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1. Introduction

The ordinary differential equations are powerful theoretical representations of
processes of evolution in which the variation rate of process state at each time
depends on the state of the process at this time. However, there is a lot of
real phenomena in which the variation rate of state in each moment depends
not only on the state of the process at this moment, but also the history of
phenomena states. Thus, for such cases, it makes convenient the use of other
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theoretical tools that describe such phenomena more appropriately. Such tools
are the retarded functional differential equations. See [4], [5], [7], [8], [9] and
[14].

This note deals with an anti-periodic boundary value problem for a class
of retarded functional differential equations and it was inspired by the works
[1], [2], [3], [6], [11] and [12]. The functional differential inequalities generated
by this problem are considered and a uniqueness result is established by the
method of lower and upper solutions. The method of lower and upper solutions
together with the monotone iterative technique has been used in the treatment
of nonlinear differential equations, see [10], [11] and [13].

2. The Problem and the Obtained Results

Let a, b ∈ R, a < b. We denote by C([a, b],R) the space of the continuous
functions φ : [a, b] → R endowed with the norm ‖φ‖∞ = sup

τ∈[a,b]
|φ(τ)|.

Let us consider the retarded functional differential equation

x′(t) = f(t, xt), t ∈ [0, T ], (2.1)

subject to the anti-periodic boundary condition

x(0) = −x(T ), (2.2)

where

⋆ f is a continuous real function defined on [0, T ]× C([−r, 0],R);

⋆ r ≥ 0 and T > 0;

⋆ xt represents the mapping xt : [−r, 0] → R defined by xt(τ) = x(t+ τ) for
τ ∈ [−r, 0], where t ∈ [0, T ].

We denote by C1([0, T ],R) the set of the functions x ∈ C([0, T ],R) that are
continuously differentiable on [0, T ].

Definition 2.1. A real function x defined on [−r, T ] is said to be a solution
of Problem
(2.1)-(2) on [0, T ] if x|[0,T ] ∈ C

1([0, T ],R) and it satisfies (2.1)-(2).

Now, we present the concept of lower and upper solutions for Problem (2.1)-
(2).
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Definition 2.2. Functions u : [−r, T ] → R and v : [−r, T ] → R are said
to be a pair of lower and upper related solutions for Problem (2.1)-(2) if they
satisfy

u|[0,T ] ∈ C1([0, T ],R), v|[0,T ] ∈ C1([0, T ],R)

u′(t) ≤ f(t, ut), v′(t) ≥ f(t, vt), for all t ∈ [0, T ];

u(0) + v(T ) ≤ 0 and v(0) + u(T ) ≥ 0.

The following assumption will be fundamental to obtain our results:

(A) For each t ∈ [0, T ], f(t, ϕ) < f(t, ψ) whenever ϕ,ψ ∈ C([−r, 0],R), ϕ > ψ,
(that is, ϕ(s) > ψ(s) for s ∈ [−r, 0]).

The next result establishes a relation between the lower and upper solutions
of Problem (2.1)-(2).

Theorem 2.1. Let u and v be a lower solution and a upper solution of

Problem (2.1)-(2), respectively. Assume that Condition (A) is fulfilled. Then,

u(t) ≤ v(t), for all t ∈ [0, T ]. (2.3)

Proof. Suppose the statement (2.3) is not true. Then Λ = sup{u(t) −
v(t); t ∈ [0, T ]} > 0. Since u − v is a continuous function on the compact set
[0, T ], there exists η ∈ [0, T ] such that

u(η)− v(η) = Λ > 0. (2.4)

Furthermore,

u(t)− v(t) ≤ Λ, for all t ∈ [0, T ]. (2.5)

Let us consider the following three cases:

Case 1: η ∈ (0, T ).

Since u−v is continuously differentiable and reaches its maximum at η, it fol-
lows that
(u − v)′(η) = 0. On the other hand, from the definition of the functions u
and v, we have

0 = (u− v)′(η) ≤ f(η, uη)− f(η, vη),

that is,

f(η, uη) ≥ f(η, vη). (2.6)
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But, if (2.6) holds, we can infer that uη ≤ vη on [−r, 0] and, in particular,
u(η) ≤ v(η), which contradicts (2.4).

Case 2: η = 0.

Then, u(0)− v(0) = Λ and, by (2.5), u(T )− v(T ) ≤ Λ. However, from the
definition of the functions u and v, we obtain

Λ = u(0) − v(0) ≤ −v(T ) + u(T ) ≤ Λ.

Thus u(T )−v(T ) = Λ > 0. Thereby, we can construct a sequence {tk} ⊂ (0, T )

such that tk < tk+1, lim
k→∞

tk = T and D−ξ(tk) = lim inf
h→0−

ξ(tk + h)− ξ(tk)

h
≥ 0,

where ξ(t) = u(t)− v(t) for t ∈ [0, T ].

Let K0 be a positive integer such that, for k ≥ K0, one has u(tk)−v(tk) > 0
(such K0 exists by virtue of the continuity of u − v). Therefore, from the
definition of the functions u and v, we conclude that

0 ≤ D−ξ(tk) ≤ u
′

(tk)− v′(tk) ≤ f(tk, utk )− f(tk, vtk).

This yields u(tk)− v(tk) ≤ 0, which does not occur.

Case 3: η = T .

Here we can use an analogous argument to that used in the previous case.

The contradictions pointed in the three cases guarantee us that the assertion
of the theorem is valid.

By employing Theorem 2.1, we obtain a uniqueness criteria for Problem
(2.1)-(2).

Theorem 2.2. Assume that Condition (A) is fulfilled. Then, Problem

(2.1)-(2) has at most one solution.

Proof. Suppose x1, x2 are two distinct solutions of (2.1)-(2). From anti-
periodic boundary condition, we know that

x1(0) + x1(T ) = 0 and x2(0) + x2(T ) = 0.

Then

x1(0) + x1(T ) + x2(0) + x2(T ) = 0,

that is,

x1(0) + x2(T ) = −(x1(T ) + x2(0)).
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We have two possibilities: either x1(0)+x2(T ) < 0 or x1(0)+x2(T ) ≥ 0. Let
us assume, without loss of generality, that x1(0) + x2(T ) ≥ 0 and, accordingly,
x1(T ) + x2(0) ≤ 0.

We have
x′1(t) = f(t, x1t)

x1(0) + x2(T ) ≥ 0

and
x′2(t) = f(t, x2t)

x2(0) + x1(T ) ≤ 0.

By Theorem 2.1 we obtain

x2(t) ≤ x1(t), t ∈ [0, T ].

In particular, x2(0) ≤ x1(0) and x2(T ) ≤ x1(T ). This together with anti-
periodic boundary condition implies

0 ≤ x1(0) − x2(0) = −x1(T ) + x2(T ) ≤ 0,

that is, x1(0) = x2(0) and x1(T ) = x2(T ). Consequently, the functions x1 and
x2 satisfy the following systems:

x′1(t) = f(t, x1t)

x1(0) + x2(T ) = 0

and
x′2(t) = f(t, x2t)

x2(0) + x1(T ) = 0.

By applying Theorem 2.1 again, we conclude that x1(t) ≤ x2(t) and x2(t) ≤
x1(t), for all t ∈ [0, T ], which proves the result.

The last theorem shows a relation between the solution of Problem (2.1)-(2)
and the lower and upper solutions of the same problem when Condition (A) is
satisfied.

Theorem 2.3. Let u and v be a lower solution and a upper solution

of Problem (2.1)-(2), respectively, and x be a solution of the same problem.

Assume that (A) holds. Then,

u(t) ≤ x(t) ≤ v(t), for all t ∈ [0, T ]. (2.7)
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Proof. At first, we will see that u(t) ≤ x(t) for all t ∈ [0, T ]. Assume that
there is τ ∈ [0, T ] such that u(τ) > x(τ) and denote by µ = sup{(u− x)(t); t ∈
[0, T ]} > 0. Since u−x is a continuous function on the compact set [0, T ], there
is β ∈ [0, T ] such that

u(β)− x(β) = µ > 0.

We consider the following three cases: β ∈ (0, T ), β = 0 and β = T . Analo-
gously to the proof of Theorem ??lem1, we obtain contradictions that ensure
the validity of the inequality u(t) ≤ x(t) for all t ∈ [0, T ].

The proof of the inequality x(t) ≤ v(t), for t ∈ [0, T ], is similar.

To finish this note, we exhibit a simple example.

Example 2.1. Let T = 2 and f : [0, T ] × C([−r, 0],R) → R the function
defined by f(t, ϕ) = −(ϕ(0))7 for (t, ϕ) ∈ [0, T ] × C([−r, 0],R). By Theorem
2.2, the zero solution is the unique anti-periodic solution of the problem:

x′(t) = f(t, xt)

x(0) + x(2) = 0.

Acknowledgments

This work was supported by São Paulo Research Foundation (FAPESP) (S. M.
Afonso) under Grant 2014/14607-7.

References

[1] A. R. Aftabizadeh; S. Aizicovici; N. H. Pavel, On a class of second-order anti-periodic
boundary value problems, J. Math. Anal. Appl., 171 (1992), 301-320.

[2] W. Ding, Y. P. Xing, M. A. Han, Anti-periodic boundary value problems for first order
impulsive functional differential equations, Appl. Math. Comput., 186 (2007), 45-53.

[3] D. Franco, J. Nieto, First-order impulsive ordinary differential equations with anti-
periodic and nonlinear boundary conditions, Nonlinear Analysis, 42(2000), 163-173.

[4] S. A. Gourley, Y. Kuang, A stage structured predator-prey model and its dependence on
matu-ration delay and death rate, J. Math. Biol., 49 (2004), 188-200.

[5] J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations,
Springer Verlag, Berlin (1993).

[6] T. Jankowski, Antiperiodic boundary value problems for functional differential equations,
Applicable Analysis, 81 (2002), 341-356.



A NOTE ON RETARDED FUNCTIONAL DIFFERENTIAL... 1101

[7] V. Kolmanovskii, A. Myshkis, Introduction to the Theory and Applications of Functional

Differential Equations, Kluwer Academic Publishers, Dordrecht (1999).

[8] V. Kolmanovskii, A. Myshkis, Applied Theory of Functional Differential Equations,
Kluwer Academic Press Publisher, Dordrect (1992).

[9] Y. Kuang, Delay Differential Equations with Applications in Population Dynamics, Aca-
demic Press, New York (1993).

[10] G. S. Ladde, V. Lakshmikanthama, A. S. Vatsala, Monotone Iterative Techniques for

Nonlinear Differential Equations, Pitman Advanced Publishing Program, Boston (1985).

[11] V. Lakshmikanthama, A. S. Vatsala, General uniqueness and monotone iterative tech-
nique for fractional differential equations, Applied Mathematics Letters, 21 (2008), 828-
834.

[12] S. Pinsky, U. Trittmann, Anti-periodic boundary conditions in supersymmetric discrete
light cone quantization, Physics Rev., 62 (2000), 87701, 4 pp.
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