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Abstract: In this paper, we study the Zufiria’s higher-order Boussinesq type equation with
generalized coefficients from the point of view of its exact solutions. The improved tanhcoth method is used with the aim to obtain periodic and soliton solutions to the mentioned
equation. The solutions obtained here are in a more general form from those obtained by
authors of other works. We will see that the solutions for some particular cases can be derived
from the obtained here.
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1. Introduction
In the recent years, several equations with variable coefficients have appeared
as important models associated to several physical problems. For instance, we
can see [1], [2], [3] and references therein, where the authors have considered
and studied equations such as

2

ut (x, t) + k1 u (x, t)ux (x, t) + uxxx (x, t) = 0,
(1)
ut (x, t) + k1 tn u2 (x, t) + k2 tm uxxx (x, t) = 0,


ut (x, t) + k1 un (x, t)ux (x, t) + uxxx (x, t) = 0.
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So that, the construction of exact solutions to nonlinear partial differential
equations with variable coefficients is an important problem in mathematical
physics today. In this paper, we consider the following Zufiria’s higher-order
Boussinesq type equation with generalized coefficients
(
ut + hx + uux + α(t)uxxxx = 0,
(2)
ht + (hu)x + β(t)uxxx + ρ(t)uxxxxx = 0,
being u(x, t), h(x, t) the unknown functions and α(t), β(t), ρ(t) coefficients
which can be depend of the variable t. Two particular cases of the previous
system have been studied from the point of view of its exact solutions [4], [5]
(
ut + hx + uux + αuxxxx = 0,
(3)
2
ht + (hu)x + 31 uxxx + 15
uxxxxx = 0,
and the so called variant Boussinesq equation [5]
(
ut + hx + uux = 0,
ht + (hu)x + uxxx = 0.

(4)

Exact solutions to (3) have derived by the authors in [6] for the case α = 0, and
by the authors in [4] for α = 0, α = 1 and α 6= 0, being α a constant. Exact
solutions to (4) have been derived by the authors in [5].
The Boussinesq type equations are used to modeling several problems in
some branches of the physic and engineering, particulary in the study of water
wave near to coastal areas. More applications can be see in [6] and references
therein. The main objective of this paper, consist on the obtention of travelig
wave solutions to (2) by using the improved tanh-coth method [7],[8]. Clearly,
the solutions obtained here are in a more general form that those obtained in
[4], [6] and, as particular case, solutions to (3) are derived changing the values
of the coefficients. For (4), the same technique can be used.
2. Using the Improved tanh-coth Method to Solve Equation (2)
For solve equation (2) by means of the improved tanh-coth method, first we
consider the transformation


u(x, t) = v(ξ),
(5)
h(x, t) = w(ξ),


ξ = x + λt + ξ0 .
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Here, ξ0 is an arbitrary constant. Substituting (5) into system (2) and after
integrate each equation with respect to new variable ξ we have the following
system of ordinary differential equations

λv(ξ) + w(ξ) + 1 v(ξ)2 + α(t)v ′′′ (ξ) + K = 0,
1
(6)
2
λw(ξ) + v(ξ)w(ξ) + β(t)v ′′ (ξ) + ρ(t)v ′′′ (ξ) + K = 0,
2

where, K1 and K2 are the respective integration constants. From the second
equation of (6) we have
w(ξ) =

1
(−β(t)v ′′ (ξ) − ρ(t)v ′′′′ (ξ) − K2 ).
λ + v(ξ)

(7)

Substituting this last expression into first equation in (6), the following
ordinary differential equation is derived
λ2 v(ξ) +

1
3λ 2
v (ξ) − β(t)v ′′ (ξ) − ρ(t)v ′′′′ (ξ) − K2 + v 3 (ξ)
2
2
+ λα(t)v ′′′ (ξ) + α(t)v(ξ)v ′′′ (ξ) + K1 (λ + v(ξ)) = 0. (8)

The idea of the tanh-coth method consists on the search of solution to (8) in
the form
2M
M
X
X
ai (t)φ(ξ)M −i ,
(9)
ai (t)φ(ξ)i +
v(ξ) =
i=0

i=M +1

where M is a positive integer determined by balancing and φ = φ(ξ) satisfies
the Riccati equation
φ′ (ξ) = r(t) + q(t)φ(ξ) + p(t)φ(ξ)2 .

(10)

The ai (t), i = 1, 2, . . . , 2M , r(t), p(t), q(t) are functions depending only of the
variable t to be determined later.
Substituting (9) into (8), and balancing v ′′′′ (ξ) with v(ξ)3 is derived the
following relation
M + 4 = 3M,
therefore
M = 2.
So that (9) reduces to
v(ξ) = a0 (t) + a1 (t)φ(ξ) + a2 (t)(φ(ξ))2 + a3 (t)(φ(ξ))−1 + a4 (t)(φ(ξ))−2 . (11)
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Substituting (11) into (8), using (10) and equating to zero the coefficients of
all powers of φ(ξ), we get a set of algebraic equations for the unknowns a0 (t),
a1 (t), a2 (t), a3 (t), a4 (t), r(t), q(t), p(t). We solve the system with aid the
Mathematica. The most general solution is listed below:
α(t)2 β(t) − 4ρ(t)2
4p(t)ρ(t)
, a3 (t) =
,
α(t)
4α(t)3 p(t)
2
2
4ρ(t) − α(t) β(t)
r(t) =
, a0 (t) = −λ,
16α(t)2 p(t)ρ(t)


(−λ)2 α(t)4 − 4α(t)2 β(t)ρ(t) + 16ρ(t)3


K
=
, K2 (t) = 0,

1

2α(t)4



a2 (t) = a4 (t) = q(t) = 0.











a1 (t) =

(12)

Now, its well known that the solution of (10) in the case q(t)2 −4p(t)q(t) 6= 0
is given by (see [9]):
φ(ξ) =

−

p

p
q(t)2 − 4p(t)r(t) tanh[ 12 q(t)2 − 4p(t)q(t)ξ] − q(t)
.
2p(t)

(13)

Therefore, using the values given by (12), we have

φ(ξ) = −

q
 q

2 −α(t)2 β(t)
4ρ(t)2 −α(t)2 β(t)
1
− 4ρ(t)α(t)
−
tanh
ξ
2 ρ(t)
4
α(t)2 ρ(t)
4p(t)

.

(14)

Finally, by (11), (7) and (5) we have that the solution of (2) corresponding
to this values is given by

u(x, t) = v(ξ) = a0 (t) + a1 (t)φ(ξ) + a3 (t)φ(ξ)−1 ,
1
h(x, t) = w(ξ) =
(−β(t)v ′′ (ξ) − ρ(t)v ′′′′ (ξ) − K2 ),
λ + v(ξ)

(15)

where a0 (t), a1 (t), a3 (t) are given by (12), φ(ξ) given by (14), p(t), arbitrary
function wich can be depend on the the variable t, ξ given by (5), where ξ0 and
λ are arbitrary parameters.
2
we have a solution to (3).
Now, taking α(t) = α, β(t) = 13 and ρ(t) = 15
Varying adequately the parameter ξ0 , periodic and soliton solutions are derived.
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3. Conclusions
We have derived exact solutions to the Zufira’s higher-order Boussinesq type
equations with variable coefficients. Two important particular cases have been
considered, one of them called variant Boussinesq equation. Solutions for the
first can be derived from the solutions obtained here by changing the parameters
in an adequate form. Solutions for the variant Boussinesq equation can be
derived applying the same technique used here.
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