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1. Introduction

When solving inverse problems of spectral analysis for the Sturm-Liouville equa-
tion V.A. Marchenko [1, 2] effectively applied special mathematical tool related
to the transformation operators. In particular, when reconstructing coefficient
of ¢(x) and boundary numbers h, H based on spectral data of the problem
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—y (@) +g(@)y(z) = My(x), O0<z <D, (1)
y (0) = hy(0) =0,
(2)
y (b) — Hy(b) =0
V.A. Marchenko used the fact that some solution of equation (1) can be repre-
sented as following

y(@,A) = w(z, \) + /0 K (@, w(t, N, (3)

where K (z,t) is some function that we will name as the transformation oper-
ator’s core. Here w(x, \) satisfies equation (1) when ¢(x) = 0. His idea was
the following: on the first stage the reconstruction of the core K(x,t) when
0 <t <z <bis performed based on spectral data, then based on K(z,t) the
potential of g(x) and numbers h, H is defined.

Presented scheme of V.A. Marchenko [3-5] appeared to be effective also in
the inverse scattering problem. Due to the marked successes there is a desire to
apply the results of V.A. Marchenko onto differential equations of higher order
[6-12]. However, at the beginning of 60s under the efforts of L.A. Sakhnovich,
V.I. Matsayev it became clear that solutions of the differential equation

y (@) + (p(z)y ) +aqy =Ny

are not always necessarily connected by the formulas of type (3) while solving
the equation wV)(z, \) = Aw. Similar examples are given in the works of L.A.
Sakhnovich and V.I. Matsayev. The questions arise: what to do in case when
q(z) is continuous but not differentiable function? What to use in these kinds
of cases instead of formula (3)? For the long time there was no any effective
replacement of the formula (3). Instead of this efforts the mathematicians were
directed towards solving the following question: to find wider class of coefficients
p(z) and ¢(z), so that the representation (3) will stay valid. In this direction
the results of I.G. Hachatryan should be acknowledged [8]. He proved that
if coefficients p(z) and ¢(x) are holomorphic in some rectangle, then for the
solution the formula (3) is true. The question about necessity of the condition
that coefficients p(x) and g(x) should be holomorphic for the transformation
operator of type (3) to exist has been discussed in the works of V. I. Matsayev
[9], L.A. Sakhnovich [10, 11] and M.M. Malamud [12]. In [12] it is proved that
if part of coefficients of the differential equation

N—2
y M (@) + Y pr(@)y™ (@) = Ay(x) (4)
k=0
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is holomorphic and in addition to this has representations (3), then the rest
of the coefficients are also holomorphic. Therefore, in order to keep the form
(3) of the transformation operator coefficients of differential equation have to
be holomorphic. The rejection of this holomorphicity condition results in a
problem that has not been solved yet. Other results in this direction could be
found in the works of M.K. Fage [13, 14|, A.F. Leontiyev [15, 16], and A. P.
Khromov [17]. Some further progress is foreshadowed due to the book [18].

In work [18] for the case when py(z) € C¥[0;b], b < oo the exponential
representation of the particular solutions of differential equation (4) has been
proved. In particular, when N=4 the result of the work [18] can be formulated
as following.

Main result: Let differential equation (4) have coefficients py(x) € C*[0;0],
k =0,1,2 and N = 4. Then, functions B(x,§) and A(z,1,§) can be found
when 0 < & <7 < x <b so that some solution y(z,\) of differential equation
(4) has exponential representation

y(z,\) = /0 " Bl €)un (6, N+

4 /0 ¢ /E A, 1. )W (7 — €+ €. N) + (7 — € — i€, N)dr  (5)

and it is valid under all complex values of the parameter \.

Here 1)1 (€, \) represents one of the solutions of differential equation (4) with
nonzero coefficients pa(z), p1(z) and po(x). An important piece of the presented
statement is the fact that the same cores B(x,§) and A(x,7,&) are suitable for
all A. Thus, the right side of the representation (5) is a generalization of the
representation (3) in case N = 4. At the same time it is known from [19] that
core K(z,t) from (3) can be interpreted as a solution to the problem of Gurs
for the wave equation

O?K(x,t) O?K (z,t)

0K (x,t) OK(xz,x) 1

— a, = 07 ——Qa. _ — 5 ’
ot |y oz 71(@)

which is equivalent to integral equation [20]
§+n £-n
K225
( 2 2

1 £ T B+« b+a f—a«
i ()R (e



74 B.E. Kanguzhin, G.E. Abduakhitova

S L6
e )

that has single solution with a natural priori assessment. Analogous questions,
related to cores of the representation (5), have not been investigated yet, and
separate work will be dedicated to them. This work is dedicated to constructive
method of building cores B and A from (5).

2. Discussion of Main Results and Elaboration of the Problem

Consider a linear differential equation of the fourth order
y (@) + pa(2)y (2) +pi()y (@) + po()y(z) = Ny(x) (6)
with initial conditions
yEV0) = Oppmy  kym =1,2,3,4, (7)

where we assume that functions pg(z), £ = 0,1,2 are k times continuously
differentiable on [0, b] functions, A is a parameter and g, is a Kronecker delta.
Solutions of the problems (6), (7) are denoted as yi(z, ), ya(z, A), y3(z, ),
ya(z, X). When equation (6) has zero coefficients, solutions y;(z,\), j = 1,2,3,4
are correspondingly functions v;(x, \), which can be defined by the following
formula

() — 1 exp(pwor)  exp(pwiz) = exp(pwar)
BN =1 (T + Tt T
exp(pwsz)

S\ i =1,2.3.4,
(pw:a)j_l) J

where different roots of the fourth degree of (6) are denoted through ws, s =
0,1,2,3 and 6* = \.

In the article, only solution of y4(x, \) is investigated, although solutions
of yi(x,A), ya(z,A), ys(z,A) can be found in the same way. A constructive
method of building y4(x, A) using solution of 1 (z, A) is given. Also, the integral
operator is found which transfers function ¢y (x,\) into solution y4(x, A). It
should be noted that the same integral operator is suitable for all complex
values of \. For the first time this integral operator was given in [18]. In this
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article the methodical presentation is somewhat different from presentation
of work [18]. It is known that Cauchy problem is equivalent to the integral
equation relative to ya(x, A).

T (e 2
ya(@, \) = /0 ( 2” b1 (7 )t +

v /0 o (r N)dr /0 T — 7 ya(t N,

where

t
T(u,t) = — (p2(t) = p1(t) + po(t))+
u—t
Do) - me) - me), st

Solving the latter integral equation results in the iterations being succes-
sively defined by the formulas
(z—1)°

2 )

ho(:c,)\):/ox (x;t)le(t,)\)dt, Bo(,t) =

hit1(z,A) = / P1(T, )\)dT/ T(x —7,t)hi(t, N)dt, k> 0.
0 0

When coefficients pa(t), p1(t), po(t) analytically continue from the interval [0, b]
and extend to some part of complex plane, all iterations {hx, k£ > 0} have the
same structure of the type

Iz, \) = /0 " Bia, )1 (1 \)dt.

Consequently, in the case of analyticity of coefficients po, p1, po from the repre-
sentation of the solution y4 (z, A) in the form of a series

ya(z, X) = ho(z, A) + hi(z,\) + ...

the following exponential representation is obtained

ya(z, A) = /: Bz, t)Yn (t, N)dt.

If there is no analyticity we conclude that the structure of the zero approxima-
tion

ho(z, \) = /Ox (@ _2 t)2¢1(t, A)dt
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is considerably different from the structure of first approximation hy(z, ).

Since equation (6) includes a complex parameter A, then Cauchy problem
(6), (7) is a family of problems. We are trying to find by uniform way the whole
family of solutions of mentioned problems, i.e. we will find such an operator
T, which, firstly, does not depend on A, secondly, it transfers the family of
functions v;(x, A) into a set of solutions y4(x, \).

3. Integral Representation of the Cauchy Problem’s Solution

It is known from [21] that many problems of differential equations are definitely
reduced to integral equations. Let us consider the following Cauchy problem

y (@) + pa(a)y (2) + pi()y (x) + pol)y(z) = Ay(x),
y(0,0) =0, y(0,A) =0, y (0,A)=0, y (0,A)=1

and we reduce it to the equivalent integral equation.
Considered problem is reduced to the following integral equation relative to

y(x, )

T (e 2
y(:c,)\):/o ( 21” b (8, N)dt+

+ [ [ 1@ - nope i @

where

T(u,t) = - (P o(t) —p1(t) +polt) +
(u—1t)
1!

+ (2po(t) —pi(t) —pa(t),  w>t. (9)

Equation (8) is a second kind Volterra integral equation [22]. This equation
is solved using method of successive approximation [23]. Let the zero solution
approximation hg(x,\) be defined by formula

(2, \) = /0 " Bo(a, 0)in (1, \)dt, (10)

(x — t)?

where By(x,t) = 51
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Subsequent approximations are found by formula

hit1(z, ) = / (T, )\)dT/ T(x —1,t)he(t, \)dt, k >0. (11)
0 0
Then, according to [21] we have uniformly convergent series
y(x,\) = ho(x, A) + hi(z,A) + -+ hp(x,A) + .. .. (12)

Appropriate assessments of particular approximations are given in [21]. Let
us consider the structure of approximations. For example, for the first approx-
imation the following lemma is true.

Lemma 1. Function hi(xz,\) can be presented as

hy(z, \) / df/ dr(Pi(r —E+i§, M)+
(T — € i€ ) A, E) + /0 (&N B (e E)dE, (13)

where

r—T+E
Ay(z,7,8) = i /5 T(x —1+&,t)Bo(t,€)dt, (14)

x{—i{/ d7'/5 T(x —T1,t)Bo(t, & — 7)dt+

+/ E dT/ T(x — 7,8)Bo(t, 7 + )dt+
0 T+E

/I+§ dT/ T(w — 7.0 Byt T—f)dt}. (15)

Proof. From formulas (10) and (11) it follows

b (2, ) = /0 " (N dr /0 @) /O V1(E,0) x Bo(t, )dgdt.  (16)

Changing the order of integration in formula (16), we have

h(z, ) = /dT/ W1 (7, A wlgxdg/ T(z — 7,t)x
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x By(t,&)dt. (17)

Since ¢ is a linear combination of exponents, then the multiplication of
functions 11 (7, A) and v (€, A) looks like

DL(r (6 N) = T (a5 36, 3) + r(r — i, )+
F Ui+ EX) (= 6 N).

Let us rewrite the formula (17) using this equation

1 x r—T
S R A

by (r — i€, \))de / e — ) Bo(t, )i+
+—/ dT/ ¢1T+§)\d§/ T(x — 7,t)Bo(t,§)dt+

+_/d7/ ¢1T—§Ad§/ T(z —7,4)Bo(t, €)dt. (18)

Let us transform the first integral on the right side of (18). Firstly, we
change the order of integration in it, then make a variable substitution 7 =

/Ox dr /Oww1 (7 + i€, A+

(i€, N))de /5 " T - ) Bo(t,€)dt =

_ /0 df/oxf(wlms, N+

i (r— € 0))dr /E " (e ) Bo(t, )t =

= [ de [ aln -+ ig N
0 3
T=TIHE
+ lbl(Tl - § - ’Lga )‘))dTl / T(.CI? — T+ §7 t)BO(tv f)dt (19)
3
After making the following substitutions in the subsequent integrals

6:51_7_7 527—_51
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and changing the order of integration, we obtain

/dT/ ¢17+5)\d§/ T(x — 7,¢)Bo(t, &)dt =

=/ d ,A)d T(x —7,t)Bo(t, & — 7)dt =
/ T/ P1(&1, A &/51—7 (x —7,t)Bo(t,&1 —7)
_ / (1, N déy / dr / T — 7,0 Bo(h, €1 — 7)dt, (20)
0 0 &—7

/dT/ ¢1T—§Ad§/ T(z — 7,t)Bo(t, &)dt

:/ dr ' 1/)1(51, )dfl/ T(.’E—T t)Bo(t,T—fl)dt:

21—x T—&1

/wl ) d&/ dr/ T(c — 7,t)Bo(t, + &1)dt+
T+&1
z+§1

/zm €A dsl/l dT/ T(x - 7,t)Bo(t, — &)dt. (21)

Let us substitute expressions (19), (20), (21) into the formula (18), previ-
ously removing the indices of &1, 7

hl(:c,)\) =
= [ [ ie N - g N

1 r—7+E&
+ Z/ T(x — 7+ &t)Boy(t,&)dt+
13

T I3 =T
+/0 ¢1(§,)\)d§i {/0 dr /—7- T(x —7,t)Bo(t, & — 7)dt+

z—§ T—T
+/ ’ dT/ T(x — 7,8)Bo(t, 7 + )dt+
0 T+E

/”g ir [Tt r T_@dt}. (22)

If into expression (22) we substitute (14), (15), then we obtain a representation
(13). Therefore, the formula (13) is proved. O
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It should be noted that when proving lemma 1 the possibility of converting
the multiplication of 11 (7, A\)11 (€, A) into the linear combination of the values of
function 1, has played very important role. In the subsequent approximations
similar multiplications take place again which also can be converted into a linear
combinations of function ;. Therefore, basically each approximation linearly
depends on function ;. Let us prove through mathematical induction that all
subsequent approximations ha(x, A), hs(x, ), ..., have similar representation
as it was shown for the first approximation.

Lemma 2. Functions hi(z,\) (k= 2,3,...) can be written in the form

hk(xa)\) =
:/O“’dg/;dr(%(r—@rig,)\)+¢1(T—§_i§,)\))Ak(%T’§)+

—I—/xwl(ﬁ,)\)Bk(x,)\)df, E=23,..., (23)
0

where
_i{/ode/ ] T(x —7,t)Bj—1(t, & — 7)dt+
i /05 " /+; T(@ = 7,0)Bea (¢, 7 + E)di+
+/;+g dT/ t)Bi—1(t, T_g)dt}' (24)
Ap(z, 7€) =

+/
x+7’ x+T7—2§

1 ¢ z=n
! {/0 @ /7_77 Tz —nt)(Ap=1 (8,7 =1, )+
/ T(x —n,t)(Ag—1(t,n + 7,8+
+Ap—1(t,n+7,n+ 7 —§))di+
+/ /,7+2: TT(-’/U — nvt)(Ak—l(tan + 2 — T, §)+ (25)
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+Ap—1(t,n+ 2§ — 7, — 7+ &))dt+
r—T+E
+ / T(x — 7+ & t)Br—1(t, §)dt} )
3

Proof. Since the initial step of induction is already proved in lemma 1,
we assume that representation (23) is true for some k. We will try to obtain
formula (23) for (k + 1). From formulas (11) and (23) we have

hk+1($, )\) =

:/xdT/x—Tdt/tdf/tdn(¢l(77_f"‘ifa)‘)"‘

+¢1 n—- § 25 )‘ Ak .CU 7_7 )wl(Tv ) (x_Ta )Ak(tvn7£)+
/ dr / a / dexn (. N (€0 T — 7.0)By(1,€).(26)

We transform the right side of formula (26).
Let us consider the expression

I = /dT/ dt/d{/dn@bln E+i&, )+
+¢1 n— 5_25 )‘))Q;Z)l(T )‘) (‘T_T7t) Ak(t7777§)'

Integrands which depend on parameter A do not depend on ¢, therefore
integral over ¢ is made inner one now

L= /dT/ ds/ M (7 — € +€, A+

r—T

+1;Z)1(77_€ —if,)\))@bl(T, )‘)/ T(CC - T, t) Al(t7777§)dt'

n

Using the rule of multiplication of exponents, we have

(¢1(n_£+257)‘) +¢1("7—f— ifa)\))lﬁl(ﬂ >‘) -
L EETHIEN) F (i~ E T i) +

F1(n =& =745 N) Fahi(n — & =1 — i€, M)+
+i1(E+T+i(n =& N+ (E+T—i(n—8), N+
FYP1( € —T+i(E—n),A) + v (E—T7—i(§—n),N)}.
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Taking into account the latter expression, we divide I; into the sum of four
integrals

l—i{/ dT/ df/ N1 (0 — € +7 + i€, A)+

Ci(n— €47 — i€ N) / T (2 — 7.1) Ap(t, m, €)dt+
n

—I—/OxdT/Ox_Td&/;_Tdn(wl(n—§—T+i£,)\)+

il — € — 7 — i€ \) / T (@ t) Au(t . )t

/dT/ df/ nr(E+ 7+ (n— €)M+

(T —i(g—6), >>/ T (2 — 7.t) Au(t,m, €)di+

/dT/ dg/ E—7+iln—¢& M)+

(e T i nm)/ N

T (x—T,t) Ak(t,n,f)dt} . (27)
U

Transforming each member of the right side of expression (27), we have

I =/Oxdf/gcdwwlv—sww+wl<f—f—ifﬂ>>x
i{/ d’l’]/ .’E—’I’], (Ak(th_nvf)—'_
+AR(t, T —n, 7 — & —n))dt+

/ dn/ t) Ap(t,n +7,6)dt+
n+
+ Ap(t,n+71,n+7—&))dt+

z+T1—2€
2

z—n
Jr/T_5 dn/n T(x —n,t)(Ap(t,n+ 2 — 7,8+

+2&—1

+ Ap(t,n+26—1,n—T7+ f))dt} . (28)



TRANSFORMATION OPERATORS FOR THE FOURTH-ORDER... 83

Let us now consider the expression

I :/O dT/O dt/O d§(¢1(7—7 A)¢1(§7 )‘))T(x_Tvt)Bk(taf)'

Rearranging the order of integration, we obtain

IQZ/dT/ 1/)17-)\1/)15)\%/ T(x — 7,t)Bg(t,&)dt

Expression for I and function hi(z,\) are similar to each other (look at
formula (17)). The difference among them is that instead of function By(z, &)
in hy(z,A) there is a function Bg(z,&) in I3. Therefore, expression for Iy can
be written by analogy with hq(z, ).

Iy = /0 de /:wm = €6 A) + (T — €~ i, N))drx

1 =7+
XZ/ Tz — 7+ &,8) By(t, )dt+
3

T 13 =T
—|—/O ¢1(§,)\)d§i/o dT/_T T (x —7,t) Bi(t,§ — 7)dt+

z—§
2 r=n
_|_/ dT/ T(x —n,t) Ak(t’T]—i—T,f)dt—F
0 n+7

+ Ap(t,n+1,n+ 7 = §))dt+
a:+‘r272§ P
+ / dn/ T(x —n,t)B(t, T + &)dt+
T—& T+E
a:+§

/ dT/Té (z — 7,t) By(t, 7 — €)dt. (29)

We substitute transformed expressions (28), (29) of integrals I; and I5 into
formula (26) for (k + 1)-st approximation, then we will get the following repre-
sentation

hk+1($,)\) =
- /O ¢ /5 dr(n (r — €+ 6, N) + 1 (7 — € — i€, \) Ay (2, 7, €)+

4 / 1 (€,2) Brega (1, €) e,
0
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where

T—¢ o=
tenr = { [ [ @ nn e <00+
n
+ Ap(t,7 —n,7 — & —n)dt+
/ dn/ T(z—nt)(Ap(t,n+ 7,8+

n+

+ At + 7.0+ 7 = §))di+
z47—2¢ z—

© 4 T(z —1,t)(A 2% —
+Z;§ néﬂgT(x n ) (Ag(t,n + 2 — 7.6+
r—7+E&
+ / T($—7+§,t) Bk(tvé.)dt} )
13

13 x—T
Bir(,€) = i {/O dT/_ Tz —7,8) By(t,€ — 7)dt+

2=¢ T—T
+/2<h/‘ T (x — 7,t) By(t, 7 + €)di+
0

/ dT/ x_TtBk<tT_§>dt}.

This way we obtained the necessary formulas for the subsequent approxi-

mation hy4q and also for its coefficients Ag11, Biy1. Consequently, lemma 2 is
proved. ]

When 0 <éE<7<z<b

k k Ak
|By(x,€)| < (gL) M Zf) L= kf) :
k k k
L%@@HS(%O K@Zf)-@;ﬁ, k> 1,

where
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following functions are presented

B(‘T7§) :ZBk(IE,f), A(:C77—7§) :ZAk(vavf)a
k=0 k=1

which do not depend on parameter A\, and assessment of coefficients Ay,1,
By41 is proved which guarantee the uniform convergence of series Y ;o A
and sumg?,Bj. Thus, by substituting (26) and (10) into the right side of
(12) and changing the order of integration and summation, we reach the main
theorem.

Theorem 1. Solution y(z,\) of the problems (6), (7) has integral repre-
sentation

y(A) = /0 a¢ /5 dr(n (r — € + i€, )+

(T — € i€ \) A, €) + /0 "4y (6,)) Bl £)de,

where - -
Alw,7,6) = > Ap(x,7,8),  B(@,&) = Bi(w,9).
k=1 k=1

Brief abstract of this work has been published in the Materials of the work-
shop " Differential operators and modeling of complex systems” (April 7-8, 2017,
Almaty, Kazakhstan) [24].
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