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ABSTRACT: In this article we present smooth approximation to the activation
function f(z) named RoCLU (Robust Cauchy Linear Unit) using function F(z) de-
pending on the Gaussian error function. We prove the inequality for the error between
these two functions. Quantitative evaluation of the maximum gradient discrepancy
sup |f'(x) — F'(z)| and corresponding critical activation points across varying scaling
ﬁ;?)erparameter « values is also given. Some numerical examples are presented using

CAS MATHEMATICA.
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1. INTRODUCTION

Absolute value function |z| is often used in expressions for many practical situations

such as the optimization techniques use the derivative of the objective function.
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It is well known fact that it is not derivable at zero, so we need a good approxi-

mation.

Some techniques for smooth approximation to absolute value function |z| using

sigmoidal and hyperbolic functions can be found in [1]-[4].

For rational approximation to |z|, see, [5, 6].

Convolution based smooth approximations to the absolute value function can be
found in [7].

For the max-product neural operators of the Kantorovich type based on certain
linear combinations of sigmoidal and ReLU activation functions, see [8, 9]. For other
results see [10]-[12].

Recently, Costarelli and Kyurkchiev [13] presented smooth approximation to |z(1—

x)---(n—1— )| using Gaussian error function.
One can see some other results in related articles [14]-[18] and references therein.

It is well known that a good choice of activation functions (ReLU [19], ELU [20]-
[22], Swish [23], GELU [15], POLY(z; N) [24]) can have significant consequences in

improving network performance.

Specifically, many authors investigate how the smooth convergence of the maxi-

mum function affects the dynamics and productivity of network learning [25]-[29].

In particular, problems including vanishing or exploding gradients and increasing
instability with network depth remain challenges when training deep models or models
with limited data.

In [30] the authors consider a novel activation function f(x) named RoCLU (Ro-
bust Cauchy Linear Unit) for enhancing deep neural network stability and performance

of the type:

(1)

f(z) = 1.444xLog <1.5 + ATCTW) .

Equation (1) defines a smooth nonlinear activation function that combines loga-

rithmic and arctangent components to promote stable optimization behavior.

In this paper, we present smooth approximation to the activation function f(z)

using function F'(z) depending on the Gaussian error function.
We prove the inequality for the error between these two functions.

Some numerical examples are presented using CAS MATHEMATICA.
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We hope that the results obtained may be useful for specialists working in this
scientific field.

2. MAIN RESULTS

Let
pla) = {0 S@erS S w),

where er f(z) is the Gaussian error function defined by

2 (%
erf(z)—\/??/O e " dt. (3)

The following statement is valid:

Theorem. Let o > 0 and = € [0, 00). The absolute difference between the function

f(x) and F(z) is bounded globally by an inversely proportional to a:

C
f@) - F@)l < <, ()
where the optimal global constant is C' ~ 0.12019.

Proof. From the given definitions, we write the difference explicitly:

f0) ~ Pl = sta) - L) S@heriaf @)
ie.
fo) - F@) = 1D (1 - erlas@).
Using the definition of the complementary error function, erfc(z) = 1 —erf(z) we
find
£@) - Fa) = "D er pefaf @)
Since f(z) > 0 for all x > 0, the absolute value is
7@) - F@) = T Der pefasa)).

Let us introduce a new non-negative variable v = a.f (). Since @ > 0 and f(z) > 0,
it follows that u > 0.

Express f(z) in terms of u: f(x) = £. Substitute this back into absolute difference

equation, we have

|f(z) — F(x)| = 3 (%) erfe(u) = é (;u.erfc(u)> .
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Define the auxiliary function g(u) for u > 0: g(u) = %u.erfc(u).

To find the global upper bound, we compute the maximum of g(u) by setting its

first derivative zero:
2

g (u) = %erfc(u) — %6_“ =0.

Solving ¢'(u) = 0 numerically (as verified via CAS Mathematica) yields the critical

point:

— critical point: u ~ 0.53160;

— maximum value: C' = ¢(0.53160) ~ 0.12019 (see Fig. 1 and Fig. 2).

Auxiliary Function g(u) and the Global Maximum

@ Global Maximum @ g(u)

Global Maximum (0.5316, 0.1202)

00 02 04 06 08 10 12 14 16 18 20 22 24 26 28 30
Figure 1. Auziliary function g(u) and the global maximum

matheratica

{w2uxiliary Function giu)w)

glur ] t=1/2wuwErfc[u];

maxG = NMaximize[{g[u], us> 0}, ul:
Print ["Theoretical constant C is: ", maxG[[1]]]
Print["It is reached at u = ", u /. maxG[[2]]]

"Theoretical constant € is: ™0.12018779341550552"
"It is reached at uw = "0.5315968851493933"

Figure 2. Module in CAS Mathematica for finding the global maximum
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Since g(u) < C for all u > 0, it strictly follows that

C
|f(z) = F(z)] < —,
«
where C' =~ 0.12019.
Thus the Theorem is proven.
o |Critical Point (x) [Max |£'(x) - F'(x) |
I -0.0835277 0.295274
2 -0,200087 0.337215
a -0.210585 0.4€0275
1d -0,139528 0.543355
20 -0.0721125 [0.&802881
S0 -0.033055%% 0.637387
1ad -0.01681049 0.64515%
= gaf=1 fu=-1.0) 0.6609c4d

Table 1. Quantitative evaluation of the mazimum gradient discrepancy sup |f'(xz) — F'(x)| and
<0

corresponding critical activation points across varying scaling hyperparameter o values

Some simulations are depicted in Fig. 3 and Fig. 4.

a parameter I 0.5
Comparison of f(x) and F(x) for @ = 0.5

¥

— f(x)
== F(x)

Figure 3. Comparison of f(z) and F(z) for a = 0.5
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@ parameter I 03
Comparison of f(x) and F(x) for o = 0.3

— f(x)

=—riE(X)

Figure 4. Comparison of f(z) and F(z) for « =0.3

Remark. To mathematically formalize the gradient bounds, we perform a numer-
ical optimization to find the exact supremum of the gradient discrepancy |f'(x)— F'(z)]

for x < 0 across different values of the parameter a.

Interestingly, while the function approximation error vanishes as a — oo, the

gradient discrepancy exhibits an asymptotic ceiling.

By introducing the substitution u = «af(x), the discrepancy expression can be

evaluated as o — oo in the vicinity of x — 0.

Since f'(0) = 1.444 - log(1.5) ~ 0.58549, the limiting behavior of the maximum

gradient error simplifies to the following optimization problem:

o) <1 ~ Erf(u) ue_u2> ' |

lim sup |f'(z) — F'(x)| = sup 5 NG

Q=00 1 () u<0

Computational grid search verifies that the global maximum of this analytical

bound occurs precisely at u = —1.0.

Substituting this worst — case location yields the exact structural upper bound for
the gradient deviation:
sup | f/(z) — F'(z)| < 0.66096. (5)

Regarding quantitative evaluation of the maximum gradient discrepancy sup |f'(z) —
<0

F'(z)| and corresponding critical activation points across varying scaling hyperparam-

eter a values, see Table 1.
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This rigorous bound provides a critical guarantee for deep learning optimization:
regardless of how aggressively the hyper-parameter « is scaled to fit the original acti-
vation function, the deviation between the training gradients remains strictly bounded

by a small constant.

This mathematical architecture ensures that the modified activation F'(x) inher-
ently prevents gradient explosion while preserving stable back-propagation dynamics

in the negative activation spectrum.

3. CONCLUDING REMARKS

In this article we present smooth approximation to the activation function f(x) named
RoCLU (Robust Cauchy Linear Unit) using function F(x) depending on the Gaussian
error function.

We prove the inequality for the error between these two functions.

Some numerical examples are presented using CAS MATHEMATICA.

Quantitative evaluation of the maximum gradient discrepancy sup |f/(z) — F'(z)]

<0
and corresponding critical activation points across varying scaling hyperparameter «

values is also given.

The results obtained may be useful for specialists working in this scientific field.
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