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Abstract: In this note we prove Polya type inequalities for the Cauchy-Dirichlet heat
operator in polygonal cylindric domains of a given volume. That is, in particular, we prove
that the S;—number of the Cauchy-Dirichlet heat operator is minimized in the equilateral
triangular cylinder among all triangular cylinders of given volume, which means that the
operator norm of the inverse operator is maximized in the equilateral triangular cylinder

among all triangular cylinders of a given volume.
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1. Introduction

Isoperimetric inequalities for the eigenvalues of the Laplacian and related self-
adjoint operators have been extensively investigated during the last decades.
We refer to the review paper [1] and recent papers [4], [5], [6] and [7] for general
discussions in this subject. Our aim (see, e.g. [3]) is to extend those known
results to non-self adjoint operators, namely, the Cauchy-Dirichlet heat opera-
tor. Thus, the main motivation of the present note is Polya’s result (inequality)
which asserts that the equilateral triangle is a minimizer of the first eigenvalue
of the Dirichlet Laplacian among all triangles of a given area.
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Let Dy = Q; x (0,T) and Dy = Qg x (0,T) be cylindrical domains, where
Q; C R? is a triangle and Qo C R? is a quadrilateral. We consider the Cauchy-
Dirichlet heat operator by the formula

ou(x,
% - Awu(xa t)a
<>U(CC,t) = ’LL(LE,O) = 07 T € Qu (1)
u(z,t) =0, z €0, vt e (0,T).
Here and after €2 is €21 or 9 as well as 0f) is the boundary of €2. The operator

¢ is compact, but it is a non-selfadjoint operator in L?(D). An adjoint operator
{* to the operator < can be presented as

—avgi’t) — Ayv(z,t),
O*u(x,t) = v(z, T) =0, z€Q, (2)

v(x,t) =0, x€0Q, Vt € (0,T).

In general, if A is a compact operator, then the eigenvalues of the operator
(A*A)'/2, where A* is the adjoint operator of A, are called s-numbers of the
operator A. A direct calculation gives that

Au(x,t
U A2u(a,t),

u(xz,0) =0, x €,

O*oulw,t) = 2uD | A u(a,t)|—r = 0, z€Q, (3)
u(z,t) =0, z €0, Vt € (0,T),

Ayu(z,t) =0, z €0, Vte (0,T).

In the following section we present main results of this note and their proofs.

2. Main Results and Their Proofs

We denote an equilateral triangular cylinder by Ca = A x (0,T), where A C R?
is an equilateral triangle with |A| = |©4], and a quadratic cylinder Co =
O x (0,7T), where [J C R? is a square with || = |Q2s|. Here and after || is the
area of the domain 2.

Let us introduce operators T, L : L*(Q2) — L?(f2) by the formulae

_ [~2x@) = psa),
Gl {z(x) =0, z €. )
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and
A2z(x) = \z(z),
Lz(x) =< 2(x) =0, z €99, (5)
Az(z) =0, x € 00N.

Lemma 1. The first eigenvalue of the operator L is minimized in the
equilateral triangle (square) among all triangles (quadrilaterals) with |A| = |Q]
(18] = 121).

Proof. Pélya theorem ([8]) for the operator T" says that the equilateral tri-
angle (square) is minimizer of the first Dirichlet Laplacian eigenvalue among all
triangles (quadrilaterals) ©; (Q2) of the same area with |A| = [Q|(|T]| = [Q2]).
Let us calculate T2 from (4),

A%z(x) = p?z(x),
T?2(z) = { 2(z) =0, x € 99, (6)
Az(x) =0, x € 0N.

That is, 72 = L and p? = \. Thus, we establish A\;(A) = p(A) < () =
)\1(91) and )\1(\:‘) = ,u%(D) S ,LL%(QQ) = )\1(92) Then, )\1(&) S )\1(91 and
A () < Ai(£22). O

Theorem 1. The sy—number of the operator <y is minimized in the
equilateral triangular cylinder among all triangular cylinders of given volume,
that is,

51(Ch) < s1(D1),

with |D;| = |Cal.

Proof. Let u be a nonnegative, measurable function on R?, and let V be a
line through the origin of R?. Choose an orthogonal coordinate system in R?

such that the z'-axis is perpendicular to V = z2.

Definition 1 ([2]). A nonnegative, measurable function u*(z|V), x =
(2!, 22), on R? is called a Steiner symmetrization with respect to V' of the func-
tion u(x), if u*(x',2?) is a symmetric decreasing rearrangement with respect

to 2! of u(z!, 2?) for each fixed 2.

The Steiner symmetrization (with respect to the z'-axis) Q* of a measurable
set ) is defined in the following way: if we write z = (2!,y) with y € R?, and
let Q. = {z!: (z',y) € Q}, then

Q= {(zt,y) eRxR?:2' € Q1
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where (2} is a symmetric rearrangement of 2,
Consider the following spectral problem

O Ou = su,

o2
—%’t) + A2u(x,t) = su(x,t),

u(z,0) =0, x € Q,

O Qu(z,t) = %‘t:T — Agu(x,t)|=r =0, = € Q,
u(z,t) =0, x € 0y, Vte (0,7T),
Ayu(z,t) =0, = €9, Vte (0,T).

The domain D1 = {(z,t)|z € & € R%, t € (0,T)} is a cylindrical domain
and we can have u(x,t) = X(z)p(t), so that u(z,t) = X1(z)pi1(t) is the first

eigenfunction of the operator {*<{>. We can also restate above fact (7) as

—1 () X1(2) + p1 () A2 X1 (z) = s1¢1(£) X1 (2).

(®)

By the variational principle for the operator {*<> and after a straightforward

calculation, we obtain

s1(Dy) = _fOT <pl1/(t)<p1(t)dt le X3 (z)dz + fOT O3 (t)dt le(AXI(x))2d$

T
0 W%(t)dt le X12(95)d90

S Jo e1(®er ()t Jo, X (z)dz + Jo Ph()dt Jo, (1 () X1 (2))*dz

L QA(0)dt [, X3 (x)de

_ o et fo, Xi(@)de + pd(S) Jy eR(B)dt fo, (Xa(x))*da
ST QA bdt fo, X3 (x)de

where p1(€27) is the first eigenvalue of the operator Dirichlet Laplacian.
For each non-negative function X € L%(;), we obtain

2 _ * 2
/Q 1) = /A X7 (2) 2d.

Applying Lemma (1) and (9), we get

)

81(D1) =

— Jo S prt)dt [, X (@)dr + () [ @2(t)dt [, (X1 (x))2dx

Jo @3yt fo, X3 (x)da
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N — Jy eL®er®)dt [, (Xf(@)2dz + p3(A) [y pE)dt [ (X (x))2dz
B Jo G0t [5 (X (x))?de
_ — Jy o1 ®er )t [ (X7 (@)2dz + [y @3 (@)t [x(—p (D)X (2))2dx
Jo P20t [0 (X (2))?da
I RO Xf )2dx + [ Q2(t)dt [, (AXF(x))2da
N JEG2(t)dt [, (X5 )de

—fo L2 “5t(2” dz dt+f0T [ (D20 (2, 1)) 2dadt
fo S (i (2, t))2dxdt
— [T [ () 2@, dadt + [T [ (Apz(x, t))2dadt

> inf = 51(Cp).
2(@,t)#0 fo S 22z, t)dzdt 1(Ca)

The proof is complete. O

Corollary 1. The norm of the operator {)~! is maximized in the equilat-
eral triangular cylinder Cp among all triangular cylinders of a given volume,

ie 07D < 07 lea-
Theorem 2. The sy—number of the operator < is minimized in the
quadratic cylinder among all quadrangular cylinders of a given volume, i.e.
51(Cno) < s1(D2),
with |Dy| = |Cn.
Proof. The proof is similar to the proof of Theorem (1). O

Brief abstract of this work has been published in the Materials of the work-
shop " Differential operators and modeling of complex systems” (April 7-8, 2017,
Almaty, Kazakhstan) [9].
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