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Abstract: In this paper, the homotopy analysis method (HAM) is applied to
the time fractional Whitham-Broer-Kaup equation to obtain its approximate
analytical solutions. The HAM solution includes an auxiliary parameter ~ which
provides a suitable way of adjusting and controlling the convergence region of
solution series.
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1. Introduction

When many physical events in various fields of physics and engineering are
modelled, nonlinear ordinary or partial differential equations arise. Investigat-
ing and constructing exact and numerical solutions of these equations are of
great importance in applied mathematics. Liao presented the HAM[1, 2] which
is a powerful tool for searching the approximate solutions of nonlinear evolution
equations (NLEEs). Differently from perturbation techniques, the HAM is not
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limited to any small physical parameters in the considered equation. Hence,
the previous restrictions and limitations of perturbation techniques can be over-
came by the HAM, so it enables us with a powerful tool to analyze strongly
nonlinear problems[3]. Many authors have applied this method successfully to
solve several nonlinear problems arising in science and engineering [1-8]. In
this paper, we will apply the HAM to time fractional Whitham-Broer-Kaup
equation.

2. Application of the HAM

We handle the time fractional Whitham-Broer-Kaup equation in the following
form

Dα
t u+ uux +Hx + quxx = 0,

Dα
t H + (Hu)x + puxxx − qHxx = 0

(1)

with initial conditions

u(x, 0) = 1− tanh(x/2),

H(x, 0) = 3
4(1− tanh2(x/2))

(2)

For all calculations , we take p and q as 3 and 1, respectively in this paper. To
investigate the series solution of Eqs. (1) with initial conditions (2), we choose
the linear operators

L [φi(x, t; p)] = Dα
t φi(x, t; p), i = 1, 2,

with the property
L [ci] = 0

where c′
i s (i = 1, 2) are constants. From Eq. (1), we now define nonlinear

operators as

N1 [φ1(x, t; p), φ2(x, t; p)] =
∂αφ1(x, t; p)

∂tα
+ φ1(x, t; p)

∂φ1(x, t; p)

∂x

+
∂φ2(x, t; p)

∂x
+

∂2φ1(x, t; p)

∂x2
,

N2 [φ1(x, t; p), φ2(x, t; p)] =
∂αφ2(x, t; p)

∂tα
+

∂φ1(x, t; p)φ2(x, t; p)

∂x

+3
∂3φ1(x, t; p)

∂x3
−

∂2φ2(x, t; p)

∂x2
.
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Therefore, we set up the zero-order deformation equations as

(1− p)L [φ1(x, t; p)− u0(x, t)] = p~N1 [φ1(x, t; p), φ2(x, t; p)] , (3)

(1− p)L [φ2(x, t; p) −H0(x, t)] = p~N2 [φ1(x, t; p), φ2(x, t; p)] . (4)

Obviously, if we choose p = 0 and p = 1 then we obtain

φ1(x, t; 0) = u0(x, t) = u(x, 0), φ2(x, t; 0) = H0(x, t) = H(x, 0)

and
φ1(x, t; 1) = u(x, t), φ2(x, t; 1) = H(x, t),

respectively. Then, while the embedding parameter p increases from 0 to 1,
the solutions φ1(x, t; p) and φ2(x, t; p) change from the initial values u0(x, t)
and H0(x, t) to the solutions u(x, t) and H(x, t). By expanding φ1(x, t; p) and
φ2(x, t; p) in Taylor series with respect to the embedding parameter p, we get

φ1(x, t; p) = u0(x, t) +
∞
∑

m=1

um(x, t)pm, (5)

φ2(x, t; p) = H0(x, t) +

∞
∑

m=1

Hm(x, t)pm (6)

where

um(x, t) =
1

m!

∂mφ1(x, t; p)

∂pm

∣

∣

∣

∣

p=0

, (7)

Hm(x, t) =
1

m!

∂mφ2(x, t; p)

∂pm

∣

∣

∣

∣

p=0

. (8)

If the auxiliary linear operator, the initial guess and the auxiliary parameter
~ are suitably chosen, the above series converges at p = 1, and one has

u(x, t) = u0(x, t) +

∞
∑

m=1

um(x, t),

H(x, t) = H0(x, t) +
∞
∑

m=1

Hm(x, t),

which must be one of the solutions of the original nonlinear equations, as proved
by Liao [2, 5]. By differentiating Eqs. (3) and (4) m times with respect to the
embedding parameter p, we obtain the mth-order deformation equations

L [um(x, t)− χmum−1(x, t)] = ~R1,m (um−1,Hm−1) , (9)
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L [Hm(x, t)− χmHm−1(x, t)] = ~R2,m (um−1,Hm−1) , (10)

where

R1,m (um−1,Hm−1) =
∂αum−1(x, t)

∂tα
+

m−1
∑

n=0

un(x, t)
∂um−1−n(x, t)

∂x

+
∂Hm−1(x, t)

∂x
+

∂2um−1(x, t)

∂x2
,

R2,m (um−1,Hm−1) =
∂αHm−1(x, t)

∂tα
+

m−1
∑

n=0

un(x, t)
∂Hm−1−n(x, t)

∂x

+
m−1
∑

n=0

Hn(x, t)
∂um−1−n(x, t)

∂x
+ 3

∂3um−1(x, t)

∂x3

−
∂2Hm−1(x, t)

∂x2
.

The solutions of the mth-order deformation Eqs. (9) and (10) for m ≥ 1
leads to

um(x, t) = χmum−1(x, t) + ~L−1 [R1,m (um−1,Hm−1)] , (11)

Hm(x, t) = χmHm−1(x, t) + ~L−1 [R2,m (um−1,Hm−1)] . (12)

By using Eqs.(11) and (12) with initial conditions given by (2) we successively
obtain

u0(x, t) = 1− tanh(x/2),

u1(x, t) = −
~tαex(ex + 3)

Γ(1 + α)(ex + 1)3
,

...

and

H0(x, t) =
3

4
(1− tanh2(x/2)),

H1(x, t) = −
3~tαsech4(x/2)(−4 + 2 cosh x+ sinhx)

8Γ(1 + α)
,

...
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Figure 1: The ~-curves of 3th-order approximate solutions obtained by
the HAM for α = 1.

Therefore, the series solutions expressed by HAM can be written in the forms

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t) + . . . . (13)

H(x, t) = H0(x, t) +H1(x, t) +H2(x, t) + . . . . (14)

To demonstrate the efficiency of the method, we compare the HAM solutions
of the time fractional Whitham-Broer-Kaup equation given by Eqs. (13) and
(14) for α = 1 with its exact solutions [9]

u(x, t) = 1− tanh(x/2− t/2),
H(x, t) = 3

4 (1− tanh2(x/2− t/2)).

The convergence of the HAM solutions series can be controlled and adjusted
simply by the help of the auxiliary parameter ~ which is in our solution series.
To control and adjust the convergence of our solutions series, we search for the
suitable range, especially suitable value, for the auxiliary parameter by using so
called ~-curve. We obtain this range and value by discovering the valid region
of ~ which corresponds to the line segments nearly parallel to the horizontal
axis, as pointed by Liao [2].

In Fig.1, we demonstrate the ~-curves of u(0.5, 0.1) and H(0.5, 0.1) given
by 3th-order HAM solutions (13) and (14) for α = 1. It can be seen from the
figures that the valid range of ~ is approximately −1.8 ≤ ~ ≤ −0.2. In Fig.2,
we demonstrate the ~-curves of u(0.5, 0.1) and H(0.5, 0.1) given by 3th-order
HAM solutions (13) and (14) for α = 0.75. It can be seen from the figures
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Figure 2: The ~-curves of 3th-order approximate solutions obtained by
the HAM for α = 0.75.

(a) Approximate Solution (b) Analytical Solution

Figure 3: The graphs of analytical solution and 3th-order approximate
solution obtained by the HAM of u(x, t) for α = 1 and ~ = −0.6.

that the valid range of ~ is approximately −1.4 ≤ ~ ≤ −0.2. Fig. 3-4 show
the numerical solution of u(x, t) and H(x, t) at α = 1 and ~ = −0.6 obtained
by 3th-order HAM and analytical solution, respectively. Fig. 5 shows the
numerical solutions of u(x, t) and H(x, t) at α = 0.75 and ~ = −0.6 obtained
by 3th-order HAM, respectively.
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(a) Approximate Solution (b) Analytical Solution

Figure 4: The graphs of analytical solution and 3th-order approximate
solution obtained by the HAM of H(x, t) for α = 1 and ~ = −0.6.

3. Conclusion

In this paper, the HAM has been successfully applied to obtain approximate
analytical solution of the time fractional Whitham-Broer-Kaup equation. It has
been also seen that the HAM solution of the problem converges very rapidly to
the exact one by choosing an appropriate auxiliary parameter ~. In conclusion,
this study shows that the HAM is a powerful and efficient technique in finding
the approximate analytical solution of the time fractional Whitham-Broer-Kaup
equation and also many other nonlinear evolution equations arising in science
and engineering.
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Figure 5: The graphs of 3th-order approximate solution obtained by
the HAM of H(x, t) for α = 0.75 and ~ = −0.6.
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