International Journal of Pure and Applied Mathematics

Volume 113 No. 5 2017, 665-678

ISSN: 1311-8080 (printed version); ISSN: 1314-3395 (on-line version)
url: http://www.ijpam.eu
doi: 10.12732/ijpam.v113i5.13 ijpam.eu

L-FUZZY (K, E)-SOFT PRE-PROXIMITIES
AND L-FUZZY (K, E)-SOFT CLOSURE OPERATORS

Young Sun Kim', Jung Mi Ko?, Yong Chan Kim? $

'Department of Computer Mathematics
Pai Chai University
Dae Jeon, 35345, KOREA
23Department of Mathematics

Gangneung-Wonju University
Gangneung, Gangwondo, 25457, KOREA

Abstract: In this paper, we investigate the relations between L-fuzzy (K, E)-soft pre-

proximities and L-fuzzy (K, E)-soft closure spaces in stsc-quantales. We give their examples.

AMS Subject Classification: 03E72, 06A15, 06F07, 54A05
Key Words: Stsc-quantales, L-fuzzy (K, E)-soft pre-proximities, L-fuzzy (K, F)-soft closure

spaces, L-fuzzy soft proximity maps, L-fuzzy soft closed maps

1. Introduction

Molodtsov [14] introduced soft sets as a new mathematical tool to deal with
uncertainties while modeling problems in engineering physics, computer sci-
ence, economics, social sciences and medical sciences. Maji et al. [11,12] gave
the first practical application of soft sets in decision making problems. Many
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researchers have contributed towards the algebraic structure of soft set theory
[1-5,7]. Shabir and Naz [20] initiated the study of soft topological spaces. They
defined soft topology on the collection of soft sets over X and established their
several properties. Aygiinoglu et.al [2] introduced the concept of (K, E)-soft
topology in the sense of Sostak [9]. Cetkin et.al [3] studied (K, E)-soft proxim-
ities and discuss their properties.

Hajek [8] introduced a complete residuated lattice which is an algebraic
structure for many valued logic and decision rules in complete residuated lat-
tices. Hohle [9] introduced L-fuzzy topologies with algebraic structure L(cqm,
quantales, MV-algebra). Kim et al. [10,14] define the the concept of L-fuzzy
(K, E)-soft topologies, L- fuzzy (K, E)-soft closure operators, L-fuzzy (K, E)-
soft pre-proximities in strictly two sided commutative quantales and investi-
gated the relation between them.

In this paper, we investigate the relations between L-fuzzy (K, E)-soft pre-
proximities and L-fuzzy (K, E)-soft closure spaces in stsc-quantales. We give
their examples.

2. Preliminaries

Let L = (L,<,V,A,0,1) be a completely distributive lattice with the least
element 0 and the greatest element 1 in L.

Definition 1. [8,9,18] A complete lattice (L, <,®) is called a strictly two-
sided commutative quantale (stsc-quantale, for short) iff it satisfies the following
properties.

(L1) (L,®) is a commutative semigroup,

(L2) x =x ® 1, for each € L and 1 is the universal upper bound,

(L3) ® is distributive over arbitrary joins, i.e.  (\,;z;) ©y = V;(z; ©y).

There exists a further binary operation — (called the implication operator
or residuated) satisfying the following condition

x—>y:\/{z€L\x®z§y}.

Then it satisfies Galois correspondence; i.e, (x©®z) <y iff z <(zx — y).
In this paper, we always assume that (L, <,®,—,®,*) is a stsc-quantales
with an order reversing involution * which is defined by

r®y=@" 0y, 2¥=2x—=0

unless otherwise specified.
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Remark 2. Every completely distributive lattice (L, <, A, V,* ) with order
reversing involution * is a stsc-quantale (L, <, ®,®,* ) with a strong negation *
where ©® = A and & = V.

Lemma 3. [8,9,18] For each z,y, z, x;,y;,w € L, we have the following
properties.

H1—-z=2,00x=0,

2 Ify<zythenzoy<zoOz,zdy<zxzdz z—y <z — zand
z—=x<y—uz,

4 (/\_zyz)* \/Z y:’ \/ yz) /\Z y?,

Jxoy=(z—=y ) andedy=2" -y,

) (z—=y)oO(z—2w) < (z0z2) = (YoOw),
12)z—>y<(z0z) = (yoz) and (z - y) O (y = 2) <z — z,
13; (z—=y)o0(z—-w <(zdz)— (ydw).

)

)

15) (xVy)© (zVw) < (zVz2)V (y@w) (@z) (y ©w).

yi)v

(17) 0y o (zow) < (r02) & (yOw).

Throughout this paper, X refers to an initial universe, £ and K are the
sets of all parameters for X, and L¥ is the set of all L-fuzzy sets on X.

Definition 4. [4] A map f is called an L- fuzzy soft set on X, where f is
a mapping from F into LX, ie., f. := f(e) is an L- fuzzy set on X, for each
e € E. The family of all L- fuzzy soft sets on X is denoted by (L*X)F. Let f
and g be two L- fuzzy soft sets on X.

(1) f is an L-fuzzy soft subset of g and we write f C g if f. < g., for each
ec E. fand g are equal if f C g and g C f.

(2) The intersection of f and ¢ is an L- fuzzy soft set h = f M g, where
he = fe N ge, for each e € F.

(3) The union of f and g is an L- fuzzy soft set h = flUg, where h, = f.V ge,
for each e € E.

(4) An L- fuzzy soft set h = f ® g is defined as h, = f. ® g, for each e € F.

(5) An L- fuzzy soft set h = f @ g is defined as h, = f. ® g, for each e € E.



668 Y.S. Kim, J.M. Ko, Y.C. Kim

(6) The complement of an L- fuzzy soft sets on X is denoted by f*, where
f*: E — LX is a mapping given by f = (f.)*, for each e € E.

(7) f is called a null L- fuzzy soft set and is denoted by Ox , if f.(z) = 0,
foreacheec ',z € X.

(8) f is called an absolute L- fuzzy soft set and is denoted by 1x , if
fe(x)=1,foreach e € E, x € X and (1,).(x) = 1.

Definition 5. [4] Let ¢ : X — Y and ¢ : F; — E3 be two mappings,
where F1 and Es are parameters sets for the crisp sets X and Y, respectively.
Then ¢y : (L5)P1 — (LY)2 is called a fuzzy soft mapping.

(1) For f € (L*X)F1, the image of f under the fuzzy soft mapping ¢y, defined
by, Vk € K,Vy € Y,

oHet)="\ V  fal@).

ze€p~ ({y}) er€yt({e2})
(2) For f € (LX)t the pre-image of g defined by
05 (9)e(®) = gy(e)(p(x)), Ve € E,Vz € X.

(3) The soft mapping ¢, : (L¥)F1 — (LY)F2 is called injective (resp.
surjective, bijective) if f and ¢ are both injective (resp. surjective, bijective).

Definition 6. [10] A map C : K x (LX)¥ x Ly — (LX)¥ is called an L-
fuzzy (K, E)-soft closure operator if it satisfies the following conditions;

(C1) C(k,0x,7) = Ox,

(C2) C(k, f,r) 3 .

(C3) If f1 C fg, then C(k, f1,7“) C C(k, fg,?“)),
(C4) If r1 < rg, then C(k, f,r1) C C(k, f,r2),
(C5) C(k, f1 ® fa,mr ©s) T C(k, f1,7) ® C(k, fa,s).

The pair (X,C) is called an L-fuzzy (K, E)-soft closure space.

An L- fuzzy (K, E)-soft closure operator is called topological if

(T) C(k,C(k, f,r),r) CC(k, f,r).

Let C; and Cy be L-fuzzy (K, E)-soft closure operators on X. Then C; is
finer than Cy if C1(k, f,r) C Ca(k, f,7), for all f € (LX)F r € Lo,k € K.

Let (X,Cx) be L-fuzzy (K1, E1)-soft closure spaces and (Y, Cy) be L-fuzzy
(K3, E9)-soft closure spaces. Let ¢ : X — Y ¢ : By — Ey and n: K1 — K3 be
maps. Then ¢y, is called an L-fuzzy soft closed map if, for each k € K1, f €
(LX)EL r € Ly,

(Pw,n(CX(ka fa T)) C CY(n(k)a P (f)v T)'
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Definition 7. [17] A mapping 6 : K — LEOPXELOE (5 = §(k) -
(LX)E x (LX)F — L) is called an L-fuzzy (K, E)-soft pre-proximity on X if it
satisfies the following axioms.

(SP1) 0x(0x,1x) = 0x(1x,0x) = 0.

(SP2) If Ox(f,g) # 1, then f C g*.

(SP3) If f1 C f2 and g1 C go, then 0x(f1,91) < 0r(f2,92)-

(SP4) 0x(f1© f2, 91 ® g2) < 0k(f1,91) ® 0k(f2, 92)-

The pair (X, 9) is called an L-fuzzy (K, E)-soft pre-proximity space.

An L-fuzzy (K, E)-soft pre-proximity is called an L-fuzzy (K, F)-soft quasi-
proximity on X if

(PQ) 6(f,9) = Np{ok(f, 1) & 6 (h*, g)}-

An L-fuzzy (K, FE)-soft quasi-proximity is called an L-fuzzy (K, E)-soft
proximity on X if

Let (X,0') be an L-fuzzy (K1, E1)-soft quasi proximity space and (Y, §?)
be an L-fuzzy (Ko, Fs)-soft pre-proximity space. Let ¢ : X — Y ¢ : By — E»
and n : K1 — K> be mappings. Then ¢y, from (X,d') into (Y,6?) is called
L-fuzzy soft proximity map if

(0, (), (9) < 0oy (fr9) ¥ frg € (D)2 k € K.

Lemma 8. [10] Let ¢y : (L¥)F1 — (LY)E2 be a soft mapping. Then we
have the following properties. For f, fi € (LX)®t and g,¢; € (LY)F2,
1) g3 . with equality if is surjective,
g = PPy g q Yy 1L Py J
(2) fC (p;bl(<p¢(f)) with equality if ¢y, is injective,
(3) if py is injective,

O(f)es () = { falz), ifz e ({y}),e1 € v ({e})

0, otherwise,

0y (9% = (5 (9)",

¢y (Uicrgi) = Uierpy,' (9i);
vy (Micrgi) = Nierpy ' (9:);
ey (Uicr fi) = Uierop(fi),
P
Py

) 3,1 (91 @ 92) = ¢ (1) @ ¢y, (92),
) ulfi © f2) £ oy (f1) © ey (fo) with equality if @y is injective,
) ©u(f1 D f2) T py(fi) @ @y f2) with equality if ¢y, is injective.
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3. L-fuzzy (K, FE)-soft pre-proximities and L-fuzzy (K, E)-soft
closure operators

Theorem 9. Let (X,d) be an L-fuzzy (K, E)-soft pre-proximity space.
We define a mappings Cs : K x (LX) x Lo — (LX)¥ as

Cs(k, f,5) ={g" € (LX)" | Sp(g, f) <7 }.

Then we have the following properties

(1) Cs is an L-fuzzy (K, E)-soft closure operator on X.

(2) If 6 be an L-fuzzy (K, E)-soft quasi-proximity on X, for each s < r,
there exist s, s9 with s1 ® so > s such that

Cs(Cs(f,51),82) T Cs(f, 7).

Proof. (1) (C1) Since é;(1x,0x) = 0 for each k € K, we have Cs(k,0x,7) =
Ox.

(C2) Since s # 0, then s* # 1. Since 0 (g, f) # 1, by (SP2), ¢* J f. Hence
Cs(k, for) 3 £,

(C3) and (C4) are easily proved.

(C5)

C(;(k‘, fl,Tl)@Cg(fg,Tg)

= Ngt € (LN)E | bklgr, 1) < i}

& Ngs € (LX) | 6i(g2, f2) <75 }

I N9t @95 | 0kl(gr, f1) © ok(ge, f2) < rf @13}

I N (91 ©g2)" | ok(g1 © g2, f1 ® fa) < (11 ©12)"}
JCs(f1 @ fo,m @ 8).

Hence Cs is an L-fuzzy (K, E)-soft closure operator on X.
(2) Suppose that there exists f € (LX)¥ and r,s € Ly with r > s and
s1 ® 89 > s such that

C5(k‘,C5(k’, fﬂ 51)7 52) JZ C5(k7 f,’l”).

From the definition of Cs(k, f,r), there exists g € (LX)F with (g, f) < r*
such that

Cs(Cs(f,51),52) L 9"
On the other hand, since ¢ is an L-fuzzy (K, E)-soft quasi-proximity on X,
Anerxye(0k(g,h) @ 6(h*, f)) < 6k(f,g) < r*, for each s < r, there exists
h € (LX)E such that
51@(97 h) S 5k(h*7f) < s™
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Then there exist 0x(g, h) = s2,0x(h*, f) = s1 with s; ® sg > s such that
C(S(fasl) E h7 C5(h7 82) E g*
Then
C(S(C(S(fa 81)7 82) C g*'

It is a contradiction. Thus,

Cé(kucé(ka f7 51)7 52) E C5(k7 f,’l”).

O

Theorem 10. Let (X,C) be an L-fuzzy (K, E)-soft closure space. Define
a mapping (6¢)x : (LX)F x (LX)F — L by

(Ge)k(f9) = \{r* € L[ Clk,g,r) C ).

Then we have the following properties.
(1) ¢ is an L-fuzzy (K, E)-soft pre-proximity.
(2) If, for each k,r, f, there exist s,t € Ly with s ©® t > r such that

C(k,C(k, f,s),t) EC(k, f,7),

then d¢ is an L-fuzzy (K, E)-soft quasi-proximity on X.

(3) Cs. < C. If C(k, f,\/ i) = |UC(k, f,r;) for all k € K, then Cs,(f,7) 3
C(f,r).

(4) If § is an L-fuzzy (K, E)-soft pre-proximity on X, then d¢c, < 0. If
0k (Ufi,9) =V 6k(fi, g) for all k € K, then d¢, > 4.

Proof. (1) (SP1) Since C(k,0x,r) =0x and C(k,1x,r) = 1x for r € Ly,
we have (5C)k(1X70X) = (6C)k‘(0X) 1)() =0.

(SP2) If (¢c)r(f,g) # 1, for all r # 0, we have C(k,g,r7) C f*. We have
gEC(k.g,r) E f*.

(SP3) If fC f1, g C g1, then C(k,g,7) C C(k,g1,7). Thus,

(5C)k(fag) - /\{r>k €L ’ C(k,g,?“) C f*}
< /\{T* €L | C(k’glvr) C ff} = (5C)l€(flugl)'

(SP4)



672 Y.S. Kim, J.M. Ko, Y.C. Kim

(6c)k(f1,91) ® (0¢)k(f2, 92)
=N{s*€L|C(k,q1,5) C fi}

SN{t" € L | C(k,g2,1) E f3}

>Ns*at" | Ck,g1 ®g2,s0t) C ffd f5}
>6c(f1® fa,91 © g2).

Hence d¢ is an L-fuzzy (K, E)-soft pre-proximity.
(2) If, for each k,r, f, there exist s,t € Ly with s ©®t > r such that

C(k7c(k7 f’ 8)7t) E C(k7 f7 T)’

(0c)x(f, 9)
=/Nr"eL|C(kg.r)C [}
>N{r*eL|C(C(k,g,s),t) C f*, sOt>r}
>N{s*@t*eL|h =Clk,g,s),Ck,h*,t) C f* soOt>r}
> Ns* e L[C(k,g,s) ER}d N{t" € L[ C(k,h*,1) E f*}
= Nnewx)e((6e)i(h, 9) ® (6c)(f, h*))

Hence d¢ is an L-fuzzy (K, E)-soft quasi-proximity.

(3) If C(k, f,r) C g*, then d¢c(g, f) < r*. Hence Cs,(k, f,r) T g*. Hence

Céc (k‘, f: T) C C(k7 f7 T)'
Suppose

C&j(ka fvr) :z C(kv f,’l”).

By the definition of Cs, (k, f,7), there exists g € (LX)F with that (d¢)x(g, f) <
r* such that

g* 2C(k, f,r).
Since (0c)k(g, f) = N{ri € L [ C(k, f,ri) < g*} and r < (d¢);.(9, f) = V 7,

Ck, f,r) CC(k, f,\[ i) =] |C(k, f,ri) E g*

It is a contradiction. Thus, Cs, > C.

(4) Let dx(g, f) < r* for each k € K be given. Then Cs(k, f,r) C g*. Then
(0cs )k (g, f) < r*. Hence (0¢, )i < 0 for each k € K.

Let 6,(] fi,9) = \ 6r(fi,g). Suppose there exist k € K, f,g € (LX)¥ such
that

(5C5)k(f7 g) Z 5k(f7 g)

By the definition of (d¢;), there exists s € Lo such that

) ?_‘ 5k(fag)7 Cé(kagv 8) C f*
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On the other hand, since 0x(| | fig) =\ 0x(fi, g), by the definition of Cs,
6k(f7 g) < 5k(cg(k‘7 9, 5)7 g) < s".

It is a contradiction. Hence (é¢,)i > J%.
O

Theorem 11. Let (X, d1) and (Y, d2) be L-fuzzy (K1, E)-soft and L-fuzzy
(K2, Ey)-soft pre-proximity spaces, respectively. Let ¢ : X — Y | ¢ : E; — E»
and 7 : K1 — K» be mappings. Let ¢y, : (LX)E1 — (LY)®2 be a soft map. If
Oy (X, 61) = (Y, 02) is an L-fuzzy soft proximity map, then ¢y, : (X,Cs5,) —
(Y,Cs,) is an L-fuzzy soft closure map.

Proof. ¢y, : (X,Cs5) = (Y,Cs,) is an L-fuzzy soft closed map from:

Co, (1K), pu.n (f):7) = Ng" | (02)yii (9> Pvn(£)) <77}
21{g" | (61)k(py,(9), %n(@wn( ) <7}
3 H{pun(Pyy () | (00)k(eyh(9), f) <7}

<r })

D (e 0 | G0KEL @), 1)
; ¢¢7W(C51 (k’ f,T))

O

Theorem 12. Let (X,Cx) and (Y,Cy) be L-fuzzy (Kl,El) soft and L-
fuzzy (K2, E»)-soft closure spaces, respectively. Let ¢y, : (LX)E — (LY)F2 be
a soft map. If oy, @ (X,Cx) = (Y,Cy) is an L-fuzzy soft closure map, then
Oy (X, 0cy) = (Y, ¢, ) is an L-fuzzy soft proximity map.

Proof. Since ¢y, : (X,Cx) — (Y,Cy) is an L-fuzzy soft closure map,
splb,n(CX(kv 90;7177(]0)7 T)) L CY(U(k)7 30&77(301;7177(]@))7 T) L CY(’I’](,IC), /s T)'

(5CY)77(]€ (gv ) /\{T* ‘ CY( ( )7f7
> A | euglCxlh ) (1))
> N | oyl (Pyn(Cx (K, %T,(f)ﬂ“ ) C w9}
> N | Cx(ky oy, (F)ym) My (9)*)

> 501(<P¢77(9)7<P¢m(f))
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Example 13. Let X = {h; | i = {1,...,5}} with h;=house and Ex =
{e,b,w,c} with e=expensive,b= beautiful, w=wooden, c= creative. Define a
binary operation A on [0, 1] by

x Ay =min{z,y},z*=1—z,xVy= (2" Ny*)"

sy — 1, ifzx <y,
y= y, otherwise.

Then ([0, 1], A, —,0,1) is a stsc-quantale (ref.[8,9,18]). Let E = {e,b,w} C E¥x,
f1, f2 € ([0,1]%)F as follows:

(fl)e - (087 0.1,0.5,0.9, 06), (fl)b = (07, 0.9,0.4,0.5, 07)
(f1)w = (0.4,0.7,0.5,0.6,0.5)

(fa)e = (0.5,0.9,0.4,0.8,0.4), (f2) = (0.3,1.0,0.2,0.4,0.5)
(f2)w = (0.5,0.4,0.8,0.5,0.1)

Then we obtain:

(fiU f2)e = (0.8,0.9,0.5,0.9,0.6)
(fiU f2)y = (0.7,1.0,0.4,0.5,0.7)
(fil f2)w = (0.5,0.7,0.8,0.6,0.5)

(fiM fa)e = (0.5,0.1,0.4,0.8,0.4)
(f1 |_|f2)b = (03,09,02,04, 05)
(i fa)w = (0.4,0.4,0.5,0.5,0.1)

For K = {ki,ka}, we define a [0, 1]-fuzzy (K, E)-soft closure operator C : K X
([0,1]%)F x (0,1] — ([0, 1]%)E as follows:

lx, if f=1y,r€(0,1],
T it fEFLFE NS, <07,
5 if fEf,FEANS, r<04,
Clki, for)=% finfs HfCfnf, r<05
fiufs HfEfFUf,

FEf FEf3r <06,

Ox, otherwise.

1X7 1ff:1X,7a€(0,1]7
Clka, fir) = { f1. i fCff, <05
Ox, otherwise.
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We obtain an L-fuzzy soft (K, E)-preproximity dc : ([0, 1]%)F x ([0, 1]%)F —
[0,1] as follows

0, if f=0xorg=0x

03, ffChAHCG, L[

)06, HfCAHCG.fELA

(Oc)r (f:9) =19 o5, ffCAURCE. fLZALFL f
04, iffCfinfeCyg,

1, otherwise,

0, if f=0xorg=0x
(Oc)ke(fr9) =4 05, i fEfLEg"
1, otherwise,
(1) By Theorem 10(2), since for k,r, f, there exists r with r A r = r with
C(k,C(k, f,r),r) =C(k, f,r), dc is an L-fuzzy soft (K, E)-quasi-proximity.
(2) Since C(k, f,\,cr i) = UicrC(k, f,r;), by Theorem 10(3), C5. = C.

)
(3) Since d¢(Uier fi»g) = Vierdc(fir g), by Theorem 10(3), 5C5c = dc.
O

Example 14. Let X and Ex be given as Example 13. Let ([0, 1],®,®, —
,*,0,1) be a complete residuated lattice as Example 9. Let E = {b,w,c} C Ex,
f € ([0,1]%)F be a fuzzy soft set as follow:

# = (0.5,0.3,0.5,0.6,0.2)
f. =(0.1,0.2,0.6,0.5,0.5)
fo = (0.4,0.4,0.5,0.6,0.6)

(f® f) =(0.0,0.0,0.0,0.2,0.0)
(f® f)e =1(0.0,0.0,0.2,0.0,0.0)
(f® flw = (0.0,0.0,0.0,0.2,0.2)

Let K = {ki,k2} be given. Define a [0, 1]-fuzzy (K, E)-soft closure operator
C: K x ([0,1]%)E x (0,1] — ([0, 1]%)F as follows:

1x, if h=1x,r € (0,1],
f, ifh C f*r<0.6
C(ki,h,r) =< f*@&f* ifhC f*& f*
hiZ f*r<03
Ox, otherwise.

lx, ifh=1x,r € (0,1],
Clko,h,r) =< f* iHAC f*r<04
Ox, otherwise.
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We obtain an L-fuzzy soft (K, E)-preproximity dc : ([0,1]%)F x ([0,1]%)F —
[0,1] as follows

0, ifh=0xorg=0x
) 04, fRCfCg hZfOSf
Oc)i(h9) =9\ 07 ithC fofC g,
1, otherwise,

0, if h=0x org=_0x
(0c)ks(hyg) =4 0.6, ifhC fCg"
1, otherwise,

We obtain a [0, 1]-fuzzy (K, E)-soft closure operator C : K x ([0,1]%)¥ x (0,1] —
([0,1]%)¥ as follows:

1x, ifh:1x,T€(0,1],
f ifthC f*,r<0.6
Cso (ki hor) = f*@f* iEhC f @ f*
hiZ f*r<0.3
Ox, otherwise.

1x, ifh:1x,T€(0,1],
Cso (ko hyr) =< f*, ifhC f*r<04
Ox, otherwise.

(1) By Theorem 10(2), since for k,r, f, for all s,t with s At < r with
C(k,C(k, f,s),t) # C(k, f,r). Moreover, d¢ is not an L-fuzzy soft (K, E)-quasi-
proximity because

0.4 = (6c)k, (f, £7) 2 NGk (f, 1) ® (3c)i, (h*, £*)} = 1.
h

(2) We have 1x = C(k1, f*,V,en 0-6 — L) # UnenC(ky, f*,0.6 — 2) = f*,
by Theorem 10(3), C5, < C but Cs, # C.
(3) Since d¢c(Uier fi;9) = Ver dc(fis 9), by Theorem 10(3), d¢,, = de-
0
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