w =

+∞
∑

m=0

+∞
∑

n=0

tm

m!

un

n!
Hm,n(x, y) (4)

By using the properties of matrix M̂ , in particular its invertibility, we can
define the associated polynomials of Hm,n(x, y). By noting in fact that the
adjunct quadratic form of q(z) writes:

q (z) = ztM̂−1z (5)

we have that the two-index, two-variable associated Hermite polynomialsGm,n(x,
y), are defined by the following generating function:

ev
tM̂−1k− 1

2
kM̂−1k =

+∞
∑

m=0

+∞
∑

n=0

rm

m!

sn

n!
Gm,n(x, y) (6)

where k =
(

r
s

)

and
(

ξ
η

)

such that v = M̂z.
After manipulating the exponent of the l.h.s, we can write the above relation

in a more convenient form:

ez
tk− 1

2
kM̂−1k =

+∞
∑

m=0

+∞
∑

n=0

rm

m!

sn

n!
Gm,n(x, y) (7)
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The Hermite polynomials Hm,n(x, y) and their associated Gm,n(x, y) satisfy
some important recurrence relations [1, 5], for instance:

Hm+1,n(x, y) = (ax+ by)Hm,n(x, y)− amHm−1,n(x, y)− b nHm,n−1(x, y) (8)

and:

Hm,n+1(x, y) = (bx+ cy)Hm,n(x, y)− bmHm−1,n(x, y)− c nHm,n−1(x, y) (9)

where a, b, c are the real numbers defined in (1), and also:

∂

∂x
Hm,n(x, y) = amHm−1,n(x, y) + bnHm,n−1(x, y) (10)

and
∂

∂y
Hm,n(x, y) = bmHm−1,n(x, y) + cnHm,n−1(x, y) (11)

Their proof can be viewed in a recent paper [6]. It is possible to simplify
the operational techniques shown above by using a new class of Hermite poly-
nomials.

2. A Special Class of Hermite Polynomials

In this section we present a special class if Hermite polynomials and we derive
some relevant relations.

Definition 2.

We will call the polynomials defined by the following generating function
as five-variable, two-index Hermite polynomials Hm,n (x, y; ξ, η|χ):

ext+yt2+ξτ+ητ2+χtτ =

+∞
∑

m=0

+∞
∑

n=0

tm

m!

τn

n!
Hm,n (x, y; ξ, η|χ) (12)

where t and τ are continuous variables such that |t|, |τ | < +∞.
From the above definition, by exploiting the l.h.s., we can immediately

obtain the explicit form of the polynomials Hm,n (x, y; ξ, η|χ). In fact, by noting
that [3, 7, 8]:

ext+yt2 , eξτ+ητ2

are the generating functions of the two-variable Hermite polynomials of the
type Hn(x, y), we have:

Hm,n (x, y; ξ, η|χ) = m!n!

min(m,n)
∑

q=0

χqHm−q(x, y)Hn−q(ξ, η)

q!(m− q)!(n− q)!
(13)
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Theorem 3. Hermite polynomials Hm,n(x, y) can be written as Hm,n(x, y;
ξ, η|χ), according to:

Hm,n(x, y) = Hm,n

(

ax+ by,−
1

2
a; bx+ cy,−

1

2
c| − b

)

(14)

Proof

By manipulating the generating function of polynomials Hm,n(x, y), given
in (4), we can write:

exp

[

ztM̂w −
1

2
wtM̂w

]

= (15)

= exp

{

(ax+ by)t+ (bx+ cy)u−
1

2
[(at+ bu)t+ (bt+ cu)u]

}

by rembering that z =
(

x
y

)

and w =
(

t
u

)

are two vectors of space R
2 and:

M̂ =

(

a b

b c

)

(16)

with a, b, c real numbers, such that:

a, c > 0

ac− b2 > 0

and then we obtain:

exp

[

ztM̂w −
1

2
wtM̂w

]

= (17)

exp

(

axt+ byt−
1

2
at2 + bxu+ cyu−

1

2
cu2 − but

)

We can rearrange the r.h.s. of the above equation in the following way:

exp

[

ztM̂w −
1

2
wtM̂w

]

= (18)

= exp

[

(ax+ by) t−
1

2
at2

]

exp

[

(bx+ cy) u−
1

2
cu2

]

exp (−but)

and by opportunity treating the variables in the exponential of the r.h.s., we
write:

exp

[

ztM̂w −
1

2
wtM̂w

]

= (19)
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=

+∞
∑

r=0

+∞
∑

s=0

+∞
∑

q=0

(−1)q
tr+q

r!

us+q

s!

bq

q!
Hr

(

ax+ by,−
1

2
a

)

Hs

(

bx+ cy,−
1

2
c

)

.

By setting:

r + q = m

s+ q = n

relation (19) can be written in a more convenient form:

exp

[

ztM̂w −
1

2
wtM̂w

]

= (20)

=

+∞
∑

m=0

+∞
∑

n=0

tmun
+∞
∑

q=0

[

(−1)qbq

q!(m− q)!(n− q)!
·

· Hm−q

(

ax+ by,−
1

2
a

)

Hn−q

(

bx+ cy,−
1

2
c

)]

and from the (4), after equating the like t and u powers, we obtain the state-
ment.

The opposite is not true, since the conditions:

ac− b2 > 0

a, c > 0

are not ensured.

It is also interesting to note that polynomials Hm,n (x, y; ξ, η|χ) help us to
write some interesting summing relations related to the generalized Hermite
polynomials [3, 8]. In fact, by setting:

x = ξ

y = η

χ = 2y

the five-variable, two-index Hermite polynomials become:

Hm,n (x, y; ξ, η|χ) = Hm,n (x, y|2y) = (21)

m!n!

min(m,n)
∑

q=0

(2y)qHm−q(x, y)Hn−q(x, y)

q!(m− q)!(n − q)!

and immediately follows from the identity

Hen+m(x, y) = m!n!

min(n,m)
∑

s=0

(2y)s
Hen−s(x, y)Hem−s(x, y)

(n− s)!(m− s)!s!
. (22)
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that

Hm,n (x, y|2y) = Hm+n(x, y) (23)

In equation (6) we have introduced the two-index, two-variable associated
Hermite polynomials Gm,n(x, y) by their generating function [9] through the
following relation:

ez
tk− 1

2
kM̂−1k =

+∞
∑

m=0

+∞
∑

n=0

rm

m!

sn

n!
Gm,n(x, y) (24)

where z =
(

x
y

)

and k =
(

r
s

)

are the two vectors from the adjoint quadratic form

q (z) = ztM̂−1z (25)

We can now explore how it is possible to represent the associated Hermite
polynomials Gm,n(x, y) in terms of the five-variable Hermite polynomials of the
form Hm,n (x, y; ξ, η|χ).

Corollary 4. Associated Hermite polynomials Gm,n(x, y) can be written

in ter of the five-variable, two-index Hermite polynomials Hm,n (x, y; ξ, η|χ).

Proof. Expliciting the generating function of polynomials Gm,n(x, y), we
have:

exp

[

ztk −
1

2
ktM̂−1k

]

= (26)

exp

[

(

x y
)

(

r

s

)

−
1

2

(

r s
)

(

a b

b c

)−1 (
r

s

)

]

where z =
(

x
y

)

and k =
(

r
s

)

with x,y,r, and s are real numbers and matrix

M̂ =

(

a b

b c

)

is invertible.

By manipulating the r.h.s of equation (21), we obtain:

exp

[

(

x y
)

(

r

s

)

−
1

2

(

r s
)

(

a b

b c

)−1 (
r

s

)

]

= (27)

= exp

[

xr + ys−
1

2

(

r s
) 1

∆

(

c −b

−b a

)(

r

s

)]

=

= exp

[

xr + ys−
1

2∆

(

cr − bs −br + as
)

(

r

s

)]
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and then:

exp

[

ztk −
1

2
ktM̂−1k

]

= exp

[

xr + ys−
1

2∆
cr2 +

1

∆
brs−

1

2∆
as2

]

(28)

The expression on the r.h.s. of the above relation can be recast in a conve-
nient form, by setting:

exp

[

xr + ys−
1

2∆
cr2 +

1

∆
brs−

1

2∆
as2

]

= (29)

= exp

[

xr +

(

−
1

2∆
c

)

r2
]

exp

[

ys+

(

−
1

2∆
a

)

s2
]

exp

[

1

∆
brs

]

The first two exponential on the r.h.s of the previous equation are the gen-
erating function of the generalized two-variable Hermite polynomials Hn(x, y)
[2, 3] and since the third exponential could be expanding in Taylor series, we
get:

exp

[

ztk −
1

2
ktM̂−1k

]

= (30)

+∞
∑

m=0

rm

m!
Hm

(

x,−
1

2∆
c

) +∞
∑

n=0

sn

n!
Hn

(

y,−
1

2∆
a

) +∞
∑

q=0

1

q!

bq

∆
rqsq

The r.h.s. of the above equation can be recast in the form:

+∞
∑

m=0

+∞
∑

n=0

+∞
∑

q=0

rm+q

m!

sn+q

n!

1

q!

bq

∆
Hm

(

x,−
1

2∆
c

)

Hn

(

y,−
1

2∆
a

)

(31)

By setting m+ q = k and n+ q = j, we can write:

+∞
∑

k=0

+∞
∑

j=0

+∞
∑

q=0

rk

(k − q)!

sj

(j − q)!

1

q!

bq

∆
Hk−q

(

x,−
1

2∆
c

)

Hj−q

(

y,−
1

2∆
a

)

(32)

Without prejudicing the generality, we can set k = m and j = n and then:

exp

[

ztk −
1

2
ktM̂−1k

]

= (33)

=
+∞
∑

m=0

+∞
∑

n=0

+∞
∑

q=0

rm

(m− q)!

sn

(n− q)!

1

q!

bq

∆
Hm−q

(

x,−
1

2∆
c

)

Hn−q

(

y,−
1

2∆
a

)
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In Definition 2 we have introduced the five-variable, two-index Hermite
polynomials of the form Hm,n (x, y; ξ, η|χ), that is:

Hm,n (x, y; ξ, η|χ) = m!n!

min(m,n)
∑

q=0

χqHm−q(x, y)Hn−q(ξ, η)

q!(m− q)!(n− q)!
(34)

We can observe that expression on r.h.s. of equation (28) can be recongnized
as an Hermite polynomials Hm,n (x, y; ξ, η|χ), by setting:

x → x

y → − c
2∆

ξ → y

η → − a
2∆

χ → b
∆

and then we can conclude that:

exp

[

ztk −
1

2
ktM̂−1k

]

=

+∞
∑

m=0

+∞
∑

n=0

rm

m!

sn

n!
Hm,n

(

x,−
c

2∆
; y,−

a

2∆
|
b

∆

)

(35)

Since the generating function of the associate Hermite polynomialsGm,n(x, y)
has the form:

ez
tk− 1

2
kM̂−1k =

+∞
∑

m=0

+∞
∑

n=0

rm

m!

sn

n!
Gm,n(x, y) (36)

we can easily obtain the thesis of the statement:

Gm,n(x, y) = Hm,n

(

x,−
c

2∆
; y,−

a

2∆
|
b

∆

)

(37)

3. Further Generalizations of Hermite Polynomials

The operational results on the two-index, two-variable Hermite polynomials of
type Hm,n(x, y) and for their associate Gm,n(x, y) in terms of the five-variable,
two-index Hermite polynomials Hm,n (x, y; ξ, η|χ), suggest us to generalize this
special class of Hermite polynomials, to explore other relevant identities in-
volving the Hermite polynomials of different type. Let us remember that the
two-index, two-variable Hermite polynomials Hm,n(x, y) have been introduced
in Definition (1), through their generating function [3, 1], that is:

ez
tM̂w− 1

2
wtM̂w =

+∞
∑

m=0

+∞
∑

n=0

tm

m!

un

n!
Hm,n(x, y) (38)
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We can generalize the polynomials Hm,n(x, y), by acting directly on the
above expression.

Definition 5.

Let ρ be a real number such that |ρ| < 0 and let z =
(

x
y

)

and w =
(

t
u

)

be two

vectors of space R
2. We will call generalized two-index, two-variable Hermite

polynomials Hm,n(x, y; ρ) the polynomials defined by the following generating
function:

ez
tM̂w+ 1

2
ρwtM̂w =

+∞
∑

m=0

+∞
∑

n=0

tm

m!

un

n!
Hm,n(x, y; ρ) (39)

By exploiting the generating function on the above definition, we have:

exp

[

ztM̂w +
1

2
ρwtM̂w

]

= (40)

= exp

[

(

x y
)

(

a b

b c

)(

t

u

)

+
1

2
ρ
(

t u
)

(

a b

b c

)(

t

u

)]

and by setting as A the argument of the exponetial on the r.h.s. of the previous
identity, we get:

A = (ax+ by)t+ (bx+ cy)u+
1

2
ρat2 +

1

2
ρutb+

1

2
ρtbu+

1

2
ρcu2 (41)

It is immediate to note that the terms in the above relation could be recast
in a convenient form, after remembering the structure of the generating function
of the two-variable Hermite polynomials Hm(x, y) [3]:

exp
(

xt+ yt2
)

=

+∞
∑

n=0

tn

n!
Hn(x, y) (42)

We have indeed:

exp

[

ztĤw +
1

2
ρwtĤw

]

= (43)

= exp

[

(ax+ by) t+

(

1

2
ρa

)

t2
]

exp

[

(bx+ cy) u+

(

1

2
ρc

)

u2
]

exp (ρbtu)

and then, by expliciting the exponentials:

exp

[

ztĤw +
1

2
ρwtĤw

]

= (44)
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=

+∞
∑

m=0

tm

m!
Hm

(

ax+ by,
1

2
ρa

) +∞
∑

n=0

un

n!
Hn

(

bx+ cy,
1

2
ρc

) +∞
∑

q=0

ρqbq

q!
tquq

that is:

exp

[

ztĤw +
1

2
ρwtĤw

]

= (45)

=

+∞
∑

m=0

+∞
∑

n=0

+∞
∑

q=0

tm+q

m!

un+q

n!

ρqbq

q!
Hm

(

ax+ by,
1

2
ρa

)

Hn

(

bx+ cy,
1

2
ρc

)

By setting m+ q = k and n+ q = j, we can rearrange the above expression
in the form:

exp

[

ztĤw +
1

2
ρwtĤw

]

= (46)

=

+∞
∑

k=0

+∞
∑

j=0

+∞
∑

q=0

tk

(k − q)!

uj

j!(j − q)!

ρqbq

q!
Hk−q

(

ax+ by,
1

2
ρa

)

Hj−q

(

bx+ cy,
1

2
ρc

)

and by manipulating the terms involving the factorial, we end up with:

exp

[

ztĤw +
1

2
ρwtĤw

]

= (47)

=

+∞
∑

k=0

+∞
∑

j=0

tk

k!(k − q)!

uj

j!(j − q)!
·

·

+∞
∑

q=0

k!j!

q!
Hk−q

(

ax+ by,
1

2
ρa

)

Hj−q

(

bx+ cy,
1

2
ρc

)

ρqbq

that is:

exp

[

ztĤw +
1

2
ρwtĤw

]

= (48)

=

+∞
∑

k=0

+∞
∑

j=0

tk

k!

uj

j!
·

·

min(k,j)
∑

q=0

q!

(

k

q

)(

j

q

)

Hk−q

(

ax+ by,
1

2
ρa

)

Hj−q

(

bx+ cy,
1

2
ρc

)

ρqbq

Without prejudicing the generality, we can set k = m and j = n.

exp

[

ztĤw +
1

2
ρwtĤw

]

= (49)
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=

+∞
∑

m=0

+∞
∑

n=0

tm

m!

un

n!

min(m,n)
∑

q=0

[

q!

(

m

q

)(

n

q

)

Hm−q

(

ax+ by,
1

2
ρa

)

Hn−q

(

bx+ cy,
1

2
ρc

)

ρqbq
]

From Definition (3) we can conclude that the explicit form of the generalized
two-index, two-variable Hermite polynomials of the type Hm,n(x, y; ρ) is given
by the following relation:

Hm,n (x, y; ρ) = (50)

=

min(m,n)
∑

q=0

q!

(

m

q

)(

n

q

)

Hm−q

(

ax+ by,
1

2
ρa

)

Hn−q

(

bx+ cy,
1

2
ρc

)

ρqbq

We note that the polynomials Hm,n(x, y; ρ) are also a generalization of the
five-variable, two-index Hermite polynomials Hm,n (x, y; ξ, η|χ) whose the ex-
plict form is stated in equation (13):

Hm,n (x, y; ξ, η|χ) = m!n!

min(m,n)
∑

q=0

χqHm−q(x, y)Hn−q(ξ, η)

q!(m− q)!(n− q)!
(51)

In fact, by setting η = ρ, we immediately obtain:

Hm,n (x, y; ρ) = Hm,n

(

ax+ by,
1

2
ρa; bx+ cy,

1

2
ρc|ρb

)

(52)

The same considerations could be done relatively to the associate Hemrite
polynomials of the form Gm,n(x, y). We can in fact introduce the generalized
two-index, two-variable Hermite polynomials by setting:

ez
tk−ρkM̂−1k =

+∞
∑

m=0

+∞
∑

n=0

rm

m!

sn

n!
Gm,n(x, y; ρ) (53)

where, again, ρ is a real number and z =
(

x
y

)

and k =
(

r
s

)

two vectors of the

space R
2.

By following the same procedure showed above, for the polynomialsHm,n(x,
y; ρ), we can easily state the explicit form of the polynomials Gm,n(x, y; ρ):

Gm,n (x, y; ρ) =
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min(m,n)
∑

q=0

q!

(

m

q

)(

n

q

)

Hm−q

(

x,−
1

∆
ρc

)

Hn−q

(

y,−
1

∆
ρa

)

ρqbq. (54)

In Corollary 4 we have shown that the associate Hermite polynomialsGm,n(x,
y) can be written in terms of polynomials Hm,n (x, y; ξ, η|χ) and we have just
seen the same, relatively to the generalized Hermite ploynomials Hm,n(x, y; ρ);
it is evident that we can represent the generalized associate Hermite polyno-
mials of the form Gm,n(x, y; ρ) in terms of the five-variable, two-index Hermite
polynomials Hm,n (x, y; ξ, η|χ). In fact, by setting:

x → x

y → − cρ
∆

ξ → y

η → −aρ
∆

χ → bρ

we can easily conclude with:

Gm,n (x, y; ρ) = Hm,n

(

x,−
cρ

∆
; y,

aρ

∆
|ρb

)

(55)

The results shown above point out the relevant contribution of this new
class of Hermite polynomials. It is important to note that the vectorial Her-
mite polynomials are very useful in description of the quantum treatment of
coupled harmonic oscillator; the five-variable Hermite polynomials presented in
this paper could simplify the operational relation satisfied by vectorial Hermite
polynomials and many other classes of orthogonal polynomials.

Then, since it is possible to represent the Generalized two-variable Bessel
functions in terms of two-variable Hermite polynomials [10, 11, 12, 13], in a
forthcoming paper we will investigate how it is possible to obtain different
expressions of the above results by using special families of Bessel functions.
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