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Abstract:

The aim of this article is to present the fractional shifted Legendre polynomial

method to solve the Riccati differential equation of fractional order. The properties of shifted
Legendre polynomials together with the Caputo fractional derivative are used to reduce the
problem to the solution of algebraic equations. A new theoretical analysis such as convergence
analysis and error bound for the proposed technique has been demonstrated. The obtained
results reveal that the performance of the proposed method is very accurate and reliable.
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1. Introduction
General form of fractional Riccati differential equation [11] is
dα y
= A(t) + B(t)y + C(t)y 2 ,
dtα
with initial conditions (in Caputo sense)
y j (0) = sj ,

t > 0, m − 1 < α ≤ m,

(1)

j = 0, 1, ..., m − 1,

where A(t),B(t) and C(t) are given functions, sj , j = 0, 1, ..., m−1, are arbitrary
constants and α is a parameter describing the order of the fractional derivative.
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The general response expression contains a parameter describing the order of
the fractional derivative that can be varied to obtain various responses. The
importance of Riccati equation usually arises in the optimal control problems,
network synthesis, robust stabilization, random process, control process and
diffusion problems [2, 10]. Many authors have studied on the solutions of Riccati
equations and the references can be found in [1, 3, 5, 7, 8].
In this paper, we present the fractional shifted Legendre polynomial method
(FSLPM) based solutions for Eq.(1) with the theoretical analysis. Basic definitions of fractional calculus theory are available in [4, 9]. In this article we use
the following definition in the Caputo sense.
Definition 1.
defined as
D∗α f (x)

=J

The fractional derivative of f(x) in the Caputo sense is

m−α

1
D f (x) =
Γm − α
m

for m − 1 < α ≤ m, m ∈ N, x > 0, f ∈

Z

x
0

(x − t)m−α−1 f (m) (t)dt,

m.
C−1

Caputo fractional derivative first computes an ordinary derivative followed
by a fractional integral to achieve the desired order of fractional derivative.
Some properties of the operator D α are as follows:
(i) D α D β f (x) = D α+β f (x),
(ii) D α C = 0 (C is a constant),


 0,
Γ(β+1)
β−α
α
β
(iii) D x =
Γ(β+1−α) x



for β ∈ N0 and β < ⌈α⌉,
for β ∈ N0 and β ≥ ⌈α⌉
or β ∈
/ N and β > ⌊α⌋.
Similar to the integer-order derivative, the Caputo fractional derivative is
a linear operation:
!
n
n
X
X
α
ci D α fi (t),
ci fi (t) =
D
i=1

i=1

where {ci }ni=1 are constants.
2. Method and Analysis
The fractional-order Legendre functions(FLFs)[6] are defined by introducing
the change of variable t = xα and α > 0 on shifted Legendre polynomials.
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−1)
i
F Lαi (x) − i+1
F Lαi−1 (x) , i = 1, 2, ..., where F Lα0 (x) = 1
F Lαi (x) = (2i+1)(2x
i+1
α
α
and F L1 (x) = 2x − 1.
Note thatF Lαi (0) = (−1)i and F Lαi (1) = 1.The FLFs are orthogonal with
respect to the weight function
w(x) = xα−1 in the interval (0, 1] with the
R1
1
α
orthogonality property 0 F Ln (x)F Lαm (x)w(x)dx = (2n+1)α
δnm .
A function y(x) defined over the interval (0, 1] may be expressed in terms
of fractional shifted Legendre polynomials as

y(x) =

∞
X

ci F Lαi (x),

(2)

i=0

where the coefficients ci are given by
ci = α(2i + 1)

Z

1
0

F Lαi (x)y(x)w(x)dx,

i = 0, 1, 2, ... .

In practice, only the first m terms of Eq. (2) are considered. Then we have
y(x) ≃ ym (x) =

m−1
X

ci F Lαi (x) = C T F Lα (x),

(3)

i=0

with
C = [c0 , c1 , ..., cm−1 ]T ,
F Lα (x) = [F Lα0 (x), F Lα1 (x), ..., F Lαm−1 (x)]T .
The m unknown coefficients ci can be obtained from the equations and
initial boundary conditions to solve Eq. (1). In case the exact solution to a
problem is known, the accuracy and efficiency of the proposed method based on
maximum absolute error em defined as em = max{|yexact (t) − ym (t)|}, 0 < t <
τ. The convergence analysis and error estimation for the proposed technique
have been given through the following theorem.
Theorem 2. Suppose that the function given in Eq.(3) is the best approximation
solution y(t) then the error bound is presented as follows
P to the exact
M
√ 1
ǫ≤ ∞
i=m (2i−3)1/2 (2i−1)
(2i+1)α

where



and

ǫ=

Z

1
0

"

∞
X

ci F Lαi (t)

i=0

′′

−

m−1
X

#2

ci F Lαi (t)

i=0

y (t) < M.

1
2

w(t)dt
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The above theorem can be proved through Cauchy sequence.
Next, we examine the performance of FSLPM with some examples.
Example 1. Consider the fractional Riccati equation [7]
D∗α y(t) = −y(t)2 + 1,

0 < α ≤ 1,

subject to the initial condition y(0)=0.
By FSLPM with m=6, the approximate solution is
y(t) =

1
t3α Γ(1 + 3α)
2t5α Γ(1 + 2α)Γ(1 + 4α)
−
+
Γ(1 + α) Γ(1 + α)2 Γ(1 + 3α) Γ(1 + α)3 Γ(1 + 3α)Γ(1 + 5α)
t7α Γ ((1 + 2α))2 Γ(1 + 6α)
−
.
(Γ(1 + α))4 (Γ(1 + 3α))2 Γ(1 + 7α)

The exact solution of Example 1, when α = 1 is y(t) =

e2t −1
.
e2t +1

Example 2. Consider the fractional Riccati equation [7]
D∗α y(t) = 2y(t) − y 2 (t) + 1,

0 < α ≤ 1,

subject to the initial condition y(0)=0.
We apply the FSLPM with m=5, and we get
y(t) =

tα
2t2α
4t3α
t3α Γ(1 + 2α)
+
+
−
Γ(1 + α) Γ(1 + 2α) Γ(1 + 3α) (Γ(1 + α))2 Γ(1 + 3α)
2t4α Γ(1 + 2α)
8t4α
.
−
+
Γ(1 + 4α) (Γ(1 + α))2 Γ(1 + 4α)

The exact solution of Example 2, when α = 1 is
y(t) = 1 +

√

!
√
√
2−1
1
.
2tanh
2t + log √
2
2+1

The numerical values of y(t) with α= 0.5 to 1.0 are plotted in Fig 1(a) for
m= 10 and in Fig 1(b) for Example 1 and 2 respectively. It also shows that the
convergence of the FSLPM for different values of α.
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Figure 1: Fig 1(a). Comparison of y(t) for m = 10 and with α= 0.5 to
1.0 for Example 1.(b) Comparison of y(t) for m = 10 and with α= 0.5
to 1.0 for Example 2.
3. Conclusion
In this work, we have proposed the FSLPM for solving Riccati differential equation based on fractional order Legendre function. The proposed method has
been tested, for validity and applicability for some problems. The theoretical
analysis has also been discussed. The proposed technique can be extended to
solve fractional PDE.
References
[1] S. Abbasbandy, Iterated He’s homotopy perturbation method for quadratic Riccati differential equation, Appl. Math. Comput., 175(2006), 581 − 589.
[2] B.D. Anderson, J.B. Moore, Optimal Control-Linear Quadratic Methods, PrenticeHall,New Jersey(1990).
[3] J. Cang, Y. Tan, H. Xu, and S.J. Liao, Series solutions of non-linear Riccati differential
equations with fractional order, Chaos, Solitons & Fractals., 40(1)(2009), 1 − 9.
[4] S. Das, Functional Fractional Calculus for System Identification and Controls, Springer,
New York(2008).
[5] H. Jafari and H. Tajadodi, He’s Variational Iteration Method for Solving Fractional
Riccati Differential Equation, International Journal of Differential Equations., Article
ID 764738(2010), 1 − 8.
[6] S. Kazem, S. Abbasbandy,Sunil Kumar, Fractional-order Legendre functions for solving
fractional-order differential equations, Appl. Math. Model., 37(2013), 5498 − 5510.

278

K. Krishnaveni, K. Kannan, S.R. Balachandar

[7] S. Momani, N. Shawagfeh, Decomposition method for solving fractional Riccati differential equations, Appl. Math. Comput., 182(2006), 1083 − 1092.
[8] S. Momani, Z. Odibat, Modified homotopy perturbation method: application to
quadratic Riccati differential equation of fractional order. Chaos Soli. Fract., 36, 1(2008),
167 − 174.
[9] I. Podlubny, Fractional Differential Equations., San Diego: Academic Press(1999).
[10] Y. Tan, S. Abbasbandy, Homotopy analysis method for quadratic Riccati differential
equation, Commun. Nonlinear Sci. Numer. Simul., 13, 3(2008), 539 − 546.
[11] Z. Odibat, S. Momani, Modified homotopy perturbation method: Application to
quadratic Riccati differential equation of fractional order, Chaos, Solitons & Fractals.,
36(2008), 167 − 174.

